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JjOHN EARIL OF

S ANDWIC H,
- &ec. &c, &ec. ‘

FIRST COMMISSIONER

OF THE |

Boards of Admiralty and Longitude.

MY LORD,

WHILE the public voice is unanimous in applaud-
ing your humanity towards the Artificers, in general, of
His Mujefty’s Dock-yards, and your attention to reftore
the Royal Navy of Britain to the refpectable ftate from
which it had been fuffered to decline fince the laft
War, I'hilofophers not only admire thefc noble as,
but likewife, your generous encouragement to improve
Geographical, Nautical, and Natural Knowledge.

A Such
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D.‘EDICA_TION.

Such exertions of your Lordfhip’s extraordinary
Mental and Official Abilities, will undoubtedly be tran{-
mitted with honour to the lateft pofterity : And your
Jaudable example muft infpire a regard for Works in~
tended to promote public utility.

The Author of The Elements of Navigation, not-
withftanding the favourable reception which the former
impreflions have met with from Britith Mariners, thinks
himfelf extremely happy that this improved Edition is
permitted to appear under your Lordthip’s Patronage.

That you may long enjoy the Opportunity as well as
Inclination of promoting ufeful Arts anc Learning, is a
hope fincerely entertained by,

My Lorbp,
Your LorpsHIP'S
moit obedient

and humble Servant,

Nov. 1.1772, john RObCfthH.
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PRESIDENT;

THE

Worfhipful THOMAS BURFOOT, Efg.
TREASURER;

And the reft of the

WORSHIPFUL GOVERNORS

Chrift’s Hofpital, London:

This Book, containing the Elements of Navigation,
and a Treatife on Marine Fortification, firft pub-
lithed for the Ufe of the Children in the Royal Ma-
thematical School, when they were under my Care,
is, as a grateful acknowledgement for paft favours,

addrefled by

Your WORSHIPS moft humble Servant,

Nov.1.1772, ]ohn RObCfthl].



ADVERTISEMEN T.

IN this Edition, the Editor has carefully correted the er-
roré which-had crept into the former; he has recomputed the
Tables in.Book V. Art. 308, 309, and 310, of the Sun’s Lon-
gitude, Right Afcenfion, and Declination, and has alfo re-
vifed, as far as his materials extended, the Geographical Table,
and added the names of fuch places as his own obfervations,
or thofe of other perfons, have furnifhed him with; fo that
he flatters-himfelf it is the molt extenfive and corrcd of any
extant. On the whole, he prefumes, this Edition will be found
as worthy of the approbation of the public in geneidl, and of
fcamen in particular, as thofe which were printed under the
Author’s infpection,
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P R E F A C E

- 1T having been part of my employment for many years paf, ia
infirull youth in the theoretical and pratlical parts of Navi-
gation; 1 was naturally led to draw up rules and examples fit-
ted to the years and capacity of the [cholar : fome of the precepts,
Srom time to time were altered, according as | had obferved how
they were comprebended by the majority .of my pupils; until at
length I bad put together a fet of materials, which I found fuffi-
cient for teaching this Art..

Upor iny being intrufted by the governors of Chriff's Hofpital
(in the beginning of the year 1748 ) with the care of the Royal
Mathematical fehool there, founded by King Charles the fecond, I
bad a great opportunity of experiencing the method 1 had before
ufed s and finding it fully anfwered my expefiotion, 1 determined
to print it for the ufe of that fchool: but as thofe children are to
be znﬁruﬁefz’ in the mathematical [ciences, on which the art of Na~
vigation is fourded, I]udged it preper, on their account, to intro-
duce the fubjefis of drithmetic, Geometry, Trzgc;zuhw/ry, e for
which reafon, this treatife is diffinguifbed by the title of Elements
of Navigation,

After my appointment (in the year 1755) to Le Lead mafter of
the Royal Marine dcademy at Pn“ irouth, f{/lui' d by King George
the fecond, I a/a Sfornd that ihis Lw" fﬁcz.’ztly mzaw:gw[e
to beginicrs of mi '/cz//uf capoc'izsy apnd thercfore, in the fecond
edition, 1t tle year fﬂ, $ho s cuvep in wlhich it was firft com-
pofed Ty 4.6,.’[///‘1“.], except the s emuvizg of the bovk af/[ﬂroumz)',
Srom beiag tle 81b., jura the ‘,U//ht of ib: glﬁ wherely c beoks of
Plane kﬂz"mr Globular Seiling, and Days I or ks, wiicl iopether

nearly comprebend the dit (f [\'"'v'*f'm/ Cduie A fucegiion,
There <were tndeed fmp wcarfetions i the wodes ¢f exproflion in a
Jew piaces; bat the odditions fi ."c'.’} doads sire sidde rodlei to
extend the notions of learncrs, than to fuppl. wur & feiony « anting
in the jormer o v cxcept fome of the m/fl"'/m i cub. book,
Whiew ere tivs joowll lown at tie time of the fin b unpieffon.

A- 3 ixa
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The work is divided into ten parss or books, each being a diffinf¥
treatife ; the preceding ones contain the neseffary elements whick
are wanted in thofe that follow. The demonfiration of the feveral:
propofitions are given as concifely as I conld contrive, to carry with
them a fufficient degree of evidence: Throughout the whole of the
elementary parts, brevity and per/picuity were confidered; but the
praclical parts are more fully treated on, and intended to include
every ufeful particular, worthy of the mariner's notice.

In the elementary parts, where it is not eafy to introduce new
matter, there will be found the common principles treated in a man=-
ner, which, it is apprebended, is better adapted to beginners 5 and
Such new lights thrown on _feveral particulars, as will render them
more obvious than in the view wherein they have been commonly

Jeen. ;

The treatife of Fortification annexed, is the refult of many years
application ; and is delivered in a very different mode from what
other writers bave taken ; for among the multitude which I have
Jeen, they generally begin with the fortifying of a town, the ingft
difficult part of the art, and end with works the moft eafy to con-
trive and execute: Hexein the works of the fimpleft confirusiion
are begun with, and the learner gradually advanced to the fortify-
ing of a town : Indeed the limits chofen for this traft have caufed
Jfome articles to be briefly mentioned, and others to be totally omisted
neverthelefs, it is conceived-that, in its prefent flate, it may be of
confiderable ufe to Marine Officers, and even furnifb fome bints nor
altogether unworthy the notice of the Gentlemen of the drmy.

The Maritime parts of thefe Elements, contained in the vii*,
viii®, and ix™ beoks, are alfo delivered in o manner fomewbat dif-
Jerent from wwhat is feen in other awriters; who, for the moft part
copying from ome anotker, have not much contributed towards per=-
[ecting the art of Navigation ; the writers indeed bave been many,
but the improvers have been very few; Wright, Norwood, and
Halley, baving done the mofi of <what bas been difcovered fince a
fittle before the beginning of the y7th century : Hewever, in the
metkod here taken, it is apprebended that the proper judges will find
fome few improvements, as well in the art itfelf as in the manner
of communicating it to learners.

The common treatifes of Navigation, wlich, oir account of their
Jmall bulk and eafy price, are vended among the Britifb Mariners,
Jown net to be written witk an intention to excite iy theiy readers a

defire
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defire to purfue the Sciences, farther than they are handled i
thofe books ; [o that it is no wonder our feamen in general had fo
little mathematical knowledge; for the perfon who could kecp a
trite journal, formed on the moft eafy occurrences, bas been reckoned
a good artift 5 but whenever thofe occurrences bave not happened,
the journalift bas been at a lofs, and unable to find the fhip’s place
with any tolerable degree of precifion; and fuch accidents bave pro=
bably contributed to the diftrefs which many fbips crews bave expe-
rienced, and which a little more knowledge among them might have
prevented, or at leaft have leffened. '

About the middle of the 16th century, Navigation began to bé
confidered as an art, in a great meafilre dependent on the Mathe-
matical fciences; and on [uch a plan bas it been cultivated by the
labours of the moft judicious, wha bave applied themfelves towards
its perfeclion ; and although the art bas been enriched by the obfer~
vations of fome learned men in different naticns, yet it has fo hap-
pened, that the chief of the improvements, and particularly the ma=
thematical ones*, were firf publifeed in Britain.

Into this work are colleiied moft, if not all, of the ufeful and cn-
rious particulars relating to the art of Navigation; there are alfo
inter[perfed hifforical remarks of inventions, with the namss of
many eminent men, and their works; thefe were intended as in=
centives to infpire learners and our feamen with a defire not only of
knowing the things bevein treated of from their foundations, but of
pufbing their inquiries into fuch other parts of the feiences as inay
procure to themfelves pleafure, profit, and refpeci, and render them
more ufeful to their country by the fhill refulting from fuch ac-
quifitions.

I bave always thought that the ckief motives which ought to in~
duce a perfon to appear as a writer fhould be, cither that be bas
Jomething new to publifb, or that be bas arranged the parts of &
known [ubjefl, in a method more regular and ufeful than bad beeis
done before s i either of thefe cafes be cannot be a proper judge,
unlefs be bas feen the pieces extant on that fubjelt, or at leaft, thoft
sf the moft eminent authors already publifbed : On thefe principles
[ was led to examine what had been done by the different soriters

ot Navigation; and baving perufed moft of their books, of which I

* Sce the following differtation, ¥

A g ¢ould
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could ge: information, I bad an opportunity of difcovering the feps
&y which this art bas rifen to its prefent perfection, and confequently
of knowing the moft material parts of the biftory of its progrefs:
“Among other things, I could not avoid remarking a miftake which
bas crept into many of the modern books of Navigation; which is,
that Wright's invention of making a true fea-chart was frolen by
Mercator, and publifbed as bis own. I fufpelt this frory bad its
rife in a book printed in the year 1675 by Edward Sherburne, ix-
titled < The Sphere of Marcus Manilius made an Englith Poem,
with Annotations and an Aftronomical Appendix.”

My enquiries into thefe matlers induced the late learned Dr.

James Willon o review and complete bis obfervations on the fame

- Jubjeét, and produced bis Differtation on the Hiftory of the Art of

Navigation ; which be was pleafed to give me leave to publifh with
the fecond cdition of this work.

There are few perfons, bewever knowing and careful, wko may
20t commit, and overlook, inadvertencies in their own compofitions,
which may be difcovered by cthers: therefere at my requeft the
greateft part of the manufcript fo: the firft edition was read and
cxamined by two of my fr;ends > well acguam:m’ with the theory
«nd praflice of Navigation ; who, by their judicious obfervations,
cabled me to improve feveral articles : Some part of the additions
-t9 the 2d Edztzou, reccived much elegance and perfpicuity through

‘he friendly advice and commumications of the late learned Dr.
Ienry Pemberton, F. R, S.

The jwmzd Edition of thefe Elements baving alfo been well re-
;J"[’d by the Pullic s Dr. \Villon took the pains to revife bis Dif-
ation, wkich be improved in maiy par ticulars : And I have
’ e c’m’: veurcd to retoin their fﬂmwmé e opinions of iny labours,
frzfzmg Compendiunms for performning the opevaticns of the new
iscthods cff,zdz;’(f the latitude and longisude of o fhip at fea; and
e other alterations cnd addivions which I conveived wonld ren-
v this third Edition more generally ufefi!

MNov. 1, 1772,

* William Mountaine, Efg. I, R. S, and Mr, William Payne,
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HIS treatife in two volumes
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contains ten books ; each is divided

into feveral fections, and numbered with the Roman numerals.
The particular articles are numbered by the common figures, each

‘book beginning with the number 1,

The references made from one article of the treatifc to another is of

two kinds.

Firfi. When in the fame book. ‘Then the number of the article re-

ferred to, is put in a parenthefis.
bered 2.7 in the fame book.
Second. When in another book.

Thus (27), refers to the article num-

Then the number of the book in

Roman figures, and of the article in common figures, is put in a paren-

thefis.

Thus (II. 160) refers (o thic 160th article of the fecond book.

In the following contents, the fections refer to the number of the page:
the particulars to the number of the article.

BOOK 1.

From Page 1

Vour. L.

Section L. Definitions and Prin-

ciples p.1
Notation,numeration, and fraflions

atarticles 17 to 21

Signsy and tables of coin, weights,
Sc. 227920
Secrion 11, Addition p. 6
Of whole numbers and fraftions 24
SecrioN 111, Subtrafiion p- 8
OFf whole numbers anjfraﬁions 26
.%ug/h'om to exercife Addition and
ubtraclion 27
Secrion IV, Multiplication p. 10
Multiplication table art. 29

Multiplication of whole numbers

and fratiions art. 30
SecrioN V. Divifion p- 12
Of whsle numbers and fractions 32
Secrtion VI. Reduéiion p- 14

Of feveral names to one name 35
Of inferior name to fup. name 36
Vulgar frattions to decimals 38
Inferior names to a decimal 40

7o value decimal frafiions

. 42
Praétical quellions

43

ARITHMETIC,
to Page 42.
SectioN VIL. Of Proportion p. 20

Of the nature of propertional num-
ters - 44

The Rule of Three 46

A colleciion of 206 queflions 47

Secrion VIIL. Of powers and
roots p- 26
To raifa numbers to a propofed

power art., 49
T o extrall the fquare roat 54
Lo extralt the cube root 56

Section 1X. Of numeral feries
- ! T pgo
Of arithmetic progreffion  art. 59
Of geometric progreffion 6o

Some properties of [uch prozreffi-

onal numbers  from art. 62 to 67

Four problems in progreffions
68 to 71
Secrion X. Of logarithms  p. 34
Of the nature of logarithms 73
Do make logarithms )
Of the tables of lsgarithms 8o
Of the indices of logarithumes 83
Multiplication by logarithms 8s

Divifion
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Divifion by logarithms
Of proportion by logarithns

8610f the arith, comp.
87|Cf .

E‘N T S8

2/‘ logarithms 88

)f powers and roots by logarithms 8g

BOOKII. GEOMETRY.
From Page 43 to Page 88.

Secrrow L. Definitions and Prin-

" eiples : p: 43
Definitions art. 1to 42
Boftulates 43
Axioms 36

Secr. I, Geometrical Probloms p. 48

Section IV. Of Proportion p. 68
Definitions and Prineiples 138 to 147

General Properties 148 to 164
In fimilar triangles 165

It the circle and regular polygons 169
Quadrature of the circle 191

gf right lined figures 55 to 69{See¥. V. Of planes and folids p. 82
Of the circle 70 to 74| Definitions and Principles art. 198
) proportional lines 75 to Bo| Propertiesof cutting plancs 209
Scales of equal parts and chords Section of pyramids and cones 211
8110 84|SEcTION VI. Of the fpiral p. 86
Of polygons 85t OFf the common Jpiral art. 221
Secriox I11. Geom. Theorems p. 58| Of the proportional fpiral 222
Of lines and triangles art, g1 to 106 ogaritbmitf£ira1 ) 226
)f quadrangles and the crcle Of Napier’s Logarithms 229
107 to 137
BOOK III. PLANE TRIGONOMETRY.
From Page 89 to Page 124.

Secrron L. Definitions and Prin- | Synapfis of the rules art, §2
ciples p- 89 Twelve numeral examples 53 to 64

Definitions art. ¥ to 16|SecTioN IV. Of the Gunter’s

Secrion IL. Triangular canon p. 92§

Conflruction of the planc feale art. 17

Of fines of fmall arcs 235
OF fines abrve 60 degrees 29
Of the relation of tangents, &ey 31

Lo compute the fines 38
Of the tables of fines, tangents,
&e, 39
Secr. 1L Solution of triangles p.100
By oppofite fides and angles art. 45
Two fides and included right an-
gle
Two fides and included oblique an-
gle
By three fides

46

48
49, 50

Jfeale p- 114
Of natural and logarithmic frales

art. 65, 66, 67
OF the line of numbers 68
Of the line of fines 69
Of tangents and verfed fines 70, 71
Demonfiration of their conflruction

< 2
SEcT.V. Ufe of Gunter’s feale p. IZB
Precepts art. 76 to 78
Excmplifications 79 to 86
Section VI, Prepertics of plane
triangles p. 122
In obligue angled triangles  art. 88

Rules for finding an angle 9o to g8

BOOK
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BOOK 1IV. OF SPHERICS.
From Page 125 to Page 193.

SecrioN L. Principles p. 125
Definitions art. 1
Axioms 16

Section II. Stereographic propo-
Sfitions . p. 128
Principal properties  art. 30 to 59
Sect. I, Spheric Geometry p. 135

The conflruétion and demonfiration
sf 37 cafes art. 60 to 81

- SectioN IV. Spheric Trigono-

metry P 145
Defimitions and Principles  art. 82

Section V. Spherical Theorems
p. 146
Fifteen propofitions  art. o to 110

SectioN V9. Solutions of right en-
gled fpheric triangles p. 152
By two new rules art. 111
By Napier’s general rule 119

Secrion VII. Solution of oblique
angled [pheric triangles p. 157
With a perpendicular 120 to 124
Given three fides or three angles 12.5

Synopfis of right angled fpher. 127
Synopfis of obligue angled [pher. 144
Secrion VII. Gnflruétion and
calculation of the cafes of right
angled [pheric triangles p. 166
Numeral examples art. 156 to 16%
Exam. of a quadrantal triangle 162
SectionN IX. GConflruction and
calculation of the cafes of oblique
angled [pheric triangles  p. 173
Numeral examples art, 163 to 168
Section X. Goniometric linesp. 179
Properties deduced art, 16g
Table of goniometric relations
171 to 210
Variety of theoroms 217 t0 224
Relation between the fides and an-
gles of [pheric triangles 225 to 226
Rules when two fides and the in-
cluded angle are kuswn, to find
the other angles 237
Rules when 3 fides are known 254,
T find the natural fines of given
arcs 5 and the contrary 256, 257

BOOK V. ASTRONOMY.
From Page 195 to Page 328.

S8ectron 1. Solar Ajirenomy p. 195
OFf the Sclar Syftem art. 1
Number of conflellations and flars 6
Primary and fecondary plancts 12

Annual and diurnal motions 17
Planets orbits and nodes 21
Elliptic orbits of the planets 23
Kepler's laws 29
Conjunélions and oppofitions 34
Table of the filar [y/iem 37
Of the Jecondary planets 28

Of the figure of the planets 40
Swct. L. Terrefirial Aftronomyp.204
Of the direit, flationary,and retro-
grade appearances art. 45
DLhenomena of the inferior plancts 46
Phenomena of the fupericr planets 49

Apparent motions of the Sun 50
Obliquity of the ecliptic 55

Of the different feafons 56
Rifing and fetting of jiars 65

\

Of parallaxes art. 66
The meafure of the Earth 73
Of the Moon 74

Of folar and lunar eclipfes 79

Sectic N M. Aftronomy of the
pher. p- 214
efinit ons and Principles  art. 89

Of aflronsmical tables 132
To convert time into degrees, and
degrees into time 133
Of the culminating of the flars 134
Sectron IV, Of the projetion of
the [phere p- 221
Four projections on the four prin-
cipal civeles art. 135
SecT.V. Probicms of the ftherep. 225
The conflruction and numeral fo-
lution of 22 problems  13q to 169
Sect. V1. 7% pind the latitude p. 242
Steresgraphic  [ulution of fifteen
problegis.of latitude 170 to 184

,
Eourteon
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Fourteen other [pralvlems Sor fnd-"
ing the latitude 185 to 203
Nonagefimal degree 204
Skcrion VIL. Pra&ical 4/})‘0)19-
my p. 268
gf aftronomical inflruments art., 205
)f the Clock 2061
Of the Telcfeope 207
8/' the Micrometer 208
f the Quadrant 209
)f the %;:m{ﬁt Inflrument 210

Of the Aftroncmical Seftor 212
Of the equal altitude inflrument 214
Do adjufl the clock 21
Of the change inthe Sun’s declina-
tion 210
Of Vernier's dividing plate 219

BOOK VI,

GEOGRAPHY,

EN T 8

1Secrion VIIL Elements of the

Earth’s mation p. 280
(0}[ mean motion and anomaly art, 222
7[ the different years 229

welve problems relating to the

Earth’s motion 234 to 255

Secr. IX. Equation of time p. 2q1
Of the [yderial and equatorial day

z - art. 261

Of mean_and apparent time ' 263

To calculate the equation of time 268

Sect. X. To make folar tables p. 293

For finding the Sun’s place

art. 269 to 280

Of declinat. and right afeen. to 289

Equation of time 299

Niueteen aftronomical tables to 319

&ec.

From Page 329 to Page 400.

SectioN 1. Definitions and Prin-

eiples p- 329
Of the poles and circles art. 3
Of latitude and longitude 6, 9

Divilion of the Earth by zones 13
Divifion of the Earth by climates 17

Secrion 1. Nutural divifion of
the Larth p. 332
Defiuitions art. 18 to 31

Of continents and occars 32, 33
Secryon . Ofthe political di

vijion of the Earth p- 334
Eurcpe and its chicf parts  art. 35
/I:/I}Z. : 38
_‘;’/r.-‘m 42

46

Anirica

Scct. V. The ufe of the glbes p. 346
Twenty-two problemson the celeftial
and terrefirial globes art. 54.to 76
Secrion VI. Of Winds  p. 353
Air and Atmofphere art. 78, 79
Trade-winds and Monfoons ~ to 84
Dr. Halley's obfervations 85
SecrioN VII. Of Tides  p. 358
Of gravitation and attraflion to 8g
Caufe of the general tides  art. Q0
The chief propofitions on tides to 101
Of the tides about Britain 103
secrioN V1L Chronolzgy p. 364

Of @ras or epochs art. I1XL
Fulian account or old flile 114

Gregorian account, or new flile 115

Sec AV, Gesgraphical problems p.342 | Of the Kalendar 116
C.ncerning latitude and longitude Chronolsgical problems to 126
sc to 53| Geographical and tide table 137
e et RV TR AT ——
Vor. II. BOOX VII. OF PLANE SAILING.
From Pags 1 to Page 1720.

Srction L. OF Principles pe 1y A5 ufe, frewn in 7 cafes 6 to 12
Definitions ' art, i|SEcvron U Plane failing p. 6
Neceflary elements 2 ofnitions and Priuciples
A -y clement Definit 4 Principl
Nature of maps x art. 13 to 21

Srer. 11 Of the plane ’art p. 31 Ruales for conflruéiions 22
Cenjrutiion of the plane chuyt art. 51 Cf tie Traverfz table 24

Ty anas £ ik
Lregeitians
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Proportions of ﬁt)e: and angles,

BNt FLS;

Secr. VIIL. Current failing  p. 51

making dither fide the radivs 25| Defimstions and Principles — art. 47
Ganons of plane failing 20| General conflruiiion 49
- Table of rbumbs 27| Twenty quejtions and their [folu-
Skcr. IV. Of fingle courfes  p. 11| tions ) ibid.
The fix cafes of plane failingtoart, 33 SEC"I‘ION IX.  AMifeellancons quef-
Quefiions in plane failing 34| tions p. b0

Sectron V. Compound courfes p. 21
“To work a traverfe art. 36
To conflrult a traverfe 37
To confiruct a compsund courfe 39
Twenty queftions in comp. conrfes 40
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mariner’s compafs. A late [talian writer indeed contends, after

many ¥, that the honour of the invention is due to Flavio Gioja of
Amalfi in Campania, who lived about the beginning of the 14th cen-
tary +, though others fay it came from the Eaft, and was ecarlier known
in Europe Y. However that may be, it is certain, this wonderful dif~
covery gave rife to the prefent art of navigation; which feems to have
made fome progrefs during the voyages, that were begun in the year
1420, by Henry Duke of Vifio ||, “I'his learned Prince, brother to Ed-
ward King of Psrtugal, was particularly knowing in cofmography, and
{ent for one mafter Fames from the ifland of Mdajorea, to teach naviga-
tton, and make inftruments and charts for the fea §.

I'hefe voyages being greatly extended, the art was improved under
the fuccceding monarchs of that nation.  For Roderic and Fofzph, phy-
ficians to King Fohn the Second, together with one Aartin de Bsbenia,
a Pertugiefe nauve of the ifland of Fayal, {cholar to Regiomsntaris, about
the year 1485, caleulated tables of the Sun’s declination, for the ufe of
the failors, and rccommended the aftrolabe for taking obfervations at
fca q.

The famous Chriflapher Columbus is faid, before he attempted the dif-
covery of America, to have coufulted Afartin d: Bobemia, vwith others,
and daring the courfe of his voyage to have inflru¢ted the Spaniards in

IT has been much difputed to whom the world was obliged for the

+ Suitable to that verfe of Panncrmitara,
P ima dedit naut:s winns magreti Amalphis.
I SreSignor Gregoria Grizzal4i’s Differtation on this fubject in the Memoirs
of the Errofeun Academy of Cortona, tom. 1Ll. p. 193, printed at Rome iu
o
"\ Hifsire des Mathenarigres, par M. Montuela, & Paris, 1753,
Mariana Hitt, Hypan. lib. xx. cap. 11. and Jib. xxvi.cipe 17, & gunt .z,

I

C3

& Decados d’Afia par J. di Burnos, lib. xvi. 15352,

§ Mogiii Hitor. Ind:c. libs 1. p. 6. printed at Fiorence in 1588, )
Vor, L . a navigation ;

1
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navigation *; for the improvement of which art, ‘the Emperor Charlef
the Fifth afterwards founded a le@ure at Sewille +.

“hevariation of the fea-compafs could not be long a fecret. Columbus,
on the 14th of September 1492, obferved it, as his fon Ferdinand aferts t,
though others feem to attribute that difcovery to Schaflian Cabot ||.  And
as this variation difters in different places, Gonzales'd Oviedi found there
was none at the Az:res§; where fome geographers have thought fit in
their maps to make their firft meridian to pafs through one of thofe iflands;
it not being then known, that the variation altered in time.’

I The ufe of the Grsfs Staff” now began to be introduced amongft the
Sailors.  This very ancieat inftrument being deferibed by “fobn IWerner
of Nuremberg, in his dunorations on the firft book of Prolemy’s Geography,
printed in 1514; he recommends it for obferving the diftunce between
the Moon and fome ftar, in order thence to determine the longitude.
?Werner feems to have been the greateft gecometer, as well as aftronomer,
of the time. In 1522, he publifhed a tract €, containing a fpecimen of
the conics, with fome folid problems, and alfo he there dctermined the
preceflion of the equinox more exaétly than it had been done.

But the art of navigation ftill remained very imperfect, from the con-
ftant ufe of the plane-chart, the grofs errors of which muft have often
mifled the mariner, efpecially in voyages far diftant from the equator. Its
precepts were probably at firlt only fct down on the earlieft fea-charts, as
that cuftom is continued to this day; and larger direflions have been
ufually premifed by the Dutch, to collellions of their charts called 77a-
goner’s, from the name of the publither: The Dutch call thefe col-
le&ions alfo by many ciher affeéted titles, fuch as Ficry-Columns, Sea-
Beacensy, Mirrars, Zilaffes, &c.

At length there were publifthed in Spanifb two treatifes, containing a
fyftem of the art, which were in greatvogue ; the fiit by Pedro de Medina
at Va'ladolid, 1545, cilled Arte de Nauerar 5 the other at Sevitle, in 1556,
by Martin Cortes, with this titie, Breve Compendio de la Sphera, y de la
Arte de Naverar con nucuss Inflrumentas y Reglas. The author of this laft
traél fuys, he compofed it at Cediz in 1555,

Thefe feem to have been the oldeft writers, who had fully handled
this fubjedt; for Jledina, in his dedication to PPhilip Prince of Spain,

* La Bifloria geveral y natural Je {as Indias par Gonzalle: de Miedo, en
Seviila, 1535. Aud Defcriptione de las [ndias Gecidentile, de Antenio de
Herrera, en NMadrid, 1601,

t Hecklipe, in the dedication of his firft volume of Voyages, printed in 1529.

I In Columlis’s tife wrivien ia Spazifp, wnich is very fearce, but 1t was
printed in [radion at Penice in 1571,

I| See Lizio Sanuts’s Goograghia, at the fame place in 1596, D William
Gidbert, de Maoncte. Lindon, 1600 ; and Purchas’s Pilgriz, in 102;, vol. I.

§ Cabur, u Venetian by birth, firt ferved our King {l:my the feventh, then
the King of Sgais, znd laflly, returning to Englasd, he was conflituied grand
pilot by King Ldwward the fixth, with an aunual falary of abeve 16c pounds.
Of this famous navigator and his expeditions, many writers have made men-
uon, bo.h foreigners and Englft, as Peter Ilartyr, Ramufeo, FHeorrera, Hq.in-
Fed. Lord Bacon, and particularly Hackinyt and Purchas, in their ColleCtions
of Voyages.

§ O;era Mailimatica at Nuremberg, in quarto, .

v . Diciti ; F B jaments,
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laments, that multitudes of fhips daily perifhed at fea, becaufe there were
neither teachers of the art, nor books by which it might be learnt; and
Cortes, in his dedication, boafts to the Emperor, that hewas the firlt who
had reduced navigation into a compendinm, enlarging much on what he
had performed *.

Medina gave ridiculous direétions, how to guefs at the place of the
horizon, when it could not be feen ; as alfo he defended the errors of the
plane-chart, and advanced againft the variation of the maguetic needle
fuch abfurd arguments, as Arzflotle and his followers had done to prove
the impoflibility of the Earth’s motion. But Certes briefly and clearly
made out the errors of the plane-chart, and feemed to reflet on what had
been faid againft the variation of the compafs, when he advifed the ma-
riner rather to be guided by experience, than to mind fubtle reafonings.
Befides he endeavoured to account for this variaton, in imagining the
needle to be influenced by a magnetic pole (which he called the point
attractive) different from that of the world, and this notion has been far~
ther profecuted by others.

However, Medina’s book, being perhaps the fiift of its kind, was foon
tranflated into talian, French, and Flemify +, ferving for a long time as
a guide to navigators of foreign countries,
~ But Gortes was our favourite author, a tranflation of whofe work by
Mr. Richard Eden was, on the recommendation of that great navigator
Mv. Stephen Borrough, and the encouragement of the Society for making
difcoveries at fea, publithed at Lsndsn in 1561 : which underwent va-
rious impreflions f, whillt that of A:dina, though tranflated within
twenty years after the other, feems to have been neglefled, notwith-
ftanding the encomiums beltowed on it by Mr. Fshu Frampton, the
tranflator.

A {yftem of navigation at that time confifted of fome fuch particulars as
thefe: An account of the Ptolemaic hypothefts, and the circles of the fphere;
of the roundnefs of the Farth, its longitudes, latitudes, climates, and
cclipfes of the luminaries; a kalendar ; how to find the prime, cpadt,
&c. and by the laft the Moon’s age, and thence the tides; a defeription
of the fea-compafs, not forgetting the loadftone, with fomething about
the variation, called its north-cafting an:d north-wefting, t&r the difco~
vering of which, by night as well as by day, Cortes faid, an intlrument
might be eafily contrived; tables of the Sun’s declination for four years §,

* The learned Don Nice/s Antenio, in his Biblictheca Hilpanica, printad at
Rome in 1672, tom. 1. p. 323. puts down a bo 'k, intitled, Tradads de /2
Sehera y del marear con el reginiento de las alturas, written by Franciyeo Falero,
@ Portegse, and printed at Szuidle in 1535 but perhaps chere 15 a mittake
in the date. Ile alfh mentions an edition of Cortes in 1551,

t ‘Vhe Jtalian and French tranflations were privted in 1554, the firlt at
$%cu'ce, the other at Lions; the Flemifh edition, I have feen, was at ntaerp
1n 1530 perhaps it had been printed before.

{ In the Jatter editions fome miftakes in the tranflation are corredted.

§ Cortes fets down the places of the Sun for a twelvemonth, with an equa-
tioa-table to correét thofs places, fervicg for many years to come 5 and allo
<acther table to find the Sun’s declination from his longitude being given.

ENG) m
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in order to find the latitude, from his meridian altitude ; to do the fame
thing by thofe ¢alled the guard-ftars in the north, and the crofiers in the
fouth 5 of the courfe of the Sun and Moon ; the length of the days ; of
time and its divifions ; to find the hour of the day, and by the rocturnal
that of the night ; and laflly, a defcription of the fea-chart, on which to
difcover where the fhip is, they made ufe of a fmall table, that thewed,
upon an alteration of one degree in the latitude, how many leagues were
run on each rhumb, together with the departure from the meridian, Be-
lides fome inftruments were defcribed, efpecially by Cortes; as one to
find the place and declination of the fun, with the days and place of the
Moon ; certain dials, the aftrolabe and crofs-ftaff, with a complex ma-
chine to difcover the liour and latitude at once.

And after this manner the art continued to be treated, though from
time to time improvements were made by the following authors.

As Verner had propofed to find the longitude by obfervations on the
Moon ; {o Gemma F);'/ius, in a tralt intitled De Principiis Aftronsmie ct
Cofensgraphie, printed at Autwerp in 1530, advifed the keeping of the
time by means of fmall clocks or watches for the fame purpofe, then, as
he fays, lately invented. He alfo contrived a new fort of crofs-ftaff, which
he defcribes in his treatife- De Radio Afironomico et Geometrico, printed at
the fame place 1545, and in his additions to Pwer Apian’s Cofmography,
gives the figure of an inftrument, he calls a Nautical Quadrant, as very
ufeful in navigation, promifing to write largely on the fubject; accord-
ingly, in an edition he made anns 1553, ot his above-mentioned book
De Principiis dfironomic, &c. he delivers feveral nautical axioms, as he
calls them, which with fome alterations were repeated by his fon Cornelins
Genrma, in a pofthumous piece of his father on the Univerfal Ajirolabe,
publithed in 1556.  Gumma Frifus died in 1553, aged 45 vears.

With us Dr. 7illiam Cunringham,in his Crfinsgraphical Glafs, printed in
1559, amongft other things briefly treats of navigation, efpecially fhew-
ing the ufe of the Nuwtical Quadrant, much praifing that inftrument.

But a greater genius than thefe undertook this fubjeét; for the famous
mathematician Pedrs Nunez, or Nenins, having fo carly as 1¢37 pub-
liflied a beok, written in the Portigrefe language, to explain a difficulty
in navigation propofed to him-by the commander Don Adartin Alphonfo
d: Sufa ; which was thirty years after printcd at Bafl, in Latin, with the
«ddition of a fccond book, the whale intitled de aite et Ratione Navi-
gandiy where b cxpofes, both truly and learnedly, the errors of the plane-
chart; and belides gives the olution of ivvery! curious Aftronomical Pro-
blems, amonx{t vwhich is that of detzrimining the latitude trom two obfer-
fervations oi the Sun's alttuds and the intermediate azimuth being given,
He alio delivers muny ufeful advices about the art of navigation, parti-
cularly how to perform its operaticns on the globe. e obferved, that
titough the blique rhumbs are fpiral lises, yet the dire&t courle of a fhip
wiil always be tiie arch of fome great circle, whereby the angie with the
meridians will continually change; all that the fteerfinan can here do
tor the prefervin s of the original rhumb is to correét thefe deviations, as

on as they appear fenfible. But thus the fhip will in reality defcribe a
courie without the rhumb-line intended ; and therefore his calculationg
koo CHigning the latitude, where any rhumb-line crofles the fc'.“c.gtl.mc-

ridiuns,
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ridians, will be in fome meafure erroneous. He alfo again fets down his
method of divifion of a quadrant by concentric circles ¥, which he had
deferibed in his ingenious treatife de Crepufculis, printed i m 1542, 1ma-
gining it had been praétifed by Ptolemy. ~There were alfcd®added other
tracts of his, but the completeft edition of his Latin works was mmade by
hinfelf at Coimbra in 1573. His treatife of Algebra, written in Spanifh,
was printed at Antwerp {ix years before.

In 1577 Mr. Willian: Bsurne publithed his treatife t+, intitled, 4 Rea
giment for the Sea, which he defligned as a fupplement to Carfes, whom
he frequently quotes. Befides many things common with others, Bourne
gives a table of the places and declinations of. thirty-two principal {tars,
in order to find the latitude and hour; as alfo a larger tide-table than
that publithed by Mr. Leonard ngges, in 1556 1. He fhews, by con-
fidering the irregularities in the Moon’s motion, the errors of the failors
in finding her age by the epat; and alfo in thzir determining the hour
from obferving upon what point of the compals the Sun and Moon ap-
peared. He advifes in failing towards high latitudes to keep the rec-
koning by-the globe, as there the plane- chart errs moft.  He defpairs of
our cver b"mg able to find the longitude by any inftrument, unlefs the
variation of the compafs fhould be caufed by fome fuch attralive point,
as Cprees had imagined. "T'hough of this he doubts, and as he had fhewn
how to find the variation of the compafs at all times, he advifes to keep
an account of the obfervations, as ufetul to difcover thereby the pl:ue
of a thip; which advicethe famous Simon Stevin profecuted zt large in
a treatife publithed at Leyden in 1599, intitled Portuum znug/hgambnmz
Ratio Metaphraflo Ilugsne Grotin; the {fubftance of which was the fame
yeur printed at Londan in Englifh, by Mr, Edward IWright, intided Tie
Haven-finding drt.

But the moft remarkable thing in this ancient tract is, the deferibing of
the way by which cur fiilors eflimated the rate a fhip made in her courfe,
by an inftrument called the /g, "Tlis was {o named from the piece of
wood, or lor, that floats o the water, while the time is reckoned during
which the line that is faftened to it is veering out.  "The author of-this
device 1s not known, snd I find no farther mention of it till 1607, in an
£ajt-India voyage, pub‘.ﬂl"d by Purchas 3 but from that time its name
veeurs in other voyares, thit are amonzit his collections.  And hence-
forward it became f.m,ous being taken notice of, both by our own atl-
U'ars, aind by forciznersy as by Guoter in 1023, f)ne//zus in 1624, Me-
ties in 1631, Ourhredin 1633, Ierigone in 1631,, Saltonjlall in 1630,
ANorwssd 10 1637, Foursizr in 1643 and indeed by almot all the fuc-
ceeding writers on navigation, of every country.  And it continues to
be (4l in ufe as at fird, thoush attempts have been often made to im-

,

The admirebic divifion, now fo much in ufz, is avery greatimpioveuent
of . fo ther when the famous Ure. £ /nund Ha'ley, the Royal Aftronoiner,
e sived it l)/ adapti ¢ it to hi, llu'(ll Areh, fome body here named it
A Nowuiis, in which ke has been follswed by mauy.

t He had ten :'mrs before publithed what he calls Rules of Navigatioy, o5
appears from ki Zwarac, printed in 1571,

{ In ki :rca:“,, intiticd, A Proguaiication everlafling, fol. 23.
MEG A
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prove it, and other contrivances propofed to fupply. its place. Many of
thefe have fucceeded in quict water; but proved ufelefs in a troubled fea.

A following edition of this book was revifed by the author, where, in
the preface, he fets forth the grofs ignorance of the old fhip-mafters, rc-
peating fome of the infipid jefts they made ufe of to juftify their want of
knowledye in their art.  Amougft the additions, he enlarges on the ac-
count of the log-line.  And at the end fubjoins an Hydrographical Di/-
taug/} touching the five feveral Paflages into Cathay.

ourne publifhed other tradls, as one called Inventions or Devifes, where
he deferibes a method by wheel-work of meafuring the velocity of a fhip
at Sea, which artifice he attributes to one Mr. Humfrey Cole.

At Autwerp, in 1581, Michacl Corignet, a native of the place, publifhed
a fmall treatite, intitled, Inflruddion nouvelle des Points plus exeellents &
neceffaires tonchant I Art de Naviger *.  “I'his ferved as a fupplement to
Medina, whofe miftakes Coignet well expofed.  He there fhewed, that
as the rhumbs arc fpirals, making endlefs revolutions about the poles, nu-
merous crrors muft arife from their being reprefented by ftraight lines on
the fea-charts ; and exprefied his hopes of difcovering a rule to remedy
thofe errors ; faying, that moft of the fpeculations, delivered by the
great mathematician, Peter Nonius, for that purpofe, were fcarce practi-
cable; and therefore in a manner ufelefs to failors. In treating of the
Sun’s declination, he took notice of the gradual decreafe in the obliquity
of the ecliptic, a point'long difputed, but now fettled from the theory of
attraltion.  He alfo defcribed the crofs-ftaft with three tranfverfe picces,
as it is at prefent made, which he acknowledged to be then in cominon
ufe amongft the mariners ; but he preferred that of Gemma Frifius.  He
likewifc gave fome inftruments of his own invention, which are now
quite laid afide, except perhaps his noturnal, As the old fea-table,
mentioned above, erred more and more in advancing towards the poles ;
he fet down another to be ufed by fuch as failed beyond the 60th degree
of latitude. At the end of the book is delivered a method of failing on a
parallel of latitude by means of a ring dial, and a 24 hour glafs ; on which
the author very much values himfelf,

The fame year Mr. Robert Norman + publifhed a difcovery, he had
long before made, of the dipping of the magnetic needle, in a finall pam-
phict calied The Newe Attracline, where he thews how to determine its
quantity ; and in {peaking of the loadftone, he difputes aguinit Cortes’s
notion, thut the variation of the compafs was caufed by a point fixed i
the heavens, contending that it fhould be fought for in the earth, and
propofes how to difcover its place.  He alfo treats of the various forts of
compalles, fetting forth at large the dangers that muft arife from the
then prevailing practice of not fixing, on account of the variation, the
wire direllly under the flsrver-de-luce; as compafles made in dificrent

* Tt had been publithed in Flemis, but the Frexch edition is the fulieit
Crigner died in 1623, leaving many mathematical manufcnipts, fte Jalrid
Aidree Billictheca Uelgica, printed at Lowvain in 1043.

+ He is commended for an excellent Artift by cur authors, as Bewire,
Burroughy Sit Humfrey Gilleit, Hues, Pottery Blundeville, Wrights and Dr.
Gillers. ;
9 ) i countries
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countries have it placed differently.  Bowrne indeed had warned azaint
this abufe, and there are many things common to both authors.

To Nsrman’s piece is always {ubjoined, Mr. IPilliam Burrough’s Dif-
courfe of the Variatisn of the Cumpafs or Magneticall Needle. The author
had been a famous navigutar, having ufed the fea from fifteen years of
age, and for his merit promoted to be Controller of the navy by Queen
Elizabeth*. He thews how to determine the variation feveral ways,
fetting down many obfervations of it made by an azimuth-compufs of
Norman’s invention, but improved by himfelf. He demonfirates the
falfhood of the rules commonly ufed, to find the latitude by the guard-
ftars.  He particularizes many errors in the then fea-caarts, occalioned
by the neglelt of the variation 5 adding, But of thefe crafles [towards the
north), and of the imwarde partes of the countrics of Rufiia, Mulcovia, &c.
1 have made a perfect plat and defeription, by myre owne experionce in fun-
drie voiages aud travailes, bothe by fea and lande to and fro in thofe pertes,
which I gave ts her Majeftie in anno 1578, And laltly, he juftly finds
fault with Cuiganet’s inftrument, called a zautical hemijphere 5 but fpeaks
too feverely againft the writers of navigation, concluding thus,

But as I baue alreadie fufficientlic declared, the cumpas fheweth not alwaies
the pole of the warlde, but varieth from the fame diveifly, and in fayling de-
Jeribeth circles accordyngly. . IWhiche thing, if Petrus Nonius, and the res?
that kawe writtcn of Navigation, had jointlic confidered in the traflation sf
2helr vules and Infiruments, theu might they hawe been more auaileable to the
ufe of Navigation s but they perceivyng the difficultie of the thyrg, and that
if they bad dealt therewith, it would have utt-rly sverwhelmed their firmer
planfible conceits, with Pedro de Nedina (wha, as it appeareth, hauyng
forae fmall fujpicion of the matter, reafimetiy very elerkly, that it is not ne.ej=
fary that fuch an abjurdity as the Fariation, fhould be admitted in fuch an

7

excclient art as Navigation is) they baue all thonght bef? ta pajie it oveir with
Jlence.

‘T'he Sganiards too continued to publifh treatifes of the art; particularly
at Sevllle was printed in 1585 an excellent Compendium by Roderics Za-
msrans; which is wiitten clearly and with brevity, net being incumbered
with fuch idle fpeculations as abound in AZediua and Cortes.  The author
was Roval Lecturer at Seville, and contributed much to the reforming
the fea chorts ; as we are told by his fucceflor, Avdics Garcia de Cefpedes,
who alfo publithed a treatife of navigation at Aadrid, in 1606,

As globes may be very ferviceable for the mariner, Mr. Edward Jdul-
lineuse fet forth in 1552, at the charges of Mr. [Fdlliam Sanderfon mer-
chant 4, a puir much larger than thofe the famous geographer Gera, !
Mercatsr publithed in 1521, On the terrclirial one were deferibed many
new difcovered countrics, aud traced out the refpective voyuazes rouad
the world by Siv Franeds Diake in 1577, avd Mr. Thomas Can i in
1586, with the proorels Sir Martin Frobifter hud made towards the north
n 1370, to a place culied his Streits. |

* Uack! yrs Voyages, vol.i. p. g17, printed in 1599.
+ Mi. Zanderfor was cemmended for his knowledge as well as genercfity,
to 1InZenious e,

a4 gINiiaLe
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Thefe globes were accompanied with a tra@ containing their ufes
written in Englifb ; but in 1504 Mr. Robert Hues publifhed a more ela-
borate one in Latin ; wherein, amongft others, he folves by the globe
the problem of determining the latitude from two heights of the Sun ob-
ferved with the intermediate time being given * 5 and in the laft part of
his book, he performs the'ufual queftions in navigation, premifing a dif-
courfe on the rhumb-lines, where he attempts to refute what Gennna
Frifius had aflerted, who fays, that they meet in the poles. At the con-
clufien he highly praifes a treatile of Mr. Themas Fariot, hoping it would
be foon publifhed, in which that author had treated of this fubject upon
geometrical principles, with great fagacity and judgment. But all the
manufcripts of that great mathematician were loft, except his Art/s Ana-
lytice Praxis, which was publifhed long after his death in 1631 ; wherein
is firft advanced that idea of algebraic equations, which has been ever
fince followed.

Hues 4 was a perfon of letters, and befides had been far at fea. Amongft
other curious particulars, he gives a good account of the attempts that
had been made at various times to meafure the Earth.  In the Epifle to
Sir /Valter Rawley he takes an occafion to enumerate the many difcoveries
of our mariuers in very different parts of the world. His book was re-
ceived with great applaufe, and has been indeed a pattern for fuch as
afterwards handled the fame fubject. It has been often printed abread,
particularly in 1617 with the notes of Fohn Ifaac Pontanus, who omitted
the £pi/lle and the mentioning of Harist. However from this mutilated
edition it was tranflated into Engli/b by one Mr. Fohn Chilmead, and pub-
lifhed in 1639.

Amongft our failors none were more famous than Captain Fohn
Davis T, who gave name to the ftraits which he difcovered; and great
matters were expected from his long experience and fkill. In 1594 he
publifhed a fmall treatife, intitled, The Seaman’s Secrets. This is written
with brevity, though fomewhat pedantically, and was efteemed in its
time, an eighth cdition being printed in 1657 ; fo that it feems to have
fupplanted Cirtes. Dauis treats of plane fuiling, calling it Lorizontal,
and fets down the form of keeping a reckoning at Sca. He likewile
fhews how to fail by the globe, and boafts of what he intended to do;
much commending great circle failing, without defcribing it, us allo

* This problem has been difcuiled by Dr. Henry Pembertor, in the Philo-
fophical Tranfa&tioss, vol. li. part. 2d. 176c, p. 910, where he has aifo
given fome improvements in trigonometry.

4+ There is an account of Hues and Hariot in Anthony Weod’s Athen. Oxcn.
vol. i. printed in 1721, as being both members of thut Univerfity.

t Several of his voyages are in Hackiuyt’s and Purchas’s collections.  He
and Cap:ain A/rabam Kendal are greatly praifed by Sir Robert Dudley, in his
Arcans del Mare, as keeping 2 perfect reckoning by the way of longitude «nd
la:itude, where are given two of their Fournals. 'U'his Dudlcy was a natural
fon of the great Earl of Leicefler, and had commanded, in 1504, a 7 et
againlt the Spaniards 5 but retiring to Florence, he affumed the titles of o'
of Nertoumerland and Earl of Harwick, His dreano was printed st that
place in two volumes in 1646 and 1647,

what
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what he calls paradoxal; that is, by a projection on the plane of the
equator with fpiral rhumbs, faying, he will publith a chart for that pur-
pofe. But above all, he extols the ufe of calculations in the cafes of na-
vigation, and promifes to handle that fubject. )

At the end of the book is given the figure of a flaff of his contrivance,
to make a back oblervation.  Of this the author is fo vain as to fay, Than
which inflrument (in my opinion) the r[mman Jhall uct finde any [o good, and
in all clymates of fo great certaintie, toe invention and demsnflration whereof,,
L may boldly challenge to appertain unts my [elfe (as a psrtion of the talent
which Gad bath beflowed wpon me) I hope without abufe er offence ts any.

‘This inftrument feems to have for fome time been in uic; for Adrian
Metins, in his treatife, intitled A/lronomice Inflitutis, printed in 1605, gives
a figure of it from an original, in the pofleflion of M. Fiederic Hautman,
governor of Amboyna. But it foon yielded to vne of a more comn.odious
form, which is now commonly czalled Davis’s Quadrant* 5 as it it was
alfo of his invention, and that perhaps only becaufe a back obfervation is
made by both inftruments, fo the quadrant itfelf was at firit ftyled a Staff
and Back-Staff. B

"T'he famous traveller Signor Pietrs della Valle pafling, in 1623, from
Ormus 10 Surat aboard an Englifh veflel, where obferving this quadrant
much pradlifed by the feamen, as it was quite new to him, takes 2n oc-
cafion to fhew its ufe very diftinélly, and fays, they told him, that it had
been lately invented and called David’'s Staff+ trom its author. Alfo
Captain Charles Saltsnflall, in his Navigatisn, defcribes it under the name
of a Back-Staffy and in Captain Thomas Fames’s farmous voyage for dif-
covering a north-weft paflage, begun in 1631, amonzft the many infiru-
ments, he carried along with him, are mentioned two of Mr. Davis’s
Back-flaves, which were doubtlefs thefe quadrants. '

Contemporary with Davis was Mr. Richarld Polter, viho, it is faid,
had been a principal mafter aboard the Royal Navy. He wrote a very
fmall book intitled The Pathway to Perfect Sailing, where, from an ob-
fervation he made in 1586, he would infcr %, that different loadftones
coimmuuicated different degrees of variation to the magnetic needle, and
thercfore defpifes the publifhing obfervations of that kind, as necdlefs.

lis book was not printed till 16,44, nor did it deferve to be publifhed at
all, s ic abounds with miftukes, and is written tantaftically, obfcurely and
arrogantiy.

But all this while the plane-chart, notwithftanding its errors veore fre-
quently complaired of, continued to be followed ; as its ufe is eufy, and
ferves welerabiy well in fhort voyages, efpecially near the eguator,

* Itis called by the French Quertier dngleis.

t Lav'd Staff, che in lingua fnglje waic a dir legnidi David Fiaggi; Part
5. letter v & Ruma. 'This author not only praifes tae Captain N boias Wied-
« 4, and other officers, but alio the common failors, for their care and fkill ;
and fuy<, vhe Porruguefe lofe great number of fhips for not being fo cxact in
tieir oblorvanons as the Englijb.

3 Perass he fhould have thence concluded the variation altered, as was
difcovered wficrwards.

However,
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However, a way to remedy thefe errors had, for fome time, been in-
-quired after.  And Gerrard Mercator feems to be the fitft, who conceived
the means of effeéting this, in a manner convenient for feamen, by con-
tinuing to reprefent both the meridians and parallels of latitude by parallel
ftraight lines, as in the plane-chart, but graduallyaugmenting the diftances
between the degrees of latitude in advancing from the equator towards
either pole, that the rhumbs alfo might be extended into ftraight lines, fo
that a ftraight line drawn between any two places, laid down in this chart
by their longitudes and latitudes, fhiould make an angle with the meridi-
ans, exprefling the rhumb leading from one to the other.  But though
Mercator, in 1569, {et forth an univerfal map thus conftruéled *, it does
not appear upon what principles he procecded ; probably, by obferving in
a globe furnithed with rhumbs, what meridians the rhumbs pafled at each
degrec of latitude. That he knew not the genuine principles, I fhall
make evident ; our countryman, Mr. Edward /#right, was certainly the
firft who difcovered them,

IVright infinuates, but without” fufficient grounds, that this enlarge-
ment of the intervals between the parallels had been fuggefted before by
Cortes +, and even by Prolemy himfelf, 5

As to Cortes, he fpeaks ot the number of the degrees of latitude, and
not the extent of them ; for his expreffion amounts to no more than this,
that the degrees of latitude are to be numbered from the equator, and
confequently both northwards and fouthwards {from that line the numbers
affixedto them muft continually increafe ; and from any place having la-
titude (fuppofe Cape 8t. Vincent in Spain, which is his inftance) the de-
grees of latitude will be denoted by numbers increafing towards the pole,
and decreafing towards the equator. He had before exprefsly directed,
that they fhould be all equal by mreafurement on a fcale of leagues adapted
to the map §.

‘The paffage in Ptoleniy ||, referred to by /77right §, does indeed relate
to the propertion between the diftances of the parallels and meridians,
but contains no fhadow of Aercator’s fcheme @ for initead of propofing
any gradual cnlargement of the diftances of the parallels in a general
chart; that paffage relates only to particulur maps, and is morc dittinétly
explained in the firft chapter of his laft book ; where he advifes explicitly
not to confinc a fjftem of fuch maps to one and the fame fcale, but to plan
them out by a different nicafure, as occafion fhall require, with this only
caution ; that the degrees of longitude fhould in-each bear in fome mca-
fure that proporiion to the degrees of latitude, which the magnitude of
the refpective parallels bear to a great circle of the fphere ; and fubjoins,
that in particular maps, if this proportion be obferved in regard to the

* Sce his life, written by his intimate friend, Gaulierus Ghymmius, which
was prefixed to an enlarged edition of his Ailes, publithed at Dujflarg, in
1593, by Rumelius his {on, a year after his father’s death. Gerrard Mercator
was born in 1512, )

+ See the 2d chapter of #7right's book. )

1 Part 3d. cap. 2d. fol. ¢8. I Geegraph. lib. ii. cap. 1. )

§ In an advertifement fet down on his univerful map, at the end of Ii's
fccond cdition of his book; and in this miflake he has been fellowed by

others, ‘
nm’.dlc
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middle parallel, the inconvenience will not bz great, though the meri-
dians Thould be ftraight paraliels to each other ; wherein his defign is
plainly no other, than that the maps fhould in fome fort reprefent the
figures of the countries they are drawn for.  Mercator, who drew maps
for Ptolemy’s tables*, underftocd him in no other fenfe, thinking it an
improvement not to regulate the meridians by one parallel, but by two 3
one diftant from the northern, and the other from the fouthern extremity
of the map by a fourth part of the whole depth ; whereby in his maps,
though the meridians are ftraight lines, they are generally drawn inclining
to each other towards the pole.

But Aercater’s univerfal map, mentioned above, though the author de-
figned it for the benefit of failors, was {o far from being readily adopted,
thzt fome of the moft fkilful amongft them objelted to its ufefulnefs.
Thus Mr. Burrough {ays ol it - By augmenting his degrees of latitude
towards the poles, the fame is more fitte for fuchs to behslde, as fludie in cof~
mographie, by readyng authours upan the lande, then to bee ufed in Navigation
at the fea.

And Mr. Thomas Blundeville, in his Briefe Defeription of Univerfal
Mappes and Cardes, firlt printed in 1589, gives an account of this map,
obferving that Barnardus Puteanus of Bruges had publifhed, in 1579, one
altogether like it.  And though Blundeville is fo parucclar, as to fet
down numbers cxprefling the diflances between each paraliel of latitude
in thofe maps, yet he feems to {light them, by {aying, that no better rules
than thofe given by Prolemy can be devifed.  But what is delivered by
this gesgrapher about the conftruction of a general map, is a very indiffe-
reat perforimance, altogether unworthy the author of the Alnage/?, and
riot in the leaft eorrefponding with the fogacity fhewn in two treatifes on
the Planifphere and Analemma, which the Arabians have handed down to
us @5 Ptslemy’s .

Marinus 2lfo, at the end of his Gesgraphia Univerfa, (the former part
of which is a tranflation of Prelemy’s) firft printed at Venice, in 1560,
mentions this map of Mercatsr, and oives even a fketch of it; but feems
to Lave no dittinét conception of the author’s defign.

T'hat Morcator’s map was not rightly deferibed, is manifeft from the
numbers given by Blundeviile ; and that he was ignorant of a genuine
method of dividing the meridian, appears from a paflage in his life, where
the writer fuys Mercatsr often aflured him, thae this extending a fphere
into a plane anfwered to the quadrature of the circle, as that nothing
feemed to be wanting but the demonfiration.

Haowcever, our authors now began to entertain favourable thoughts of it,
periaps feoon the report that Mr. 7Fizht was about to treat oa that {ub-
jecte Do Thomas Ioed, to the firft edition which he vave of Dew:id’s
Rezimont in 1562, added a Dialsgue of his own, called” The AZuines
(eidz, written only to fhew the ufe of the plane chart, where he acknow-
Iodges and fets forth its errors, and highly praifes Afercatar’s, faving, he

.

In an clition he made of Prolmy’s Geography, in 1584,
i Tule were publithed by Fed, Commanaines, cne at Fsnicey in 1518, the
other at Ko, in 1562,

d by M had
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had compofed a treatife concerning it ; but the indiftin& account he gives
of jt, fhews it would not be this author’s lot to render it fit for the ufe
of navigation. And Mr. Blundeville, in the following editions of his
above-mentioned traét, omitted the commendation he had given of Pre-
lemy’s method of delincating an univerfal map.

Mercator’s {cheme was not indecd contrived for reprefenting the parts
of a country in a juft proportion to each other ; but is appropriated to the
ufe of mariners, who fail upon rhumbs by the guidance of the compafs ;
which our countryman, Mr. Edward I¥'right, perfeed *, by difcovering
a true way of dividing the meridian.  An account of this he fent from
Caius college, in Cambridge, where he was then a fellow, to his friend the
above-mentioned Mr. Blyndeville, containing a fhort table for that pur-
pofe, with a fpecimen of a chart fo divided, tegether with the manner of
dividing it.  All which Blundeville publithed, in 1594, amongft his Ex-
ercifes, in that part.which treats of navigation 4 ; where he has well de-
livered what had been before written on that art 3 infomuch that his book
was long in great repute, a feventh edition having been printed in 1636.
To the fecond edition, Anno 1606, and following ones, was added his
former difcourfe of univerfal maps.

In 1597, the Reverend Mr. /Z7lliam Barlswe, in his Navigator’s
Supply, give a demontftration of this divifion as communicated by a
friend ; faying, This manner of carde has been publiqucly extant in print
thefe thirtie yeares at leaft§, but a clonde (as it were) and thicke mifle of
ignorance doth keepe it bitherto concealed : And fo much the more, becaufe
Sfome who were reckaned for men of goid knowledge, have by glauncing
[peeches (but never by any one reafon of mement) gone about what they could
20 difgrace it.

This book of Barlswwe’s contains defcriptions of feveral infiruments for
the ufe of navigation, the principal of which is an ezimuth compafs, with
two upright fizhts § ; and as the author was very curious in making ex-
periments on the loadftone, he difcourfes well and largely on the fea-
compafs; and {till farther handles that fubjeét in a tract he publifhed
fome years after, intitled, Jugnetical Addve. tifeinents.

Atlength, in 1509, JMr. /#right himfelf printed his famous treatife,
intitted, The Correfisn of certain Lrrors in Navigation, which had been
written many years before ; where he fhews the reafon of this divifion i,

* Some of our modern writers have faid, Alercater took the hint from
Wrighe, but that is a miftake ; for Mercater’s map was publifhed thirty years
before Frcht's book, who frequ ntly refers to it. See Eqward Shirburn’s
tranflation of the firft book of Mauilixs, in 1675, p §6.

4+ Chup. 2g.

1 He thould have faid 28 oaly.

§ Munv ot thefe infiraments are in the Arcans a2l Mare, together with the
demoniiraticr “bove mentioued.

I Map: -.ith their meridians thus divided had been peblithed at Anfersem
by Jodccrs Hendi-«, who, when in Lendon, working as an engraver, Jearnt the
menner of woing i* frein Mr. [/ 7righs’s Manu/or t2; the fourth chapter of which
he had tranfcribed into oue of his maps.  Honuiis afterwards in his letters,
voth 1o Mr. Briggs, and alfo to Mr. #righr, begged pardon for not hhaving

acknow-



ofF NAVIGATION. Xiit

the manner of conflru&ing his table, and its ufes in navigation, with
other improvements : A book, as Dr. Halley fays, well deferving the pe-
rufal of all fuch as defign to ufe the fea*.

In the preface, 7#7right complains of the obftinacy of our mariners,
for.not liking an improvement in their art, faying, that they were like
thofe whofe ignoranice Mafter Bourne had expofed, repeating Bourne’s
very words. .

"¢« Theugh this great improvement in navigation by /#right has been
embraced and followed by all proper judges; yet fome undifcerning
perfons have of late, even amongft us, found fault with it, particularly
Henry Wilfon, author of a Treatife on Navigation, by a propofal for a
curvilinear fea-chart, in 1720 ; and the Rev. Mr. Weft, of Exeter, in a
pofthumous piece, printed in 1762, But their cavils were fufficiently
obviated ; thofe of the firt by Mr. Hafelden, in his Mercator’s Chart,
and in his Reply, both printed in 1722; and of the fecond, by Mr.
TVilliam JDountaine, in the Philofophical Tranfattions, vol. LIIL p. 6q.
Ains 170377 ~

In 1610 a fecond edition of Mr. /77ight’s book was publifhed, and
dedicated to Prince fenry, his royal pupil +, where the author inferted
farther improvements ; particularly, he propofed an excellent way of de-
termining the magnitude of the Earth 5 at the fame time recommending,
very judicioufly, the making our common meafures in fome fettled pro-
poition to that of a degree on its furface, that they might not depend on
the uncertain langth of a barley-corn,

Some of his other improvements were; The Table of Latitudes for
dividing the meridian, computed to minutes; whereas before it was but
to every tenth minute, and the fhert table fent by him to Blundeville to
degrees only : An initrument, he calls the Sea-rings, by which the varia-
tion of the compafs, altitude of the dun, and time of the day, may be de-
termined readily at ence in any place, provided the latitude be known :
T'he correciing of the errors ariting frem the excentricity of the eye in
ohiving by the crofs-fiafl: A total amendment in the Tables of the
dechinations and places of the Sun and ftars, fro:n his own obfervations,
th a fix-foot quadrant, in the years 1594, 95, 00, and 97: A
adrent, to tuke altitudes by a forward or backwuard obfervation,
1 ith a contrivance for the ready Anding the latitude by the
of the pole-far, when not upen the meridian. And that his bock
be the betier underfteod by beeinncrs, in this edition is fubjoined a
s’s Compendizm 5 he correét-

rardlation of the cbove-mentioned Zawmcrans

acliiowledised the obligatisn.  Sie IFregli?s preface, where he complains of
fovaios’s proe eding g and farther relates, how his book, a copy of which
viviug beed pretuned to the Farl of Coosderiand, had liked to iave come ot
v th tae of a lameus rav oo, whom, frem fome circumtlances there
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ing fome miftakes in the original, and adding a large table of the variation
of the compafs obferved in very different parts of the world, to thew it
is not occafioned by any magnetical pole.

This excellent perfon was allowed fifty pounds a ycar (no inconfi-
derable fum at that time) by the Eaf India Company, for reading a
le@ure of navigation ; he alfo projefted the conveying water to London,
but was prevented from executing his {cheme by defigning men, which
is frequently the cafe. Whilit he led a ftudious and retired life, liis repu-
tation was fo far known, that Queen Elizabeth granted, in 1589, a dif-
%mfalion for his abfence from the univerfity, in order to accompany the

Larl of Cumberland in the expedition to the Azores; as I am informed by
Sir Fames Burrough, Mafler of Caius College, whofe fine tafte in archi-
teCture, part of the new buildings iu Cambridge thew, they rendering the
reft of théfe buildings a difgrace to that famous feat of learning, which
has produced many great men, as, (to mention here only mathematicians)
Wright, Briggs, Oughtred, Dr. Pell, Fofler, Herrox, Bainbridge, Bithop
Ward, Dr. Wallis, Dr. Barrew, Rooke, Sir Ifaac Newton, Cotes, and
Dr. Brook Taylor.

Jright’s improvements on Adercator’s chart became foon known
abroad. 0

In 1608 were publithed the Hypomnemata Mathematica of the above-
mentioned Simon Stevin, compoled for the ufe of Prinice Afaurice. In
the part concerning navigation, the author, having treated of fatling on
a great circle, and fhewn how to draw mechanically the rhumbs on a
globe, fots down 7Pright’s two tables of latitude and of rhumbs, in or-
der to deferibe thofe lines more accurately 3 and in an appendix he com-
mends Fues, thews a miftake committed by Newius in relation to the
rhumbs, and pretends to have difcovered an error in //7ughe’s latter table ;
but 7/7ight him{clf, in the fecond edition of his book, ks fully anfwered
all St.win’s objetions, demonftrating that they arofe from his grofs way
of calculating.

And in 1624 the learned 777/ebrordus Snellius, Profeffor of the Mathe-
matics at Leyd:a, publifhed his Typhis Batavus*, a treatife of navigation
en TPright’s plan, written fomewhat obfeurely,  In the introduction are
praifed Nomivs, Adercaiory Stevin, Hues, and Wright.  But fince what
had been perfermed by our astifts on this fubjet, is not there particu-
larly declarcd, as are the improvements made by the others ; it has hap-
pened that fome have attributed 7Pright’s principal difcovery to this au-
thor. Thus Aibert Girard, who in 1634 publithed a French tranflation
of Stevin’s Works with notes, in one of them obferves, that Sweliius had
calculated, what he calis, Tabule Cansnice Parallelsrum, to minutes as
far as 70 degrees , whereas {7 7ight had fet forth in 1610 fuch a table fo
calculated to 89 degrees 59 minutes; notwithflanding which M.
Lagi#, in the Memoirs of the Roval Academy of Sciences at Paris for

1703, treating of the Cerrefled Chart, (ays, c’eft Willebrord Srellius gui

* In 1617 had been publithed his Erarofibencs Batavus, where is given an
account of his meafuring the cerch.

7
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/
en ¢ff Binventeur.  But the French writers now acknowledge our coun-
tryman to have been its author *,

Snellius was followed in Holland by Adrian Metius, in a treatife, in-
titled, Primum Mobile, printed at Amflerdam, in 1631 5 and in France by
the learned Peter Herigone, in his Curfus Mathematicus, where, in the de~
dication of the fourth tome to the Marthal Baffampire, the author fays,
Arten navigandi in cenfu Mathematices non repafuere plerique noflrum, neque
Jfane in bunc ordivem afcribi meruit, quandiu ceecd tantium nautarum praxi
celebrata eft 5 nunc vers cim inventis tabulis loxodromicis (quas nos primam
Gallis exhibemus) formam certam firmafque leges acceperit fine injurid omitti
non pote/l.  But to return to our countrymen.

Mr. IZright, in the 12th chapter, having thewn how to find the place
of a fhip on his chart, obferved, the fame might be performed more ac-
curately by calculation ; but confidering, as he fays, that the latitudes,
and efpeciaily the courfes at fea, could not be determined fo precifely, he
forbore fetting down particular examples; as the mariner may be al-
Iowed to fave himfclf this trouble, and only mark out upon his chart,
when truly conftrucled, the fthip’s way after the manner then ufually
prattifed. S

However, in 1614+, Mr. Raphe Handfon, among his nautical quef(-
tions fubjoined to a tranflation of Pitifeas’s Trigonametry, folved very
diftintly cvery cafe of navigation, by applying arithmetical calculations
to righe’s tasle of latitudes, or of meridional parts, as it has fince becn
cailed.

And befides, though the method 7/ right difcovered for determining the
change of longitude by a fhip failing on a rhumb, is the adequate means
of performing ity Iandfon propofed two ways of approximation for that
purpofe, without the afiiltince of 777i7L#s divifion of the meridian line.
The trlt was computed by the arithmetical rigan between the co-fines
of both latitudes 5 the otier by the fame megn between their fecants, as
an alternative, whea 72i7che’s book was not at hand, though this latter is

¢

weider from the truth than the firtk; and farther he thewed by the afore-

faid calecttions, how much each of thefe compendims deviates from the
truth, and 2l how erroncouflv the computations on the principles of the

plain- chare dilier from them all.
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1 ! ; i > O .
Lattealde t, vhichy thewsh it crrs moie than that by the arithme-
2 QN X el
' i the co-fines 3 yet being lofs operofe, is that generally

ars; notwithttunding the arithimetical mean between the

, caris alent to the geometrical mean between the co-

Had Lecn fince propofed by Kr. Fobn Baffat ||, which in
insewLint preterable.

o e gut gw v el cavtes pldaiiis, fnvoniicn admivable, de iz guede
ok o radevebl a Edou nd Weigh, gaoigicon I ait joiviat gttribade a Meicaor,
11
UL

deiiticnd. Rovale des Scicnces, M. i

NG9

RN RIASE

It wrg v

i
1 €5 ety pn g 3 Tedeie
t 177, i a didagee whith was poblifhed afizr the avihor’s death,
st e Fivdidiny (o poofind Sqiler. B Bad boen a teacher
3 & % g

(934



xvi DISSERTATION ov Tur RISE, & -

The computation by the middle latitude, will always fall fhortof the
true change of longitude 5 that, by the gecometrical mean, will always
exceed ; but that, by the arithmetical mean; fall fhort in latitudes above
45 degrees, and exceed in leffer latitudes.  However, none of thefe me-
thods, when the change in latitude is fufficiently fmall, will deviate
greatly from the real change in longitude.

About this time logarithms * began to be introduced into the pratice
of the mathematics; and as they are of excellent ufe in the drt of navi-
gation, we fhall here fay fomething about their original.

Thefe were invented by Fobn Napier, Baron of Marchiffoun in Scot-
land, as appears from his treatife, intitled, Mirifici Logarithmorum Canonis
Deferipeio, firft printed in 1614 4. Soon after, the anthor communicated
to-Mr. Henry Briggs, Profeflor of geometry at Grefham college in Lon-
don 1, another form of logarithms ; with which Mr. Briggs was {o well
pleafed, that he immediately fet about computing a very large rable of
them, which he publithed in 1624, with his Arithmetica Logarithmica ||.
But in the mean time, as a fpecimen, he printed in 1617 a few copies for
his own ufe and that of his friends, of a very finall one, not excceding a
thoufand natural numbers.

From this table Mr., Edmund Guuter, Mr. Briggs’s colleague in Aftro-
nomy, computed one of artificial fines and tangents to every minute of
the quadrant, which he publithed in "1620, being the firft of its kiud §.
And when he made an edition of his works three years after, both thefe
tubles were fubjoined to his book.

of navigation at Charkam, and well made out what he undertcok, that a (hip
would retarn to the place it deparied from, by failing on the fame rhumb,
contrary to what Fullr and others had maintained. At the end of this
difcourfe, he applies his compendium to the three principal problems in
failirg. )

* The foundation cf logirithms is a prorerty of two feries of numbers,
= in arithmetical, the other in geomectrical proportion; which property is
c'ared by drehimedes 0 his drenarias.

+ In 16’:9 was made, after r_he auti‘:or’s death, a fecond edition, with his
farther improvements in Sphicrical Trigonometry. .

1 He was in 1019 appsinted by Sir Hewry Sawille, his profeflor of geometry
at Oxford. o . i . )

I Adrian ¥la:qg mzde an edition of this book at Tergou, in 1628, where the
table of logarithms was contirued by him to one hundred thoufand num.bcrc,
thouzh the logarizhins themfeives are but to ten places, whereas in Biggs’s
baok they were to foasteen.  Scme copies of /lacy’s tables were purchaled
by our boskfellers, and publiihed at London, with an Liglifb explanation pre-

ifed, dated 1631. ) o o

§ Jlacg alfo publifiied, at the fame place, in 1633, his Trigonometria Ariifi-
ciaiis, with tables of lvgwr'zt‘amlc fives and tangents to every tf:n:h fccond of
the quadrani. /flacg’s tables have a great reputation for their exalln.fs, as
Steravin’s fuft edition in 1705, and Gardiner’s in 1742, have amongtt us,
LI ez Fenteneds, in the Hittory of the Academy of Sciences for 1717, come
Lends on elition of Fiag's {maller tables, made at Zyons, in 1670, as does
1 1. de la Lande, ia his Alionowny, printed at Paris, in 1704, tables publithed

There
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There he applied to navigation, according to /#right’s table of meri-
dional parts; as well as to other branches cf the mathematics, his ad-
mirable Ruler *, on which were inferibed the logarithmic lines for num-
bers and for fines and tangents of arches. He alfo greatly improved the
Seftor + for the fame purpofes.  And he thewed how to tzke a back ob-
fervation by the crofs-ftaff, whereby the error, ariling from the excen-
tricity of the eye, is avoided; defcribing likewifz an inftrument of his
invention, named by him a Crofs-Bow, for taking altitudes of the Sun or
ftars, with fome contrivances for the more ready collecting the latitude
from the obfervation . '

‘The difcoveries relating to the logarithins were carried to France by
Mr. Edmund IWingate, who, going ‘to Paris in 1624, publifhed in rthat!
city two {mall traéts in French ||, and dedicated them both to Gaston,
the King’s only brother. In the firft he teaches the ufe of Gunter’s
ruler, and in the other, of the tables of logarithms and artificial fines and
tangents, as modelled according to Napier’s laft form, attributed by /#in-
gate to Briggs, which is a miftake ; as appears from the dedication of
Napier’s Rabdslsgia, printed in 1616, and from what Mr. Briggs himfelf
faid in the pretace of his Arithmetica Logarithmica.

The Reverend Mr. William Oughtred projeted this ruler into a cir-
cular arch, thewing fuily its ufes in a treatife firft printed in 1633,
intitled, The Circles of Proportion ; where, in an appendix, are well
handied feveral important points in navization. It has been made in
the form of a Sliding Ruler. Sec Scth Partridge’s ufe of the double fcale
in 1662.

As by the logarithmic tables all trigonometrical calculations are great-
ly facilitated ; fo the firft author, who, I find, has applied them to the
cafes of failing, was Mr. Thomes Addifon, in his treatife, intitled, Arith-
metical Navigation, printed in 1625, He alfo gives two traverfe tables
with their ufes, the one to quarter points of the compafs, the other to
degrees.

Mr. Henry Gellibrand, Nr. Gunter's fucceflor at Grefham College,
publithed his difcovery of the changes tu the variation of the compals in
a fmall quarto pampblet, intitled, 4 Dijesusfe Mailematical en the Varia-
tion of the Magnetical Needle, printed 1n 1935, This extraordinary ghe-
nomengn he found out by comparing the obfervations made at different
times near the fame place by Mr. Burreugh, Mr. Gunter, and himfelf,

* This Ruler is fo conflantly i, the practice of our artifle, that it has got
the name of The Gunter.

+ The ufes of a Se@or had been thewn by Dr. Rcéert Hoed, in a t.2& he
publifhed in 1598. ’

T this ingenious perfon died 1625, aged 45 years, IHis works have
been feveral times reprinted with fuccefive addinons; the fucond edition was
made in 1636 from hisown manufcripe; then from thole of Mr. Samue! Forjter
Proierlor of Attronomy at Grefham Coliege, acain by Mr. Hoary Bend, and
Mr. Wiliam Leybearn. | e tullett and latt, teing the fifth, wus in 16-3.

I Threfe were atterwards printed at Londen in Lngli/h with linprovements.

Vor. I. b all
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all perfons of great {kill and experience in thefe matters. And this dif-
covery was foon known abroad ¥, for father Athanafius Kircher, in his
treatife intitled Jagnes, firft printed at Rome in 1641, fays our country=~
man Mr. 7obn Greaves had informed him of it, and then gives a letter of
the famous Marinus Merfennus, containing a very diftin& account thercof.
Gellibrand had been famous, for the part he bore in the Trigonometria
Britanuica of his deceafed friend Mr. Briggs, which was printed in 1633,
at Tergon, under the care of Adrian Viacq. Gellibrand alfo, in 1635,
publithed in Englifh an Inflitution Trigonometricall. '

In 16317 Mr. Richard Norwood had publifhed an excellent treatife of
Trigenometry, adapted to the invention of logarithms, particularly in ap-
plying Napier’s general canons . The author having, as he fays, ac-
quired his knowledge in the mathematics at feaf, efpecially fhewed
the ufe of trigonometry in the three principal kinds of navigation. And
towards the farther improvement of that art, he undertook a laborious
work for examining the divifion of the log-line.

As aititudes of the Sun are takenon fhip-board, by obferving his ele-
vation above the vifible horizon ; to colle¢t from thence the Sun’s true
altitude with corre@nefs, 7¥right obferves it to be neceffary, that the
dip of the horizon below the obferver’s cye fhould be brought into the
account, which cannot be calculated without knowing the magnitude
of the earth. Hence he was led to propofe different methods for finding
this; but complains, that the moft effeCtual was out of his power to
exccute ; and therefore contented himfelf with a rude attempt,. in fome
meafure fufficient for his purpofe: and the dimenfions of the Earth de-
duced by him corsefponded fo well with the ufual divifions of th- log-
line, that as he wrote not an exprefs treatife on navigation, but culy for
the correlting fuch errors, as prevailed in general pratice,. the log-line
did not fall tnder his notice.  But Mr. Nostwood, for regulating this in-
ftrument upon genuine principles, put in execution the metnod Mr.
IVright recommends, as the moft perfe& for meafuring the dimenfion of
the Earth, with the true length of the degrees of a great circle upon it ;
and, in 1635, actually meafured the diftance between London and York 5
from whence, and the fummer-folftitial altitudes of the Sun obferved on
the meridian at both places, he found a degrce on a great circle of the
Farth to contain 367196 Englijh feet, equal to 57300 French fathoms or
toifes, which is very exadt; as appears from many meafures, that have
been made fince that time.

¢ In the Hiftory of the Royal Academy of Sciences at Paris for 1712, p.
19. it is {aid by M. de Fontenelle, that the learned Peter Gaflendi was the prin-
cipal d fcoverer of this property ; but Gaferd himfelf acknowledged that he
had efore reccived information of Gellibrand's difcoveries. Gaflend. Oper.
vol.ii. p. 152, Lugd 1658,

< A very advantageous report of it was made by M. Aarictie at 2 meeting,
io 5663, of the Academy. LD Hamel, Hilt. Acad. Scient. p. 51. 1701.

I irom 2 failor he became a teacher, fiyling himfc!f before his boecks, A
Reader of the Mathematics in Loxden.

()
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Of this affait Mr. Nortwood gives a full and clear account in his trea-
tile, called ke Seaman’s Praflice, firft publifhed in 1637. There, with
unaffe¢ted modefty, he apologizes for the hardincfs of a private perfon’s
undertaking fo difficult a tafk ; and very cautioufly points out the true
reafon, how fo great a mathematician as Suellius had failed in his at-
tempt. He alfo fhews varlous ufes of his difcovery, particularly for cor~
recting the grofs errors hitherto committed in the divifions of the log-line.
But fuch neceffary amendments have been little attended to by the failors,
whofe obftinacy in adhering to inveterate miftakes has been always
complained of by the beft writers on navigation. This improvement has
at length, however, made its way into practice: few navigators of repu-
tation ufing now the old meafure of 42 feet to a knot.

Farther, Mr. Norwoeod likewife there defcribes his own excellent me-
thod of fetting down and perfefling a Sea-Reckoning, ufling a traverfe-
table, which method he had followed and taught for many years; and
befides, fhews how to re&ify the courfe, by the variation of the compafs
being confidered ; as alfo how to difcover currents, and to make proper
allowance on their account.

THhis treatife, and that of Trigonometry, were continually reprinted, as
the principal books for learning fcientifically the art of Navigation. What
he had delivered, efpecially in the latter of them, concerning this fub-
ject, was contracted as a manual for failors, in a very fmall piece, called
his  Epitsme, which ufeful performance has gone through numberlefs
editions.

No alterations were ever made in The Seaman’s Fratiice, till in the 12th
edition, printed in 1676, after the author’s deceafe, there began to be
inferted, at page §g, the following paragraph in a fmaller charaéter
[ About the year 1672, Monfieur Picart has publijbed an account in French,
concerning the meafure of the Earth, a breviate whereof may be feen in the
Philofophical Tranfadtions, N° 112, wherein be concludes one degree to
contain 365184 Englith feet, nearly agreeing to Mr. Norwood’s experi-
ment.] And this advertifement is continued in the fubfequent editions,
as 1 find it in one-printed fo lately as 1732.

Norwosd’s meafure therefore, though it was not known to the great
Sir Jfaac Newton in his youth, was not buricd in oblivion, on account of
the confufions occafioned by our civil wars, as M. de Voliaire has been
pleafed to fay * ; on the contrary, it has been conftantly commended by
our writers on navigation : as by Mr. Henry Bond, fuon after its pub-
lication, in a note at page 107 of the Seaman’s Kalendar, which ancient
book he reprinted and improved, whofe ufe, through numberlefs editions,
is continued amongft our failors to this day; by Mr. Henry Phillips in
his Gesmetrical Seaman in 1652, and in his Advancement of Navigation in
1657 5 by Mr. fsbn Collins in his Navigation by the Plane Scale, in 1659 ;
by the reverend Dr. Fehin Newton in his Aathematical Elements, in 1660 5
Mr. Sfehn Scller in his Praflical Navigation, in 1669 ;5 Mr. Jobr Brown
in his Triangular Quadrant n 1671.

* Elemens de l2 Philyfopbie de Newton, chap. xviii. printed at Paris in
17 8.
b 2 And
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And in the Philofophical Tranfactions for 1676, N° 126, there is given
a very partcular account of it. Nor had it efcaped the royal notice ;
for when King Fames, in 1690, honoured the obfervatory at Paris with a
vifit, he informed the gentlemen, then prefent, of this meafure of the
Earth ; and upon their acquainting his Majefty how that had been de-
termined by Mr. Pieard, the King wifhed the two meafures might be
compared together *.

But that it was not commonly known in France is no wonder, fecing
our books were not then fo much inquired after as at prefent by that polite
and learned people.

In thc}Zaurnal des Sgavans for December 1606, it was oblerved of Dr.
Hooke's Micrographia, qu’il ¢/l écrit en une langue que peu de perfonnes
entendent 3 but long after, in the fame Fournal for February 1750, it is
faid of the Englifb tongue, that it was une langue que tous les vrais favanus
devroient favorr. And now, as Norwood is taken notice of in the latter
editions of Sir ffeac Newton’s Principia, his name and merit indeed arc
become univerfally known. Infomuch that a particular account of his
meafure is given by M. de Manpertuis, in the preface to his Treatife of
the figure of the Earth, printed at Paris in 1738 ; wherein he deferibes
his method of determining the length of a degree on the Earth in Lap-
land 3 and Norwood is mentioned by two learned Spanifh fea officers, 12,
Forge Fuan, and . Antonis @Ulisa, s. their voyage printed at Madrid
in 1748, which was undertaken, as they were appointed to accompany
the French mathematicians, fent to meafure a degree near the equator.

About the year 1645 Mr. Bond publifthed in Norwood’s Epitome a very
great improvement in /#right’s method, by a property in his meridian
line, whereby its divifions are more fcientifically affigned, than the au-
thor himfelf was able to-¢ffeét ; wwhich was from this thcorem, That thefe
divifions are analogous to the excefles of the logarithmic tangents of half
the refpective latitudes augmented by 45 degrees above the logarithm of
the radius. ’

"This he afterwards explained femewhat inore fully in the third edition
of Gunter’s works, printed in 1653, where, after obferving that the lo-
garithmic tangents from 45° npwards increafe in the fame manner (as
he exprefles it) that the fecants added together do, if every half degree
be accounted 2s one whole degree of Adercatsr’s meridional line; his
rule for computing the meridional parts appertaining to any two Jatitudes
(fuppofcd on the fame fide of the equator) is laid down to this cffect; To
take the logarithmic tangent, rejedting the radius, of half each latitude
augmented by 45 degrees, and dividing the difference of thofe numbers
by the logarithmic tangent of 45° 30/, the radius being likewife re-
jected, and the quotient will be the meridional parts required, exprefled
in degrees.  And this rule is the immediate confequence from the ge-
peral theorem, That the degrees of latitude bear to 1 degree (or 60 mi-
putes, which in 7Zright’s table ftands as the meridional parts for 1 de-
gree) the fame proportion zs the logarithmic tangent of half any latitude
augmented by 45 cegrees, and the radius negleéted, to the like tangent

* Du Hame!, Hift. Academ. Regal. Scient. p. 283.
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of half a degree augmented by 45 degrees, with the radius likewife re-
jected.

But here was farther wanting the demonftration of*this general theo-
rem, which was at length fupplied by that great mathematician, Mr.
Fames Gregory of Aberdeen, in his Exercitationes Gesmetrice, printed at
Londsn in 1668 ; and fince more concifely demonftrated, together with a
fcientific determination of the divifor, by Dr. Halley, in the Philofophical ~
Tranfaétions for 1695, N° 219, from the confideration of the fpirals into
which the rhumibs are transformed in the {tereographic projection of the
fphere upon the plane of the equinoctial ; which the excellent Mr. Roger
Cotes has rendered {till more fimple, in his Logemetrio, firlt publithed in
the Philsfiphical Tranfattions for 1714, N° 388.

It is moreover added in Gunter’s book, that if % of this divifor (which
does not fenhibly differ from the logarithmic tangent of 45° 17 30” cur-
tailed of the radins) be ufed, the quotient will exhibit the meridional
parts exprefled in leagues : and this is the divifor fet down in Norwsod's
Epitone, ~

After the fame manner the meridional parts will be found in minutes,
if the like logarithmic tangent of ¢5° 0" 30”7 diminifhed by the radius be
taken, that is, the number ufed by athers * being 12633, when the loga-
rithmic tables confift of eight plac® befides the index.

This Mr. Bond, who introduce % ufeful a difcovery into the art, was
a teacher of the mathematics in Lizdon, and employed to take care of
and improve the impreflions of the current treatifes of navigation. In an
edition of the Seaman’s Kalendar, p. 103, ke declared, he had difcovered
the longitude, by having found out the true theory of the magnetic varia-
tion ; and to gain credit to his afiertion, he foretold, that at London in
1657 there would be no variation of the compafs, and from that time it
would gradually increafe the other way, which happenced accordingly.
Asain, in the Philsfaphical Traijfattisns tor 1668, N° 40, he publifhed 2
teble of the variations for 49 years to come. .

T'his loyiul news to all failors acquired Mr. Boud a great reputation ;
mfomuch that the treatile he had compofed, called The Longrtude found,
was in 1676 pubiifhed by the {peciai command of King Charfes the Se-
cord, and ufhered into the world with the approbation of {everal of the
T.0it covinent mathematicians of that time 4.

But it was foon oppofed, there being publifhed at Lsndsn a book in
1478, called The Lougitude not fiuind, written by one Mr. Beckborrow.
And indecd a5 Boud’s hypothelis did not in any wife anfiver its author’s
fan zuine expedtations, the famous Dr, FLilicy again undertook this affair ;
and rrom a multitude of oblervations hc would conclude, that the mag-

* See Ml Perling’s Treatife of Nawigation in Vol. l. of Sir Fenas Meare's

"y 7 . . N . e
e flem of the Mathematicss, p. 203, printed at Lonaon in 16381, Perkings
boritwas y ublifhied by itfelt the year following, under the title of the Searan’s
Yator,

t Inthe Philyophical Iranjactions for the fame year, N° 130, it is faid, the
Lord Brewnker’s vamie was inferted by miftake.

b. 2 e Vi TR netie
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netic needle was influenced by four poles. His fpeculations on this fub-
je& are delivered in the Philofsphical Tranfaltions for 1683, N° 148, and
for 1692, N° 195, But this wonderful phenspenon feems to have hitherta
cluded all our refearches. .

However, that excellent perfon in 1700 publifhed a general map, on
which were delineated curve lines exprefling the paths, where the mag-
netic ncedle had the fame variation. This was received with univerfal
applaufe ¥, as it may lead to fome difcovery in fo abftrufe an affair, and at

prefent be ufeful on many occafions in determining the longitude, The
pofitions of thefe curves will indeed cantinually fuffer alterations ; but
then they fhould be correCled from time to time ; as they have been
for the year 1744, and 31756, by two ingenious perfons, Mr. Willian
Alountaine and Mr. Fames Dodfsn, Fellows of the Royal Seciety. The
latter died not long after he had been chofen, for his merit, mathematical
malter, at Chrift's Hojpital, v London.

Dr. Halley alfo gave, in the Philofaphical Tranfaitions for 1090,
N° 183, a differtation on the monfoons, containing many obferva-
tions very ufeful for all fuch as fail to places that are fubjeét to thofe
winds.

T'he true principles of navigation having been fettled by 7rizhe,
Norwzod, and Bond, many zuthors among(t us trod in their fteps, mak-
ing fome litde improvements. It would be impofiible to enumerate each

_particular.  Of the writers already mentioned, Phillips and Cellins, in
the tidle pages of their books, declare what they aimed at; Phillips alfo,
in his traét called the Advancement of Navigatisn, recommends a pen-
dulum inflead of a half minute giafs, to cftunate the time the log-line is
running out. He alfo propoles to do the fame thing by wheel-work.
Befides, in the Philsfiphical Tranfadiisns for 1668, N° 34, he delivers a
berier method to detegmine the tides than what was commonly practifed ;
for which purpofe Mr. Yohn Flamiieed, the Royal Aftronomer, {lill gave
more perfeét direflions in the fume Tranfastions for 1683, N° 143; as
Yikewife he firft ordered a glafs lens to be fixed on the fhade vane, in
what is called Dawis's quadrant 4, which contrivance Dr. Robert Flosk,
Profefior of Geometry at Grefhan: College, had before thought of 1,

Seller’s Praflical Navigatior, though without demonliratiome, has the
yules of failing in the different kinds, as performed by culculation, by the
plane {cale, by the Ganter, and by the finical quadrant, with various othes
matters relative to the art; as zlio the ufe of the azimuth-comp.fs as
now modelled, the ring-dial, the fea-ring, crofs-ftaff, Davis’s quadrant,

* [t is pardcelarly commend 4 in the Hiftery and Memoirs of the Royal
Academy of Sciences at Pwie, Jor the year 1,01, 1705, 17¢6, 1708, and
17,0, See alfo M . R s Lelections in his Intioduétion to Lord Anjen’s
Voyage round the Wer d, made 10 1743, &c. as alfo in the ninth chapter of
the £:% book, a: d eighth ef the tlitvd, ‘

+ Scetre sbave-mentionsd fokins’s Navigatizn, page 250.

1 See Bihep Thomas S.oa2’s excelient Hidtory of the Royal Society in
116, page 246; a d ek s Polihumous Works, publithed by Rickard v ailer,
iLlg. ia 1705, pe 557-

plough,
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plough, no&urnal, inclinatory needle and globe, together with all the ne-
ceflary tables ; the whole being delivered in a manner fo well adapted to
the general bumour of mariners, that it has undergone numberlefs edi-
tions : " the laft, I have feen, was in 1739 ; but fome lite writers feem to
have abated the run of this book.

As in failing efpecial regard ought to be had to the lee-way a fhip
makes, fo many authors have touched upon this point; but the allow-
ances ufually made on that account are very particularly fet down by Mr.
Fohn Buckler, and publifhed in a fmall tract firft printed in 1702, intitldd,
A New Compendium of the whole Art of Navigation, written by Mr.
William Fones.

We ought not here to pafs over in filence the very ufeful invention of
Dr. Gowin Knight, which is the making artificial magnets, that are of
greater efficacy than the natural ones. Though the Doctor has not
thought fit to reveal his fecret; yet others have found it out, who have
made it public, particularly the Rev. Fobn Mitchel, and Mr. Fehn Can-
ton; the firflt in a treatife of Artificial Magnets, printed in 1750; the
other in the Philsfsphical Tranfactions, vol. XLVIL. Aun. 1751,

‘The Earth being now univerfally agreed to be not a perfect globe, but
a fpheroid, whofe diameter at the poles is fhorter than any other; the
Rev. Dr. Patrick Murdech publithed a tradt in 1741, where he accom-
modated /#right’s failing to fuch a figure; and Mr. Colin Maciaurin, the
fame year, in the Philofsphical Tranfactisns, N° 461, gave a rule to de-
termine the meridional parts of a fpheroid, which fpeculation he farther
treats of in his book of Fluxions, printed at Edinburgh, in 1742.

Though Sir Jfaac Newton in his Principia, firft printed in 1686, had
demonttrated from the theory of gravity, that this muft be the real form
of the Earth, as it revolved about an axis ; yet in the year 1718 M. Ca/f-
i again * undertook from obfervations to fhew the contrary, and that
the carth was a fpheroid, having its longeft diameter paffing through its
poles + 3 and in 1720 M. de Mairan advanced arguments, fuppoled to be
ftrengthened by geometrical demonftrations, to confirm further M. Ca/~
fad's aflertion. But in the Plilofaphical Tranfadtions for 1725, N° 356,
287, 3588, Dr. Defugulicrs publithed a diflertation, wherein he made ap-
pear the weaknefs of the reafoning, and the infufficiency of the obferva-
tions, as they were managed, to fettle fo nice an affair.  He there alio
propofed a proper method for adjufting this point, when he fays, If any
confequence of this kind could be drawn from aflual meafuring, a degree of
latitude fhould be meafured at the equatory and a degree of longitude litewife
meafured there 5 and adegree very nartherly, as for examiple, a whole digree
night be aétually meafured upsn the Baltic fea, when frozen, in the latitude

* In the Memoirs of the Royal Academy of Sciences at Paris, his father
in 1701, acd he in 1713, aitempted to prove the Earth was an oblong iphe-
roid.

t+ M. Yobu Bernouille in his Effai d’une Nouvelle Phyfigue Celcfle, printed at
Parisin 1735, triumphs over Sir Jiaac Newe-ny vainly imagiving thefe pie-
carious obicivations could invalidate what Sir / zac had demoift ated.

b4 Atk
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of Jixty degrees,  There, according to M. Caffini’s laff fuppofition, a de-
gree would be 56653 toifes; whereas at the equator it would be of 58019
toifes, the difference being 13606 toifes, about the two and fortieth part of a
degree, swhich mufl be fenfible; and likewife the degree of longitude would
according to him be of 56517 toifes, lefs by 1202, or the forty-eighth part,
than a degree of latitude at the fame place.

On this admonition, in 1735, there were fent from France two fets of
mathematicians, members of the Royal Academy of Sciences ; one to-
wards the pole, the other to the equator, in order to meafure, at each
place, the length of a degree on the meridian.  The report they brought
home; quite overfet what had been urged in favour of the oblong figure;
a degree towards the notth, in the latitude of 66° 207, being found to con-
tain about §7438 toifes, and near the cquator but 56750.

This unwelcome news cauled a degree to be again mealured in Franee,
which at length came out to be coafonant with thofe which had been
brouvght from very diftant parts of the world, Thus thele mathemati-
cians coifirmed by painful -obfervaticns, what Sir Jfaac Newton had, as
M. de Maupertuis uied to fay, determined in his elbow-chair ; Sir Ifzac
making the length of a degrec under the pole to be 57382, and st the
equator §6637 toifes. And perhaps no obfervations can be exact enough
to determine this matter more precifely.

But let us mention fome of the foreign writers on navigation.

At R-me, in 1607, came forth a treatife, intitled, Nautica Mediterras
nea, wntien in Italian by Bartolomew Crefeenti, the Pope’s engineer,
’I he author mifles no opportunity of expofing the errors of Medina ; but
{carce gives any thing of his own, except a machine for meafuring the
way a fhip made.

As the Jefuits have treated of moft branches of learning, fo this art
has not been beneath their confideration ; the three following authors
having been of their fociety,

At Paris, in 1633, Father George Fournier, publifhed an Hydragraphy,
principally relating to navigation. The author would perfuade us, that
one of Dieppe had correfted the plane chirt; and that the Hollanders
learnt of the French the making charts {o correfted ; whereas this had been
engraved long before at Amflerdam, by lodocus Hondius, and others.

“Fahn Baptift Riccioli, in his Geographia & Hydrographia Refeormata,
printed at Bologna in 1661, inferts a treatife of navigation, collecting his
materials from alwoft every writer, as he does in his lrage? and Chro-
nelogy, which is indeed the chief merit of his works. :

Yather AZLlllet ‘Dechalles wrote on this fubjelt after a more mafterly
manner, both in his Curfus Alathematicus, firft printed at Lysus in 1674,
and in w Fronch treatife, publithed in 1677, intitled L’ Art de Naviger de-
montri tar Principes. .

Theie three authers, befides treating of the different kinds of failing,
abound in methods for taking of altitudes, finding the variation, and
efimating the way a thip makes, &e. They alfo deferibe a machine re-
fem ng that of Crofeonsd. Ricdisli gives a very faulty meafure of the
Ear b, made by himtclt; and Dechulles advifes the ufe of a pendulam in
reckening by the log-line, as alto or whecl-woric for the famie purpofe, as

Fr a5 and Csle had done.
’ But
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But there were writers in France between Fournier and Dechalles. For
in 1666, and the following years, there were printed at Digppe feveral
traés handling different parts of navigation, compofed by M. G. Denys,
which have been often reprinted. '

And in 1671 the Sieur Blondel S. Axbin publithed a book called,
L’ Art de Naviger par le Quartier de Reduttion, defcribing an inftrument *
much in ufe amongft the French failors, by which may be performed, as
by the finical quadrant, the operations of navigation, though not much
more fpeedily than by the traverfe table, and not at all fo accurately.
He alfo publithed in 1673 his Trefor de la Navigation, where the artis
well treated of, particularly by calculations.

M. Saverien, in his Marine Dictionary, printed at Paris in 1758, fays,
that M. Daffier {cems to have been the firft of the French writers that
thewed the ufe of Gunier’s {cales [échelles Angloifes] in his Pilote expert,
printed in 1683. .

At Paris, ten years after, was publifhed the firft part of a pompous
work, intitled, Le Neptune Frangsis, by order of the French king, con-
fift:ng of fea-charts, according to /#7ight’s fcheme, made from the lateft
obfervations, and reviewed by Mefl. Pexe, Caffini, and others. As this
contained the chuarts of Europe only, there were added others of different
parts of the world, printed the {ame year at Am/ferdam. The whole was

« preceded by a difcourfe of M. Sauveur, who had formed fome of the
churtz, where he fhews how to perform the problems of aftronomy and

" navigation by fcales; which difcourfe had been publithed by itfelf at

Parisy in 1642.
= M. Fobn Bouguer compofed, by authority, his Traité Complet de la Na-
wigatisn, firlt printed in 1€98, which was well received, as containing
molt of the practices then known ; and Father Pézenas, Jefuit and Royal
Profeflor of Hydrography at Murfeilles, publifhed there, in 1733, a tra&,
called, Elemens de Pilotage ; and at Avignon, in 1741, a larger work, in-
titled, Practique du Pilotage. ‘This auther thews how to find the meri-
dional parts by the Artificial Tangents, an old difcovery amongft us, de-
clared (o Jong ago as 1645, in Norwoesd’s Epitome 5 he alio has been
indutiious 1 tranfluting feveral of our mathematical books into
Firench.

Butin 1753 M. Peter Bouguer, fon of the former, publifhed a very
eliborate treatfc on this fubject, intitled, Nowveau Traite de Navigation,
which is vritten fenfibly, the author being an excellent mathematician,
and famors for other productions.  He there gives a variation-compafs ¢
of his own invention, and attempts to reform the log, as he had done in
the Memoiis of the Academy of Sciences for 1747.  He is alfo very

¢ Tt is only a kind of fkeleten of H7right's univerfal map.
+ M.uny ot thefe forts of compafles have been propoled at diffeient times,
as by M. Buache, in the Memoirs of the Freach Academy of Sciences for
=52, pace 3775 Caprain Clrilepler Middleton, in the Philofephical ‘Tranf-
activr, N° 450, Ann. 1738 ; and Dr. Knighi, as improved by the ingenious
Mr fola Smeaton, ibid. N° 493, Ann. 1750

particular
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particulat in determining thé lunations more accurately than by. the
cothmon methods, and in defcribing the corre&ions of the dead rec-
konings.

The excellent aftronomer, M. de la Caille, in 1760, made an edition of
M. Bouguer’s book, which he fomewhat abridged and improved.

1In 1766, came, out at Paris, a tréatife, with this title, Abreg? du Pi-
botage divift en deusx parties, ou on traite principalement des Amplitudes, des
Loxodromss, dans I'hypothefe de la "Sphere et de Spheroide, des marées, des
varrations de I'aiman.

The former part of this book was firft publifhed in 1693.  Here the
whole is improved by M. /le Monnier.

Tlough the Spaniards were the carlieft writers on navigation, yet they
were very backward to adopt its improvements. Indeed Antonio de Naie-
ra pub]iﬂ‘led at Lifbon, in 1628, a treatife, intitled, Navegation efpecula-
tiva y practica; where, though the author reftifies the tables of the Sun
and fixed ftars, from Tycho Brabe’s obfervations, he proceeds no farther
in the theory of navigation than what had been advanced by Nonius, as
followed by Cefpedes.  But of late, in 1712, was printed at the fame place,
Arte de Navegar por Manuel Pimental ; where is fhewn the ufe of 7/right’s
chart, which, in imitation of the French, the author calls Charta Redu-
zida. He likewife defcribes Davis’s quadrant, and mentions Norwosd
and Picard’s meafures of the Earth. In 1757 a treatife was printed at
Cadiz, intitled, Compendio de Navigacion para ¢l ufs de los Cavellerss
Guardias Marinas, written by the ingenious gentleman mentioned 2bove,
Don Yorge fan.  'This is a good performance, delivering very diftinétly
the feveral parts of the art, as now improved. Some things are here
omitted, that ufually occur in books on this fubject; but for the know-
ledge of fuch particulars, references are made to tracts compofed exprefly
for the ufe of the fociety of gentlemen, deftined for the fea-fervice,

Bonguer and Forge Fuan, deferibe and commend the method of divid-
ing inflruments for taking of angles, publithed by Peter Vernier, in a
treatife. intitled, La Conflruction, &¢. du quadrant nsuveau, printed at
Bruffele, in 1631, "L'his divifion is an improvement of that of Curtius,
as that of Ferverius is of the divifion by diagonals *, and readily follows
from the firlt Lemma of Clavius’s treatife on the Aftrolabe +, as has been
obferved by Pezenas, in a book he publithed at Avignsn in 1765, in-
titled, Afrencmie des Marins,

As to their treatinx of 72%/7ht’s chart, I mentioned above Snelliuns and
Metins.  Toan cdition, in 1665, of [lacg’s fmall tables of logarithms,
&c. is addely by Abrakain de Gruel, one of meridional parts, whofe ufc
he fhews, “with other parts of navigation, in his Courfe of Mathematics,
written e Diteh, and printed at Amflerdam in 1676, as had been done
by Foln Fircty i his Flambeaw reluiflant ot Threfor de la Navigation, at
the iaue place, in 1677.

* See Mr. Rolins's Llathematical Tra&s, where thefe divifions are largely
Ireatad of,
{ Li.at printed at Rome, in 1693,

6 The
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The Dutch are great navigators, and have been famous for their 4:-
laffes, before which are premifed treatifes of navigation, as has been al-
ready obferved. T'he oldeft I have feen of thefe, was publithed at Leyder
in 1584, intitled, Spiegel der Zee-Vaert (or Mirror of Navigation,) by
Lucas Fanfz Waghenaer. In their later Ailaffes there is defcrabed an in-
{trument to be ufed after the manner of Davis’s quadrant, but where in~
ftead of circular arches are fubftituted ftraight lines.

Notwithftanding «ll the improvements hitherto mentioned, th- Jea-
reckonings, though kept by fuch as were deemed very fkilful mariners,
are often found widely different from the truth. But this often happens
through negligence, as I have heard Dr. Halley, who had ufed the
fea, fay.

Thefe errors would be avoided, if from time to time the latitude and
longitude could be determinéd. The firft is generally obtained by the
meridian altitude and declination of the &un being given. The declina-
tion 15 got by the help of tables of the Sun, with an cafy trigonometrical
operation. .

But cven the latitude could not be very exaét, before the famous Kepler
had determined the true form of the Earth’s orbit *. Hence were fabri-
cated his Tabule Rudolphine. WNext, thole of Mr. Thomas Strect were
in great requeft +.  But they, in their turn, yielded to Dr. Halley’s, and
his again to thofe of the accurate and eliborate Mayer ; which, however,
will want to be correéted hereafter : For, as Sir ffaac Newton has thewn,
that 2l bodies mutually attra&t one another, the Earth will be difturbed
in its motion by the al&tions of fome of the other planets.

T'o find the longitude is a much more difficult affair. For this end, at
prefent, the focictics of learned men in Europe offer from time to time re-
wards to fuch as fhall beft treat of particular fubjeéts in mathematicks or
phvlicks. Some of thefe have been relating to navigation, when Polleni,
Bernguilliy Bouguer, and others have obtained the prizes.. And it is hoped,
this initicution may contribute to the advancement of the art.

Eclipfes of the moon were ufed of old ; and Kepler recommended thofe
of the Sun as preferable {.

T'he fatellites of Fupiter were no fooner difcovered by the great Gal-
liles §, than the frequency of their eclipfes recommended them for this
purpofe ; and amongit thofe who atteinpted this fubject, none were niore
fucccfiful than Signor Dominic Caffini.

‘This great aftronomer in 1688 publifhed at Bolsgna tables for calcu-
lating the eppearances of their eclipfes, with directions for finding thence
the lonzitudes of places 3 and being invited to France by Lewis the Four-
teenth, hic there publifhed corredter tables in 1693.  But the mutual at-
tractions of the fatellites on one anotlier rendering their motions excef-
fively liregular, the tables foon run out ; infomuch that they require to
be rencved from time to time, which has been performed by ingenious

In bis treatife de AMoru Muartis, in 1(709.
boin hic wftroremia Corolina, in 1001,
I Tabulee Rudelph. printed at Ul in 162>, cap. xvi. & Xaxu
§ In hic Sydere s Noncice, a8t yrinted at Fisics in 101 2

Feriogns,
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perfons, as Dr. Fames Pound, Dr.Fames Bradley ¥, M. Caffini the fon, and
M. Peter Wargentin +; {o that now many of the common Almanacs fet
down, when thefe eclipfes happen throughout the year.

“The Rev. Nevil Mafkelyne, D. D. our prefent Royal Aftronomer, has
publifhed annually, . fince the year ryt?\;, by ordér of the Commiflioners
of Longitude, a work entitled, The Nautical Almanac and Aftronomical
Ephemeris, containing not only the eclipfes of the fatellites, but alfo
many other tables, to ¢nable .thé mariner to determine the Jongitude at
fea 5 particularly tables of ‘the diftances which the moon’s center will have
from that of the Sun, and from fixed ftars, at every three hours, under
the meridian of the Royal Obfervatory at Greenwich, and which have
{ince beeen copied into the Connoifance des Temps for thefe latter years by
the editor of that work. ‘

The large reward granted by the Parliament for a pratical way of
difcovering the longitude at fea, has put many upon the fearch: info-
much that feveral idle and abfurd fchemes have been offered by ignorant
and wrong-headed men.  But the perfeting the methods propofed long
ago by Fobua IWerner and Gemma Frifius, fcems at prefent to engage the
attention of the public,

The theory of the moon, thoigh much amended by the noble Tycho
Brabe and Mr. Feremy Horrox §, was found to be infufficient to anfwer
this end. But the caufes of her various irregularities having been difco-
vered by Sir [faac Newton, and _her theory thence improved beyond ex~
peitation, gave great hopes of fuccefs; which have fince been happily
fulfilled by nieans of the improvements which have fince been made in
the mcthods of computing the feveral quantities of thefe inequalitics by
M. Euler, and Tobias Mayer of Gottingen§: The former of thefe gen-
tlemen having been happy in reducing Sir Ifaac Newton's theory into neat
analytical expreflions, of which the latter availing himfelf, was, by a very
fingular addrefs of his own, enabled to bring out the greateft quantities
of the equations with eafe and exactnefs, and thence to conftruct tables

* He fucceeded Dr. Halley at Greenavich, where he made a great number
of Altronomical Obfervations, which, as they are moft accurate, it is hoped
will not be loft. Ie became famous on obferving and accounting for an
apparent motion in the fixed ftars, and called their aberration, which was
immediately exhibited by the great mathematician Dr. Brosk Tuyler accord-
ing to the ex.¢ theory of the Earth’s motion. See Mr. Robins’s Mathemati-
cal Tratts, vel. Il page 276.

4 Wargentin’s tables are much eltcemed ; they were firft publithed at Stock-
bolm in the AZa Societatis Regii Scieatiarum Upfalenfis for the year 1741, but
{fince more corrcét from a new copy of the aathor’s at Paris in 1759, by M.
de la Lande. 'The ingenious author has rendered them yet more corre, and
his laboors on this head may be feen in the Connoifance des Temps for 1765, and
whe Naatical Amaracs for 1771, and 1779.

1 This grezt genius died in 1641, fcarce 23 years old. Sce his Opera
Pofthama, publifhed by the famous Dr. Jobn Wallis at London, in 1673.
forrox firlt obferved the Tranfit of Venus over the Sun in 1639. Ile wrote
an account of this Phersmenon, which was publithed by the great aftrenomer
I:welivs, at Dantzie, in 1661,

& Com. Scciet, Regy Goeringer/. tom. 11, page 283. )

agreeing
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agreeing to the moon’s motion in every part of her orbit, with very fur-
prifing exaétnefs. And this ingenious perfon has left: behind him tables’
ftill more exaé& *, for which the Britifb Parliamént have rewarded his
widow with £. 3000, as alfo Mr. Euler with £. 300. Thefe tables were
publithed in 1770, by De. Mafkelyne.

As to the mecthod of Gemma Frifius, M. Huygens was perfuaded it
might be accomplithed by his inventions of pendulum clocks and watches;
a defcription of the firtt he publithed in a fmall tract, printed at the
Hague, in 1658 ; and of the fecond, as improved, in the Fournal des S¢a-
wans for the month of February, 1675. And great expeltations of fuc-
cefs had been raifed from fome trials made in a voyage with thefc watches
of the firft conftruétion, by Major Holmes ; an account whereof is given
in the Philofophical Trantactions, Ann. 1669, But the various accidents
thofe movements are liable to, foort caufed that way to be laid afide.

Notwithftanding which, the ingenious Mr. Zshn Harrifin has for
many years paft employed himfe!f in contriving a machine, that fhall
be free from all imaginable inconveniencies; and his endeavours were
fo weil approved of by gentlemen of the greateft knowledge in thefe fub-
jects, that the commiflioners for the longitude thought fit to allow him
fome gratifications for his pains. Hel was afterwards farther confidered,
upon difclofing the internal ftructure of his machine, and the whole re-
ward has fince been given him by Parliament.

The difficulty of making obfervations at fea with fufficient exactnefs
for finding the longitude, was feared to be infurmountable; but at-
tempts have not been wanting to overcome it. In the Hiftory of the
Royal Society, at page 246, we meet with the firft mention of an inven-
tion in thefe words : A new inflrument for taking angles by refleétion, by
which means the eye at the fame time fees the two objects both as touching the
Same pointy though diflant almeft to a femicircle; which is of great ufe fur
making exaél clfervations at fea. A tgure of this inftrument, drawn by
Dr. Hoo#, the inventor, is given in the Doétor’s pofthumous works, with
a defeription, at page 503.  But here, as one refletion only was made
ufe of, it would not anfwer the purpofe. However, this was at 1.{t
effeéted by Sir Jfaac Newton, who communicated to Dr. Halley, about
the year 1760, a paper of his ow~ writing, containing a defcription of
an inftrument with two refle&tions, which foon after the Doétor’s death
was found among his papers by Mr. Fenes, who communicated it to
the Royal Socicty, and it was publithed in the Philofophical [ranf-
altions, N° 465, Ann. 1742.

How it happened that Dr. falley never mentioned this in his life.
time, is very extraordinary ; feeing Fohn Hadley, Efq. + had defcribed,

* See his Fligium in e Nova A&a Eruditorum, for March 1762,

t Mr. [udicy being well acquainted with Sir //aac Newron, might have
Leard bim fay, Heod's propofsl could be perfe@ed by means of a double re-
tetion,  Eowever, Mr. Hudley, being a very ingenious perfon, miz't have
hiton the fum - thought; as well 2y Mr. Gedjrey of Penpiwania  « whom
the invention of this admirable inlrument has been afcribed by fome  entle-
men of that colony @ This is not the only ca’e, wherein d forent porfoss bave

produccd fimiiar ioventions.

in
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in N° 430, Ami. 1731, an inflrument grounded on the fame principles,
which i1s fo well efteemed, that our fhops abound with them, accom-
modated with Pernier’s divifion, as they are made by our moft. fkilful
workmen ; and are now in general ufe amongft the fkilful feamen of
moft of the maritime nations. ,

Though Aedina’s method for finding the place of the horizon was ab-
furd ; yet, for this end, feveral plaufible ones have been propofed by in-
genious perfons, as Mefl, Eltsn, Hadley, Godfrey, and Leigh; and that
chiefly by applying a level to Davis’s quadrant. Their devices are de-
fcribed in the Philofophical Tranfactions for 1732, 33, 34, and 37.
And, laftly, an Horizental Top, invented by the late Mr. Serfon, who
was unfortunately loft at fea aboard the Viffory man of war, has been ap-
proved of, and publifhed by Mr. Smeaton in the Philofophical Tranfac-
tions, vol. XLVII. for 1752, partii. page 352.

Some methods ufed for obtaining the place of the horizon, and of ob-
ferving with Mr. Hadley’s Reflecting Sector, are defcribed by Mr. Ro-
bertfon, in his Elements of Navigation ; which treatife has defervedly met
with the approbation of the public. ‘

Thus have I endeavoured to trace out the principal fteps by which
the art of navigation has advanced to its prefent height ; nor without
hopes that theattempt may not prove altogether unacceptable to thofe
whofe bufinefs or curiofity lead them to be acquainted with this very
ufeful branch of the mathematics: on the fuccefsful pra&tifing of which
depends, in an efpecial manner, the flourithing ftate of our country.

This Diflertation, written at firft by defire, is now reprinted with
alterations. Though I may be thought to have dwele too long on fome
particulars not direétly relating to the fubject ; yet I hope that what is
1o delivered, will not be altogether unentertaining to the candid reader,
As to any apology for having handled a matter quite foreign to my way
of lifc, I fthall only plead, that very young, living in a fea-port town, I
was cager to be acquainted with an art that could enable the Mariner te
arrive acrofs the wide and pathlefs ocean at his defired harbour.

London, JAMES WILSON.

ADVER-
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ADVERTISEMENT.

S it may be expected that four kinds of readers will look into
A this book, it was thought convenient to point out to fome of
them, the places where they may meet with what they more particu-
larly want.

First. Thofe who having made a proficiency in the mathematics,
will, it is likely, examine in what manner the fubjets are here treated,
and whether any thing new is contained therein: it is conceived that
fuch readers will find fome things which may recompence them for
their trouble, in almoft every one of the books.

Seconpry. Thofe learners, who are defirous of being inftruéed in
the art of Navigation in a fcientific manner, and would chufe to feg
the reafon of the feveral fteps they muft take to acquire it: To fuch
perfons, it is recommended that they read the whole book in the order
they find it; or, if the learner is very young, he may omit the IVth
and Vth books till after he is mafter of the VIth and VIIth.

TuirpLy. That clafs of readers, which, with too much truth may
be faid, comprehends moft of our mariners, who want to learn both
the clements and the art itfelf by rote, and never trouble themfelves
about the reafon of the rules they work by: As itis probable there
ever will be many readers of this kind, they may be well accommo-
dated in this work; thus, if they arc no# already acquainted with
Arithmetic and Geometry, let them read the five firft rules of Arith-
metic, to page 20; thence proceed to the definitions and problems
in Geometry, from page 43 to 5§8. In the book of Trigonometry,
read pages 89, 9o, 91, 92, g8, 99, and from 104 to 114: the whole
of book VI. In book the VIlth they may read to page 35, and as
much more as they pleafe. In book VIII, let them read the feltions
I, IV, V, VI, from page 146 to page 182. In book V, they may
read fedlion 111, and as many problems in the Vth and VIth fections
as they cany and let them read the whole of the ninth book.

EoURTHLY,
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FourTHLy. That fet of readers who will not be at the pains of
learning any thing more than how to perform a'day’s work ; fuch may
herein meet with the practice almoft independent of other knowledge.
Let fuch perfons make themfelves acquainted with fe&ion 1V. of book
VI, and the ufe of the table at page 374 ; then learn the ufe of the
Traverfe Table at the end of book VII, which they will find exem-
plified between pages 8 and 35, Vol. Il ; alfo they muft learn the ufe
of the Table of Meridional parts at the end of Book VIII. = After
which, they may proceed to book IX, where they will find ample in-
ftru&ions -in all the particulars which enter into a day’s work. But
with this fcanty knowledge of things, they will be obliged to omit
fome parts, which it is well worth their pains to b¢ acquainted with.
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SECTIO N#I

Definitions and Principles.
I 5- RITHMETICK is a fcience which teaches the properties of

numbers ; and how to compute or eftimate the value of things.
2. An Uxrit or UNITY, is any thing confidered as one.
3. NUMBER, in general, is many units.
4. DrciTs or Figures are the marks by which numbers are de-
noted or exprefled, and are the nine following.
Digits, 1. 28 3. 4. 5. 6. Da 8. 0.
Names, One. Two. Three. Four. Five. Six. Seven. Eight. Nine.
And with thefe is ufed the mark o, called cypher, which of itfelf
ftands for nothing ; but being annexed to a digit, alters its value.
Thus 40 fignifies forty ; and 400 flands for four hundred, &e.
5. INTEGER, or WHOLE, NUMEERS, arc fuch as expre(s a number
of things, each of which is confidered as an unit.
T/Ju:fzur prunds, twelve miles, thirty-four gallons, one hundred days,
Ee.are, in each cafe, called an integer number, or whaole number.
6. FractionaL Numpgrs, are thofe which exprefs the value of
fome part or parts of an unit.
Thus sne half, cre quarter, three quarters, &'e. are cach the fraé?.'":m'
parts of ar unji
V(ehe Wi B 7. NoTa-
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_%. NoraTion is the expreffing by digits.or figures any number pro-
pofed in words ; and the reading of any number that x&cxpreﬂ'ed by ﬁ-
gures, is called NUMERATION, -
|~ 8. DeciMaL NoTATION is that kind ofnumbcrmg m ‘which ten units
of any inferior name are equal in value to an unit of the next fuperior.;
2 9. Every number is faid to conﬂ& of as many places"as it contains
ures.

glo. The value of every digit in any number is changed according to
the place it ftandsin ; and the reading of any number confifts in glvmg
toeach figure’its nght name and value, .

11, The right hand place of an integer number is called the place of
units ; and from this place all numbers begin, whether whole or fratti-
enal ; the integers increafing in order from the unit place towards the
lcft, and the fra&tions dccrcnfmg in order from the unit place towards
the right: and to diftinguifh decimal frattions from integers, there is
always a point or comma (, ) fet on the'left hand fide of the fraétional
number; fo that the integers ftand on the left hand fide of the mark,
2nd the fractions on the right hard,

12. For the more convenient reading of numbers, they are divided
into periods of fix"places cach, beginning at the unit place; and each
period into-two degrees of three places each, the names and order of
which are as follow: where X ftands for the word tens, C for hun-
dreds, and Th. for thoufands,

13 Integers " Decimal frations
A
p
becond period Firft penod Firft period Second periozl
v e It et (e et | Pt N

~\_—-—-‘
Degree Degree Degree Degree Degree Degree Degree Degree
(A A (A Ay (e (oA A Ay

@ w oo
P T £24
£ 2 g w28 ERchE
206 © o o EfoCS 4 wwol0
= =0 g BT ] CliacRaclas Q- pr-p—p il
“:::::gggn::’g Tesevovaomg
=3 ESE s 2 3EES
22 2396.8.535's :I'U,,,:Q'E'U:::--O-E-QEEEg
O + 2 +=S==ZT 000 EgmgE0Cco==== &+ -,
_-,_-:.C;-’:_:-—-;_:;;.a::.c,c=u£:us::_:::;;€_c-.:=u
33%?&2&4&5&3&D93b%réaghkkmz
F OX OX O O KO XO
§432123456789876543212343;5
- .
«
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Decimal Fraltions are alfo{ g 252 , « S22 2 EE .
l.s_,c-s _‘:u«-,-;u
thos named, -E%Egcx?u,sﬁag%
G2 o5 (B oa'p =2
b mEnnm LR

The name of the firft period is Units ; of the fecond, Millions ; of the
third, Billions ; of the fourth, T rillions ; aEe:

In the 1b0\'e order it may be obferved, that each degree contains the
names of Units, Tens, Hundreds ; the ﬁrﬁ degree of a period contains
the units of that pcrmd and the fecond contains the thoufandths there-
of : fo that from hence it will be eafy to read a number confifting of
erer fo many places by the following direétions, #

g 14. RULE,
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14. Rure. 1ft. Suppofe the number parted into as many fets or de-
grees of three places each, beginning at the unit’s place, as it will ad-
mit of ; and if one or two places remain, they will be the units and

tens of the next degree.

ARITHMETICK.

3

2d. Beginning at the left hand, read in each degree, as many hun-
dreds, tens, and units, as the figures in thofe places of the degree ex-
prefs, adding the name thoufands, if in the fecond degree of a period ;
and adding the name of the period, after reading the hundreds, tens, and
wnits in its firlt degree.

Thus the integer number in the preceding table will be read.
- Five billions, four bundred thirty twa thoufand, one hundred twenty
three millions, four bundred fifty fix thoufand, feven hundred eighty nine.

15. All fraltional numbers confift of two parts, which are ufually
written one above the other with a line drawn between them : the num-
ber below the line, called the denominator, thews into how many equal
parts the unitis divided : the number above the line, called the 7ume-
rator, thews by how many of thefe equal parts the value of that frac-

tion is exprefled.

Thus g pence, is g parts in twelve of a fbilling 5 and may be written
thusy %, when a fhilling is the unit.
16. Thofe fracions, the denominators of which are 10, or 100, or
1000, or 10000, or 100000, &c. are called decimal fractions : but frac-
tions with any other denominators are called vulgar fractions.

“The vulgar frations that moft frequently occur, are thefe :

-

® 8]
[

W -

iy

Thus a decimal
fraltion of

, which

is read one fourth, or one quarter,

- - one third.
— - one half,
- - two thirds.
- - three fourths, or three quarters.

As decimal fra@ions are parts of an unit divided into either 10,
100, 10C0, 10000, &c. parts, according to the places in the fraltional
number ; therefore they are read like whole numbers, only calling them
fo many parts of 10, or of 100, or of 1000, &c,

one
two
three
four

&c.

places, will be fo
many parts of

10, Ten,
100, Hundred.
1000, Thoufand.

10002, Ten Thoufand,

&c.

18. Cyphers on the right hand of integers increafe their vilue; on
the left hand of a decimal fradtion diminifh its value: but on the left
hand of integers, or on the right hand of fractions, do not alter their

value,

B2

Thus
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8 is 8 units, : »8 s 8 parts in 10 .
Thus { 8o 8 tens. And {,08 8 parts in 100 %"f[‘;_” z;n:{t
800 8 hundreds. ,008 8 parts in 1000 Y/° divideds

When a fraction has no integer prefixed, it is convenient to put 0 in
the place of units.

19. A Mixep NuMmskr, is when a fraltion is annexed to a2 whole
number. : '

Thus five and a half is called a mixed number, and is written §%, or
thusy 5,55 which is thus read, frve and five tenths.

20._Like names in different numbers are fuch figures as ftand equally
diftant from the place of units; or have the fame denomination an-
nexed to them.

Thus all numbers of pounds flerling are like names, and fo are all num-
bers of fhillings ;5 the like of any numbers of miles, &e.

21. Befides the decimal notation explained in article 8, there are
other kinds in common ufe; fuch as the duodecimal,in which every
fuperior name contains 12 units of its next inferior name : the Sexage-
nary, or Sexagefimal, in which fixty of an inferior name make one of
its next fuperior. The former is ufed by workmen in the meafuring
of artificers works in building ; and the latter is ufed in the divifion or
a Circley and of Time. : '

22. The following chara&ers or marks are frequently ufed in Arith-
metical computations, briefly to exprefs the manner of operation,

The mark 4 (more) belongs to addition ; and fhews that the num-
bers it ftands between are to be added together.

Thus 12 <= 3 expreffes the fum of 12 and 35 or that 3 is to be added
20 12, and is thus read, 12 tnore 3.

The mark — (lefs) is for fubtraction ; and fhews that the number
following it, or on the right hand, is to be taken from the number pre-
ceding it, or on the left hand.

Thus 12 — 3, expreffes the déﬂ?reme between 12 and 35 or that 3 is ta
be fubtraéied from 12, and is thus read, 12 lefs 3, or 12 leflened by 3.

This mark x (into) for multiplication, fhews that the numbers on
each fide of it are to be multiplied the one by the other.

Thus 12 X 3, denotes the produst of 12 into 35 or that 12 is to be
multiplied by 3. i

Divifion is exprefled by fetting the divifor under the dividend with a
line drawn between them, like a fraction.

Tous '}y expreffes the quatient of 12 by 33 or that 32 is to be divided
5)‘ 3.
[his fign = (equal) thews that the refult of the operation by the
numbers or quantitics on one fide of it, is equal either to the numbers
or quantities on the other fide, or to the refult of the operation by thefe
numbers or quantitics.

Thus 124-3=15; and 12=3=0; and 12X3=36; and V=4 ;

Severally fhews the value of the preceding expreffians.
' 23. TABLES
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(23. ‘Tasies of EncLisH Moxey, WEIGHTS, and MEASURES.

Monxey.
Farthings Pence  Shill. Pound
960 = 240 = 20 = 1 [
48 = 1z = 1s.
4= 1d.
Note, 1, 2, 3 farthmgs, arc thus writ-

11
ten, 3 2 1o

Troy WEIGHT.

Grains Pennywts Ounces “Pourd
5760 = 240 =Wz =@ 1b. ,
480 = 20 = i oz.

gr. 24 = 1dwt

Note, Gold and Silver are weighed
by Troy Weight.

AVOXRDUPOISE WEiGHT.
Drams Ounces Pounds Hund.Ton
573440 =335340 2240 =20 =1

2867¢"="1792 = 11z = 1C,
256 = 16 = = 1lb.
16 = 1 oz.

Nore,Provifions,Stores,&c.areweighed
by the Avoirdupoife, or great weight.

Wine MEasSURE.

Solidinch.Pints.Gall, Hogfh.PipeTun
;8212—2016—252:1_2 =
29106=1008==126=2=1 P,
14553= 504= 63=1 Hhd.
231= 8= 1
42=1 Tierce. |
84=1 Puncheor.

Dry MEeASURE.
Pints Gall. Pecks Bufh. Quarter

512 = 64"= 32 = 8 = 1
64 = :4::
16 = 2 =

8—

Aote,4bufh =1 Comb: 10 qrs. =1
Wey: 12 Weys = Laft of Corn.
36 Bufhels =1 Chaldron of Coals.

Croru Mzasure.

4 Nails = 1 QuarterofaYard.
4 Quarters = 1 Yard.

5 Quarters = 1 Englifh ell.

3 Quarters = 1 Flemifh ell,

6 Quarters = 1 French ell.

a Span = g inches.

a Hand = girches.

Loxe MEASURE.

Barley corns Inches Fect
190080 = 63560 = 5230
23760 = 7920 = (€060

594 = 198 = 163
108 = 36 = 3
36 = 12 1

1
Alfo 3 mxlscs make 1 league.
And zo leagues or 60 Sea miles m
But a degree contains about 69}
A fathom = 6 feet = 2 vards.

Yards Poles Farl. Mile.
= 750 S = 8§ = 1
= 220 = 40 = 1
= 51 = 1 |
= 1

ake a degree.
1iles of (tatute meafure,

Tise.
Seconds Minutes  Hours Days  Year
31556537 = 525943 = 3766 = 3655 = 1
86400 = 1410 = 24 = 1 day
3600 = ol = 1 hour.
b= 1
Pence T'able. Even paits of a Pound Sterlng.
Pence Sh.Pence Pence Sh.Pence] s, d.1is Q |d. 2
20=1.8 | jo=5.10]10.0 ) 2 (61is ] oror e THON
=2 .6 (s = (& 8| 6 1 s 1 i 1
Y=o © o= 0. .8 5 c 14 o S = o
40'—_:;.4 go=7. 6} 5.0 'Tt K i @ LT
§59=4.2 [t1co=8. 4/ 4.0 Lppniz &= Fraid || =
=5 @10 =Ea 2i godb :‘:l g f:’, o
Bol® |2 |3 IS I
2 et

=
w
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24. SECTION II. ADDITION.

ADDITION 75 the method of collefting feveral numbers into
one fum.

RuLEe 1ft. Write the given numbers under each other, fo that like
names ftand under like names; that is units under units, tens under
tens, &c. and under thefe draw a line.

2d. Add up the firft or right hand upright row, under which write
the overplus of the units of the fecond row, contained in that fum,

3. Add thefe units to the fum of the fecond row, under which write
the overplus of the units of the third row, contained in that fum,

And thus proceed until all the rows are added together.

ExamMpLEs.
Ex. 1. Add 28—76—47—18 and 12 together.

Thefe numbers being written under each other will ftand thus. 28
Say 2 and 8 is 10, and 7 is 17, and 6 is 23, and 8 is 31 ; 76
then, becaufe 10 units in the right hand row make an unit in 47
the next row; therefore in 31 there are 3 units of the fecond 18
row, and an overplus of I; write down the 1, and add the 3 to 12
the fecond row, faying, 3 thatis carried and 1 is 4, and 1 i5 §, [——
and 4 is 9, and 7 is 16, and 2 is 18, in which is one unit of the | 181
third row (had there been a 3d) and an overplus of 8 ; write | ——

down the 8, and add the 1 to the third row: but as there is no third
row, the I carried muft be written on the left hand of the 8; and 181
will be the fum of the five given numbers,

Ex. II. Add 476—3784—18329| Ex. 111, Add the numbers, 10768
—290—75—7638 —and 46 to-| —3489—28764 —289— 6438
gether, —19 and 438 together.

476 10768

s 3734 3489

The given numbers 18329 The given numbers 28764
fet in order will ftand S 290 |placed as the rule di-}

thus 75 |re&s, ftand thus 6438
7638 19

46 438

The Sum 30638 The Sum 50205

Ex. IV, Add thefe numbers together.| Ex. V. Add the following numbers

together.
372045 15836,071
25,0036 20,09
4179,502 34,7
3,0284 583,27008
, Sum 7923,8540 Sum  16474,13108

In
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In the two laft examples, whete there are both‘integer and fra&ional .
numbers, it may be obferved, that like integer places, and like fractional
places, ftand under each other ; and the mauner of adding them together,”
is the fame as explained in the firft example.

25. Itfrequently happens, that numbers are to be added together, the
names of which do not increafe in a tenfold manner, as in the lalt Ex-
amples ; fuch as in adding different fums of money, weights, or mea-
fures ; in‘which, regard is to be had to the number of thofe of a lower
name, contained in one of its next greater name, as fhewn in the pre-
ceding tables : Examples of which follow.

Ex. V1. 4dd the following fums of
money together.

Ex. VII. Add the follawing fums of
money together.
d.

N

S

5 . L &
353 14 5% 7633 08 2}
276 10 4 95+ 19 oF
89 17 5% 632 10 VE <
34 12 10} 63 15 0%
754 15 43 9384 14 2}

In thefe two examples the carriage
pence; by 2o in the fhillings; and b

Ex. VIII. A4dd the fallowing Troy

is by 4 in the farthings; by 12 in the
y 10 in the pounds.

Ex. IX. Add the following Avoir-

TWeiehts together. dupoife IWeights together.
Ib. oz. dwt. gr. Tons.” Cwt. gqrs. Ib. oz
218 10 13 18 535 17 3 22 11
176 9 19 23 94 19 1 27 13
83 11 17 11 158 12 o 18 15
24 8 13 21 7 15 2 13 o8
506 3 07 ot 797 ®5 o 20 15

*Carry for 16, 23, 4, 20, 10.

Ex. X1. Add the following parts of
a Circle together,

Carry for 24, zo, 12, I0.

Ex. X. Add the

A Jollswing parts of
Time together. A

v

Weeks Da. Ha. Min. Sec. | Deg. ’
2t 4 8 37 359 176 32 59 43 2§
1 6 13 25 47 85 s9 27 31 59
19 5 23 59 28 | 114 28 45 59 14
33 4 o8 22 39 67 12 38 24 47
91 g 15 25 53 444 13 5! 39 23

Carry for 6o, 60, 60, 00, 10

Carry for o, 60, 24, 7, 10.

Explanation of Example VI.

Three farthinos and 1 farthing is 4 farthings, and 2 farthings is 6 far-
thinzs 3 which is a penny haifpenny ; fet down § and carry 1.

Then 1 and 10is 11, and §is 16, and 4 is 20, and 8 is 28 pence ;
which is 2 fhillings and 4 pence: fct down 4, and carry 2. )

Amaing 2 and 12 is 14, and 17 is 31, and 10 is 41, “‘,‘d 14is 5§35
fluliings 3 which is 2 pounds 15 fhillings ; fet down 15 fhillings, and
carry 2 pounds.  "T'he reft is eafy.

B 4 36, SE C
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‘6. SECTION III.. SUBTRACTION.

SUBTRACTION is the method of taking one number from an-
other, and [bewing the remainder, or difference, or excefs.

The Jfubducend is the number to be fubtradted, or taken away.

The minuend is the number from which the fubducend is to be taken.

Rure 1ft. Under the minuend write the fubducend, fo that like
names ftand under like names; and under them draw a line.

2d. Beginning at the right-hand fide, take each figure'in the lower
line from the figure ftanding over it, and write the remainder, or what
is left, beneath the line, 'under that figure.

3d. But if the figure below is greater than that above it, increafe the
upper figure by as many asare in an unit of the next greater name; from
this fum take the figure in the lower line, and write the remainder un-
der it.

4th. To the next name in the lower line, carry the unit borrowed,
apd thus proceed to the higheft denomination or name.

ExampLEs.

Ex. 1. From 436565874 the minuend,
Take 249853642 the fubducend,

Remains 186712232 the difference.

Here the five figures on the right of the fubducend may be taken from
thofe over them: but the 6th figure, viz. 8, cannot be taken from the 5
above it. Now as an unit in the 7th place makes 1¢ in the 6th place,
therefore borrowing this unit makes the 5, 15; then fay, 8 from 15 leaves
7, which fetdown ; and fay 1 carried and g is 1¢, 10 from 6 cannot be had,
but 1o from 16 Jeaves 6, fet itdown; then Icarriedand 4 is §, 5 from 13
leaves 8; fet it down: then I carried and 2 is 3, 3 from 4 leaves 1.

Ex. II.  From ~ 7620908 Ex. llI.  From 327,963
Take 3875092 Take 49,8697

Remains 3745816 Remains 278,0866

Bx. IV. From 30007,295 1555 o From §000,0000
' Take 2536,876 Take 479,6378
Leaves 274705419 Leaves 4520,3622

Jbo G0 Ch % £ s PA

Ex. V1. Borrowed 24 14 6% Ex. VII.  Lem 294 1§ 9%
Paid 18 12 43 Received 89 18 103

Remains 6 o2 2% Remains 204 16 10%

Ex. VIII.
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Ex. VIIL dn Sexagefimals.

" iv

From 76 28 37 49 32
Take 65 29 16 53 45
Leaves 10 59 20 55 47

27.

QuesT. 1. The jhare of Fack’s
prize money was 148 £. 17s. 6d; ;
and Tom received as much, befide 7.
18s. finart money : How much money
did Tom receive

L0 s s

Tom’s prize money 148 17 63
Smart money 7 18 o

Tom received 156 15 63

Quest. IIL 77hat year was King
George born in, he being 67 years old
1n the year 1749 2 '

Current year 1749
Age 67 fubtr.
Ycar bornin 1682

QuesT. V. A feaman who bad re-
cerved 46£.175.6d. for wages, prize
nioney, T ¢, meeting with bad company
was tricked out of 18 guineas : Now
Fobn had reckoned to pay his wife’s
debts of 13 £, 165. 6d. and his land-
lady’s bill of 16/. 125. Required
whether he can fulfil his intentions,
and what the difference will be ?

L. s 4.

Money loft 18 18 ©
Wife’s debt 13 16 6
Landlady’s bill 16 12 o
Total 49 6 6

Money received 46 17 6
He will want 2 9 o

>
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Ex. IX. In Sexagefimals.
o ’ "” "w iv
From 218 46 32 50 18
Take 149 52 47 53 29
Leawves 68 53 44 56 49

QuEsTIions to exercife Addition and Subtra&ion.

Quesr. 1I. The Spanifh inva-
Jfion was in the year 1588, and the
French attempted an invafion in the
year 1744 : How many years were
between thefe fruitlefs attempts 2

French 1744
Spanith 1588
Years between 156

QuesT. IV. Two fhips depart
from the [ame port, one having failed
835 miles, 15 got 48 miles a-head of
the other: Required the aftermoft
Jhip’s diftance 2 .

The firft fhip’s diftance 835
Their difference 48

Second fhip’s diftance 787

Quesr. VI. Wil and Frank
talking of their ages in the year 1749,
Will faid he was born in the year
of the Rebellion, in1715; and Frank

aid he remembered he was ten years

old the year King George the fecond
was crowned in 1727 : Required the
age of each, and the difference of their
ages ?

Current year 1749
Will was born 1715
Will’s age 34
Current year 1749

King George crowned 1727

Years fince 2z
Frank’s age then 10
Frank’s age 32

So Will was oldeft by two years.

28, SEC-
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28. SECTION IV. MULTIPLICATION.,

. MuvLTipLicATION s the method of finding what a given
number will -amount to, when repeated as many times as is re-
prefented by another number. N .

“Fhe-aumber-to-be multiplied, is called the Multiplicand.

‘T'he number multiplied by, is called the Multiplier.

And the number which the multiplication amounts to, is called the
Produst. 5

Both multiplicand and multiplier are called Faors.

‘Before any operation can be performed in Multiplication, it is necef-
fary that the learner thould commit to memory the following table.

29. © - The MurtirLication TasLe.
times 2 3 -4 ''5s 6 7 .8 o 10 11! 12
12 4 6 8 10 12 14 16 18 20 22 24
3 9 12 15 18 z1 24 27 30 33 30
4 16 20 24 28 32 36 40 44 48
5 25 30 35 40 43 50 55 060
6 30 42 48 54 6o 00 72
7 49 56 63 70 77 84
8 64 7z 8o 838 g6
0 81 9o 99 108
10 100 110 120
11 121 132
12 144

Obferve, that in multiplying any figure in the upper line by any figure
in the left-hand column, the produét will ftand right againft the figure
ufed in the left-hand column, and under that ufed in the upper line.
“Thus were 6 to be multiplied by 9, feek the greater figure g in the upper
line, and right under it, againft 6 in the left hand, ftands 54 for the Pro-
du&. And fo of others.

The foregoing table being well known, the work of Multiplication
will be performed as follows.

To multiply any namber, as 37256
By any fingle figure, .as by 7
Set them as in the margin, and procecd 200792

thus, 7 times 6 is 42, fet down 2 and carry 4; 7 times 5 is 35 and 4
carried is 39, fet down g and carry 3; 7 times 2 is 14 and 3 carried is17,
fet down 7 and carry 1; 7 times 7 is 49 aud 1 carried is 50, fet down o
and carry §; 7 times 3is 21 and § carried is 26, which fet down, and the
work isdone. But for compound Multiplication take the following :
30. RuLE 1ft. Write the Factors fo, that the right hand place of the
Multiplier ftznds under the right hand place of the Multiplicand.
2d. Multiply the Multiplicand feverally by every figure of the Multiplicr,
fetting the firlt figure of each line under the figure then multiplying by.
3d. Add the feveral lines together ; and their fum is the Product.
4th, From the right hand of the Produt point off, for fractions,as many
places as there are fractional places in both Fattors; and thofe to the left
of the mark of diftinction are integers; thofe to the right are fractions.

sth, If
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sth, If the number of places in the Product are not fo many as the num-

ber of fra&tional places in both Factors, make up that number by

writing

cyphers on the left hand, and to thefe prefix the mark of diftinétion.

Examere 1. Multiply 742 by 53.

The lefler Fa&or being written under
the greater Fa&tor, as here thewn, and a
line drawn under them ; fay 3 times 2 is
6, write 6 under the 3; then 3 times 4 is
12, write down 2 and carry1; and3 times
71s 21, and1 carried is 22, write the 22 :-
Again, §times 2 is 10, write 0 under the
5, and carry 1; and 5 times 4 is 20 and 1

Multiplicand 42 } o

Multiplier 53
2226

3710
Produ& 39326

carried is 21, write down1and carry 2 ; then 5 times7 is 35, and 2 carried
is 37, write down the 37: Now add the twolines together found by mul-
tiplying by 3 and by s, and their fum 39326 is the produ& required.

Exampre II.
Multiply 28704
by 8631
28704
86112
172224
226632

247744224 Produét.

Exampre IV,
Multiply 936,287
by 6o7,c2
1872574
6554c090
56177220

e e,

508344,93474

The cyphers in the Multiplier of this
example are thus managed. Having
multiplicd by the 2 as before, fay o
times 7 is 0,write 0 under the 0, and
proveed to the nextfigure 7,bywhich

“t1 1y as before, then coming to
the jccond o, fay, o times 7 1s o,
write 0 under the place of the fe-
coud o) and proceed to the next fi-
guic o, bywhich mulsiply as before.

Exampre II1.
Multiply 3684,2793
by 7:594
147371180

331585155
184213975
2578995065

27978,4185230

Here, becaufe there are 4 fractional
places in the Multiplicand, and 3 in
the Multiplier, which togethermake
7, therefore 7 places are pointed off
on the right of the product for frac-
tions.
ExampLE V,
Multiply 0,34796
by 0,0258
275363
173980
69592
0,008977368

Here, becaufe there are 5 fra&tional
places in one Factor, and 4 in the
other, there fhould be g fradtional
places in the Produ&t; and there
arifing but 7, thercfore two cyphers
are fee on the left hand to make 9
places,

3. SEC-
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3t SECTION V. DIVISION.

DirvistoN is the method of finding bow often one number is
contained in anotker; or may be taken from another.

The number to be divided, is called the Dividend.

The number dividing by, is called the Divifor.

The Quotient is the number arifing from the divifion, and fhews how
ma’rI)y times the Divifor is contained in the Dividend.

he operations in Divifion are performed as follow.

32. RuLe 1ft. On the right and left of the Dividend draw a crooked
line ; write the Divifor on the left fide, and the Quotient, as it arifes, on
the right fide of the Dividend.

2d. Seck how often the Divifor may be taken in as many figures on
the left hand of the Dividend, as are juft neceflary; write the number
of times it may be taken, in the Quotient; and there will be as many
figures more in the’Quotient, as there are figures remaining in the Di-
vidend then not ufed.

3d. Multiply the Divifor by this Quotient-figure, fet the Product un-
der that part of the Dividend ufed ; fubtract, and to the right hand of the
remainder bring down the next figure of the Dividend : Divide as be-
fore ; and thus proceed until all the figures of the Dividend are ufed.

4th. If there is a remainder, to its right hand fide annex a cypher or
cyphers, as if brought down from the Dividend, and divide as before ;
and thus it is that fraétions arife, viz. from the remainders in divifion.

5th. When any figure of the Dividend istaken down, or annexed, as be-
fore thewn,and the Divifor cannot be taken in the number thus increaf-
ed; putoin the Quotient, and take down, or annex, another figure ; and
proceed in this manner,until the Divifor can be taken from the number.

6th. When fradtions are concerned: From the number of frational
places ufed in the Dividend, take thofe in the Divifor; count the num-
ber of remaining places from the right of the Quotient, put the mark
there ; and thofe to the left are integers, thofe to the right fractions.

7th. If there arife not fo many places in the Quotient as the 6th ar-
ticle requires, fupply the places wanting with cyphers on the left, and
0 thofe prefix the fra&tional mark.

Ex. I. Divide 3656 £. among 8 perfons.

Set the given numbers as in Art. 1ft. Now the two 8)3656(457
left hand figures contain 8 then fay 8 is contained in 36, 4 32
times ; fet 4 in the Quotient, and fay 4 times 8 is 32,fet 32 ——
under 36, fubtra&t, there remains 4, to which bring down 45
the next figure of the Dividend 5, makes 45; then fay 8is 40
contained in 45, 5times; fet 5in the Quotient, and fay 5 ";;

times 8 is 40; write 40 under 45, fubtract, and to the re- 6
. mainder 5 take down 6, the next figure of the Dividend, 5
makes 56; then fay 8 is contained in 56, 7 times; write =

7 in the Quotient, multiply 8 by 7 makes 56, which write

under the other §6, and fubtralting there remains o: So it may be

concluded, that 3656 contains 8, 457 times: Or, if 3656 £, be divided

among 8 perfons, the fhare of each will be 457 £. -y
% IL

3
)
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Ex. IL Divide 3125 by 25. Ex. IIK Divide 95269 by 47.

25)3125(125 47)95269(2027
" 2§ : ‘ % ,
62 See precept 5th, 126
50 94
125, 3139
125 329
o o
Ex. 1V. Divide 5859 by 124. |Ex.V, Divide 337,27368 by 6,28.
124)5859(47»25 : 6,28)337,27368(53,706 _for
496 3140 the Quotient.
—_— See precept 6th.
» S99 2327
868 1884
310 for the Remaind. 4433
248 Sec precept 4th. 4396
620 See precept 5th. 3768
620 3768
Ex. VI. Divide 2,3569 by 673,4. |In Ex. VI. the 4 fraltional places
673.4)2,3569(35 given in the Dividend, and the o
2020z Quot. 06,0035 |ufed with the Remainder, make §
fractional places; from which r
33670 See precepts place in the Divifor being taken,
33670 4th, 6th, 7th. |leaves 4 fracional places for the
Quotient ; but in the Quotient are

only the two places 35, therefore 2 cyphers are prefixed, and makes
,0035, before which, for form fake, an o is fet for the place of units.

33. When the Divifor does not exceed the number 12, the Divifion
may be performed in one line ; by making the Multiplication and Sub-
traétion mentally, or in the mind, and carrying the Remainder, as fo
many tens, to the next figure.

34. In all operations of Divifion, it muft be obferved, that the Pro-
duét of the Divifor by the Quotient figure muft not exceed that part of
the Dividend then ufing ; and the Remainder, by fubtracling the Pro-
duct, muft ever be lefs than the Divifor.

As the Quotient multiplied by the Divifor makes the Dividend ;

So the Produét of two numbers being divided by one of them, will
give the other ; that is, Divifion is proved by Multiplication, and Mul-
tiplication is proved by Divifion,

75. SEC-
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350 SECTION VI, REDUCTION.

RepucTioN is the method of reducing mumbers from one
name, or denomination, to another ; retaining the fame value.
Caske L To reduce a number confifting of feveral names, to their leafi name.

Rure 1ft. Multiply the firft, or greater name, by the parts which
an unit of that name contains of the next lefs name ; adding to the Pro-
duét the parts of the fecond name in the given number.

2d. Multiply this fum by the number of times that an unit of the
next lefs name is contained in one of the fecond name ; adding to the
Produ the parts of the third name contained in the given number:
And thus proceed, until the leaft name in the given number is arrived at.

Ex. L In 23£. 14s. 62d. how| Ex. 1L, In 8/b. 100z. o{gold, how

many farthings? many grains
s 2 Ib. oz.
23 14 6% 8 10
20 12 _
474 Shillings. 106 Ounces.
12 20
5694 Pence. : 2120 Pennyweights.
4 24
Anfwer 22778 Farthings. 8480
— 4240

50880 Grains.
Ex. 111 Inacannonweighing 2 Tons, | Ex. IV. Tn 36 deg. 48/, 27”7, 56/,

14C. 3¢74. 190b. how many pounds ¢ bow many thirds ?
T. C. Qrs. 1b. D
2 14 3 19 36 48 27 56
20 6o
C. weight, =
5: e 2208 Minutes.
219 Qrs. ' 6o
28
i 132507 Seconds.
438 i :
6151 Pounds. 7050476 Thirds.

An explanation of the firft Ex. will make all the reft plain. Since
pounds is the greateft name in the given number, and an unit thereof
contains 20 of the next lefs name, or fhillings ; therefore multiply the
pounds by 20, faying o times 3 is o, to which adding the 4 in the 14s.
makes 4 ; then 2 times 3 is 6, and the one, in the place of tens in the
fhillings, makes 7 ; then 2 times 2 is 4 : Now multiply 474s. by 12,
faying 12 times 4 is 48, and the 6 in the pence makes 54 ; write 4 and
carry 5 then 12 times 7 is 84 and 5 is 89, &’c.  Laftly, multiply the
5604 pence by 4, faying 4 times 4 is 10, and the two farthings in the
given number is 18 ; write 8 and carry 1, &,

36. Case
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36. Cask II. A number af an inferior name being given 5 to find how

many z_)f each _ﬁzperror denomination are contained in it.

Rure 1ft. Divide the given number, by the number of times that
one of its units is contained in an unit of the next fuperior name.

2d. Divide this Quotient by the parts making one of the next name,

3d. Divide this Quotient by the parts makmg one of the next name :
And proceed in this manner, until the higheft name is obtained,

4th. Then the laft Quotient, and the feveral remainders, will be the
parts of the different names contained in the given number.

Ex. 1. In 22778 far tbzng:, how
many pounds, fhillings, and pence?
4)22778( 2 Farthings.

12) 5694( 6 Pence.

2,0) 47.4( 14 Shillings.

23 Pounds.
Anfwer 23 £. 145. 614.

Ex. 11,77 6151 pounds, how many
Tons, H. zmdreds, Quarter 5 iz ozmds

© 28)6151(219

Sy
— 1 4)z19( 3 Q.
55

23| 2,0)5,4( 14 C.
271 2 Tons.
ZSZ

19 Pounds.

Anfwer 2T, 14C. 3Qrs. 19lh.

Ex. 11. In 7950476 thirds ofadg-
gree, how many, ° W (s,
6,0)795047,6( 56 Thxrds.; .

6,0)13250,7( 27 S.CCQUﬁ,i-

6,0) 220,8( 48‘1\/’Ii"nutcs.. .
36 Deg rees. ’
Anfiver 36°. 48, 27" 56

Ex.1V. In 50880 grains, /Jawmany
Pounds, Ounces, Pennywezg/}t:, G: e
24)50880(z2120
8

— 2,0)212,0(0 dwt.
28 v~
24 |12) 106( 10 0Z.

48 8 Ib.
48

o
Anfwer 81b. 10 0z.

Explanation of Ex. I. Since 4 of the given number make one of the

next name, pence, then 22778 divided by 4, give 5694 pence, and a
Remainder of 2 farthings ; then 5694 pence divided by 12, the number
of pence in one of the next name, fhillings, the Quotient is 474 fhil-
lings, and a Remainder of 6 pence ; then 474 fhillings divided by 20,
the number of fhillings in onc of the next name, pounds, the Quotient
is 23 pounds, and a Remainder of 14 fhillings.  And by the 4¢h pre«
cept, the anfwer is colleded.

A like operation will folve the other examples, having regard to the
increafe of the different names.

27. Inany Divifion, if the Divifor has one or more cyphers on the
ri vht hand, thofe cypheis may be pointed off'; but then as many places
inuft he pomtcd oft from the Dividend, whlu. places are not to be di-
vided, but annexed to the right hand of the Remainder.  Sce the above
:.\';uup!cs. 33. Casr
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38. Cask IlI. o reduce a vnlgar fraftion to its equivalent daji}gzal
[fraélion.

Rure. To the Numerator annex one or more cyphers, divide this
by the Denominator, and the 'Quotient will be the fraction fought.

If the Divifion does not end when fix figures are found in the Quo-
tient, the work need not be carried any farther.

ExaMm. L. T0 reduce 353 to its equivalent decimal fraétion.

Here 423 the Denominator is 423)15,00(0,03546
made the Divifor, and 15 the 1269
Numerator is fet for the Dividend, .
to which annexing a cypher or two 239,
for fraional places, feck how often €373,
the Divifor can be had in 13, the =
integral part of the Dividend ; and ig; i
as it cannot be taken, put o in the __9__
Quotient for the place of units : 2580
Then taking in one fractional place, 2538
feek how oft the Divifor can be had » N
in 150, fay o times, and put another 420
o'in the &xotient for the place of =

primes: Now taking in two fractional places to the 15, the Divifor
will be contained in it thrice, and thus proceed until the Divifion ends,
or till 6 places arife in the Qotient: But in this example, as the 6th
place would be o, it is omitted, becaufe cyphers on the right hand of
decimal fractions are of no fignification, as will evidently appear, No-
tation of Fradtions being well underftood.

Ex. II. Reduce L to a decimal)Ex. 1II. Reduce 3 to a decimal
frattion. fraction,
2)1,0(0,5 Anfwer. 4)1,00{0,25 Anfwer.

Ex. IV. Reduce 3 to a decimall|Ex. V. Reduce 5 tr a decimal

fraction, fraction.
4)3,00(0,75 Anfwer. 8)5,000(0,6235 Anfwer.

—

Ex. VI. Reduce % to a decimal|Ex. VIL. Reduce [, ts a decimal
Sfrattion, Sraétion.
3)1,00(0,33, &c. Anfwer. 12)7,00c0{0,5833 &c. Anf.

g
—— =

39. In the two laft Quotients, it may be obferved, that 3 would con
ti.nually arife ; fuch decimal fractions are called circulating, or recur-
ring fractions: Thefe have a peculiar kind of operation Sclonging to
them, which the inquifitive reader will find in a book intitled 4 Gerne-
ral Treatife of Menfuration*, the third edition, publifhed in the year
1767 5 and alfo in other books.

* By the Author of thefe Elements.
40, CAsE
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40. Case IV, T reduce a number confifting of different names, to a de-
cimal fraction of its greateft name. y

Ruik 1ft. Write the given names orderly under one another, the leaft
name being uppermoft ; and on their left fide draw a line: Let thefe be
reckoned as Dividends.

2d. Againft each name, on the left hand, write the number making
one of its next fuperior name: And let thefe be the Divifors to the for-
mer Dividends.

3d. Begin with the upper one, and write the Quotient of each divifion
as fraétions, on the right of the Dividend next below it ; then let this
mixed number be divided by its Divifor, &c.

And the laft Quotient will be the decimal fraction fought.

Ex. 1. Reduce 155, 92d: to the fractional part of a pound ferling.

Firft fet the three farthings, the g pence, the 15 fhillings
and o pounds under one another; and againft the far-
things fet 4, againft the pence fet 12, and againft the
thillings, 20; then the three with cyphers fuppofed to be
annexed, being divided by 4, the Quotient ,75 is written on
the rignt hand of the g pence; and the mixed number 9,75 with cyphers
annexed as they are wanted, being divided by 12, the Quotient ,8125 is
written on the right hand of the 155 then this mixed number 15,8125

413
1219575
20[15,8124

0,79062§

being divided by 20, the Quotient 0,790625 L. is the anfwer.

Ex. II. Reduce 15. 2% d. to the frac-
tional part of a pound flerling.
4|1
122,25
20(1,187¢
0,059375

Anfwer 15, 254d.20,059375 £.
Ex.1V. Reduce 80z. 15dwt. 18gr.
to the fractional part of a pound troy.

ajl

246 (415

20 15,75

12 8,78%5
Io.vzzrgl

Anf. 80z. 15dwt. 18 gr.=0,732291lb.

41. Here becaufe 24 is a number
too great to divide by in one line,
thercfore it is broken into the parts
4 and 6, which multiplied together
make 24.

Ex. III. Reduce 48'. 177. §37. te
the fradtional part of a degree.
6ols3
60'17,883333
60.48,298055
| 0,804667

Anfw. 4%. 177 537.2==0,804567 Deg

Ex. V. Reduce 3¢rs. 191b. 140%. to
the fractional part of a C\ weight.

16{"’14

4 (3;35
g § 4{19:875
£ §7 (4.96875
4 | 3709821
1.C,927 158

Anfw. 3qr. 19lb. 1402=0,927455 C.

Here the 16 is broken into the
numbers 4 and 4 ; and 28 into 4
and 7 ; and 14 is divided by 4 ; and
the Quotient 3,5 by 4, &c.

C 42. Casxs
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‘42, CAsE V. 7o reduce a decimal frattion of a fuperior nante, toits
value in inferior denominations. ok e i

- Rurk 1ft.. Multiply the given fra&tion. by the number that an anit of
its name contains‘anits of ‘the next lefler name ; from the right hand” of
the Product point off as many places as there are in the given fraétion.

2d. Multiply the places, {o pointed off, by as many as an unit of this
name.contains of the next lefs name ; point off as before,

And thus proceed until the multiplication is made by the leaft name.

3d..Then the integers, or the numbers on the left of the diftinguifh-
ing marks in each Product, will be the parts in each name, which to-
gether are equal to the given fra&ion.

Exampre L. What number of fhillings, pence, and farthings, ave equal in
value to 0,790025 L. flerling.

Here an unit of the given name /. L. 0,790625
contains 20 of the next lefs name, 20
thillings ; then multiplying by 20, e
and pointing off 6 places on the s 15,812500
right,é»bccaufc the6given number L
0,790625 contains 6 fraétional pla- i
ce;i,gthe Produét is 15,812500 fhil- 4 9’730062
lings; then the frations of this
number, viz. 812500 multiplied by far. 3,005000

12, the number that an unit of this
name contains of the next lefs name,
and the produét pointed as before, there arifes 9,750000 pence; the
fractions of this number multiplied by 4, gives 3,000000 farthings; then
the parts pointed off on the left, viz. 15s. 93d. are the value of the given
fraction.

Exampre IL. ZWhat is the value of |ExampLE 11N, W hat is the value of

¢,056285/L. ferling ? 0,58695 degrees ?
© L. 0,05628;5 Deg. o0,58695
20 6o

5. 1,1257|00 Min, 35,217lco
12 6o

d. 1,5084 Sec. 13,020
4 6o

far. 2,0336 Thirds o,120

Exameve IV. WWhat is the value of \ExamrLe V. What is the value of
0,732291/b. troy ? 0,927455 part of a C. weight ?
This example worked as above,| By operating as above, multiply-
by multiplying by 12, 20, 24, the|ing by 4, 28, 10, the anfwer will
value will be found to be ) be o
8¢z, 15dwts, 18 gr. nearly. 3qrs. 191b. 140z, nearly.
: 43 QUEST,
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43.
Quest. 1. A4 floop with the cap-
tain and 26 hands take a prize which
old for 1578 L+ of which each feaman
'éad 45/, and t);i captain the reft:
How much was his fhare ?
26 Men

45 L. to each

130
104

o

1170 /. the crew’s fhare,
1578 L. the whole prize.

_ fubtra&t
from

remains 408 £. thecaptain’s fhare.

Quest. lII. A4 feaman, whofe

wages are 35s. 6d. a month, returns

home at the end of 2.9 montbs 5 he hav-.

ing taken up 12.f. 18s.: How much
has he to receive ¢
. 4.
35 6
mult. by 12
425
mult. by 29
3334
852

peace a month,
months,

12)12354 pence

2,0) 102,9 64.

6d. =wages,
cd. received,

remains 64. to receive,

38 L. 11s.

Quest. V. In 306 crowns, how
many half crowns and pence ?
Anfwer 612 half crowns.
{ 18360 pence.

Quest, VIL 4 feaman’s fhare of

a prize was 14 guineas, 32 moidores,

12 thirty-fix fhillings pieces, and 52

piftoles ar 175, each: Heow much
Jlerling did the whale come to @

Anfwer 123 /. 14s. 5

ARITHMETICK.,
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QUESTIONS to exercife the preceding rules.

Quest. Il 4 boat’s crew of 15
men got by plunder 321 £ . How mucl
was the fbare of each ?

15)321(21 4.
50

- —

21
5

remains 6 £. which
mult. by zos. in 1 £.

———

1§) 1205 (85
120

g

Anfwer 21 £. 8. to each,

QuesT. IV. Six mefs-mates, who
propafe to live well during an Eaft-
India woyage of 22 menths, agree to
expend among them 5s. a day, befides
the [bip's allowance : Now one of
them having but 25s. a menth, how
will matters fland with him at the
end of the voyage ¢

Now 28 days, at 5. aday, makes
14Cs. or 74, a month; which for
22 months, is 154/,

Then a fixth part of 154/£. is
25/, 135. 4d. for each man.

Alfo 255. 2 month for 22 months
makes 27 £, 10s. for wages; which
will overpay his expences, by 1£.
165, 34.

Quest. VI. In 30 chalders cf
eoalsy each of 36 bufbels, how many
pecks 2

Anfwer 4320 pecks.

Qurst. VIIL. Suppofe a flip fails
5% miles an hour for 14 days: l{ow
many degrees and minutes has fie
Jailed in the whole; 6o fra miles
making one degree ¥

Anfwer 3¢ deg. 48 min.
2 SEC-
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SECTION VI OO PROPORTION:
Or; THE RULE OF-THREE,

44. Four numbers are faid to be proportional, when by comparing
them rtogether by two and two, they either give equal Produts or equal
Quoticnts,

Suppofe thefe four numbers 3 8 12 32

In comparing them together by multiplication,

The Produét of 3 and 8 is 24; of 12 and 32 is 384, unequal.
of 3 and 1215 36; of 8 and 32 is 256, unequal.
of 3 and 32is96; of 8and12is b, equal,

Therefore 3 8 12 32, are called proportional numbers.

Now let them be compared together by divifion.

The Quotientof 8 by 3is 2,6&¢. of 32 by 12 is 2,6 &, equal.
of 12 by 3is 4 of 32 by 8is 4, equal.
of 32 by 3 is 10,6&5¢. of 12 by 8 is 1,5, unequal.

| Therefore by this comparifon, the numbers are faid to be proportional.

In this kind of comparing four numnbers together, there is no need
to try for more equal Produlls, or Quotients, than one fet of ecither
fort; for either cafe will determine the proportionality independent of the
other. :

But it muft be obferved, that among four proportional numbers, there
will be but one fet of equal Produlls, and two fets of equal Quotients,
the fmaller numbers being Divifors.

45. When four numbers are to be written as proportionals, they muft
be placed in fuch order, that the Product of the firft and fourth be equal
to the Produé of the fecond and third.

A queftion is faid to belong to the Rule of Three, when three numbers
or terms are given to find a fourth proportional, which is the anfwer to
the queftion.

And in order to refolve fuch queftions, the three given terms muft be
firft placed in a proper order, which is called ftating the terms of the

ueftion, ‘
4 46. Queftions in the Rule ¢f Three are flated, and refolved by the fol-
lowing precepts.

1ft. Confider of what kind the fourth term, or number fought, will be,
whether money, weight, meafure, time, &¢. and among the three num-
bers given in the queftion let that which is of the fame kind with what is
required be placed for the third term.

2d. From the nature of the queftion, determine whether the number
fought will be greater or lefs than the number which s placed for the third
term,

3d. If
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3d. If the fourth term will be greater than the third, fet the greater of _
the remaining two terms for the fecond, and the lefs for the firtt. ,

But if the fourth term is to be lefs than the third, fet the greater of the
remaining two terms for the firft, and the lefs for the fecond.

Then in either cafe, the given three terms are ftated.

4th. Reduce thofe terms which confift of more names than one, to one
name ; and obferve that the firft and fecond terms are always to be of the
fame name.

sth. Multiply the fecond and third terms together, divide the produt
by the firft term, and the Quetient will be the fourth term, of the fame
name the third term was reduced to.

47. Quest. I. If 4 yards of cloth coft 185, what will 24 yards cof} ?

Here it is plain, that the term
fought, or the worth of 24 yards,
will be money ; therefore the given Idse ydse s
mouey 18s. is fet for the third term; 4—2z24—18
and as the worth of 24 yards muft 18
be greater “han the worth of 4 1?:ards,

therefore the 24 is fet for the 2d 192

term, and the 4 for the 1ft. Then 24

the 2d term 24 being multiplied b g -
the 30, 18, the Product is 432, i3z (eoe illinast
which divided by the 1ft term 4, the 2,0) 10,3 fhillings.
Quotient or 4th term is 108, which

are fhillings, the fame name of the 5 pounds,
3d term ; then 108 fhillings divided

by 20, gives 5£. 8. Anfwer 5 £. 85,

Quest. I, If I lend 200 f. for 12 months, how long ought I to have th
ufe of 150/ to recompence me @

Here the anfwer or 4th term is to Lo £ ”.
be time; therefore let 12 months, 150— 200~ 12
the given time, be fet for the 3d 12

term : Now it is evident, that the

150/. being lefs than the 200/, 15,0)240,0(16 months.

muft be kept a longer time, and fo '

the 4th term will be greater than the 5

3d term : Thercfore the 200 is put 30

for the 2d term, and the 150 for =4

the 1ft. Then the 2d term multi- Anfwer 16 months.

plied by the 3d, the Product will be

24005 which being divided by the 1ft term, the Quotient 16 is the
sth term 5 and becaufe the 3d term was months, the 4th term will be
meonths,

C3 QuesT
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Quest. III. W#hat will 1836175,

of raifins come to, at the rate of 6s.

di{or 241b. 2

erc as money is the thing]
fought, money muft be the 3d term :
And as 65. 84. confilts of two
names, they muft be reduced to one
name, vfz. pence.

1. 15. s. d.
24 =~——1836~——06 B
6 8

1836 12

8o —

@ —

8od.=3d term.
24)146830(61204. =4th term.

144
—— 12)6120
28
24 | 2,0)51,0 ( 10+
48 25 £.
48
o

Here the 2d term being multi-
plied by the 3d, and the Produét di-
vided by the firft, the quotient is
6120 pence; which being valued,
gives 25/, 105

Quest. IV. If 20 yards of clsth,
5 quarters wide, will ferve to hang a
room : How many yards of 4 quarters
wide will ferve to hang the fame
room 2

Here yards of length are required ;
then 20 yards muft be the 3d term.

grs.  qrs.  yds.
4 o5 20
5

4)100(

Anfwer 23 yards,

ARITHMETICK
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QussT. V. WWhat will 420 yards
of cloth come to, at 14s. 103 d. for
Ifell Englip? FF

The term fought being mouey,
the 14, 104d. muft be the 3d term,
and be reduced to farthings; alfo
the 1ft and 2d terms are to be re-
duced to quarters of a yard.

Ell Eng. yds. 5. d.

| ——— 420 ——14 10%

1 420 14 10}

5 4 12

[ 1680 1738
715 | 4
84co | 715 far.=3d term.

1680
11760

5):5120,0(

4)240240 farthings=4th term.

12)6cobo pence.

2,0)5c0,5 5 fhillings.

250

. f%n{wer 2504, 54
The Divifor 5 being a fingle digit,
the Quot. is written under the Divid,

QuesT. V1. A owesto B 463/.
but compounds for 7s. 6d. in the
pound : How much muft B receive
for bis debt 2

Here compofition money is the
thing fought; then the 3d term
muft be the compofition money,

pounds.

viz. 75. 6d.
e £. s, d.
1——463— 7 6
92 12

12)41670(64. |90 pence.
2,0)347,2 (125
73

Anfwer 173 £. 125, 64d.

48. As it will be more convenient in moft cafes to reduce {uch num-
bers, or terms, which confilt of feveral names, to the fradtional parts of

their greateft name,

than to reduce them to their loweft name; therefore

in the folution of fome of the following queftions, the inferior parts of the

given terms are reduced by Cafe IV,
vzlued by Cale W,

of Reduétion ; and the anfwers are

QuUESsT.
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Quest. VIL If 8lb. of pepper
tofp 45.8d. : What will 7G. 3grs.
14 /b. come ta at that rate?.

lhals 1€, qrs. 1b.” 5. d.
8 7 3 14——4 8
4 12
31 56
o £821b. —
262 i
62’ 5292
— 4410
882
— 8)49392

12)6174 6d.

2,0)51,4 144.

25 L.
Anfwer 25 £. 145, 64.

Quest. IX. What is the intereft
of §84£. for a year, at § per cent.
per annum : Or at the rate of S[.
for the ufe of 100 L. for a year ?

Hete intereft is the term required ;
therefore 5/. the intereft of 100/.
is to be the 3d term: And as the
4th term, or the intereft of §84 /.
is greater than the 3d term; then
the 2d term is to be greater than the
1t,

100 534 — 3
5
1,00)29,20( See Cafe V. of
— Reduction.
20
4,00

Anfwer 29 £. 4.

Quest. XI. IWhat is the intereft
sf 542 /.. 105, for 219 days, at 54,
per cont. per annum

To folve this queftion, find the
iutereft for 1 year 5 multiply this in-
tereft by 219, and divide the Pro-
duct by 365, the Quotient will be
the anfwer 3 and is 16 £, 55, 64.

C
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3 gs

Quest. VIII. One bought 4
Hbds. of fugar, each containing 6 G,
2¢rs. 14lb. at 2.£. 8s. &d. for each
C. weight : I¥hat did the wholé come

to?
L5 d.
286

C.
i

C. qrs. 1b.
6 2 14

Now 1 C. weight is 1121b.
And 4 Hh.at 6C. 2q. 14lb=2968]b.
Alfo 2f£. 8s. 64. is 5824,
Then the Product of the 2d and 3d

-|terms is 1727376.

Which divided by the 1ft term 112,
the Quotient is 15423 pence, whofe
value is 64 £. 55. 34.

QuesT. X. What is the intereft
of 387 L. 12 5. for three years and 4
monthsy at 3% per cent. per annum @

Find the intereft for 1 year; then
thrice that, -together with £ of one
year, will be the intereft fought,

£ £ L+
100 387,6 —— 3,5
3,5
19380
11623

100) 1356.6€0(
13,5006 for 1 year.
3

40,098 for 3 years,
4 of 1 year=4,¢22 for 4 months.
The fum 45,220 is the intereft,

Anfwer 45 L. 4+, 54.
Quest. XIY. For how long muft
487 4. 105, be at funplo-intergl, at
45 . per cent. per annunn to gain
95 /. 1s5.3d.7
Find what will be the interelt of
487 £. 105, for 1 year; divide 95 /.
15. 3d. by this intereft, und the

Quotient will be 41 years.

4 QuEsy
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QuesT. XIII. One bought 14 pipes

of wine, and is allowed 6 months cre-

dit: But for ready money gets it 64,

in a gallon cheaper :. How much did

be fave by paying ready money 2 ~
Anfwer 44 4. 24

QuesT. XV. One bought 3 tons
of oil for 153[. 9s. which having
Jeaked 74 gallans, he would make the
prime-coft of the remainder : How
muft it be fold per gallon ?

Now 1 T.=252Gall. And 3T.=756
Subtrat the gallons leaked= 74

Remains 682
€l G
Then 682 —— 1—— 153,435
Anfwer 4. 64. a gallon,

Quest. XVII. 4t 13£. for
10005, of goods : What will 8g515.
come to, allowing 415. upon ¢very
100/0b. for tret, or wafle ? :

Since 41b. is to be allowed on the
100lb. therefore re4lb. is given
for 100,

b, 1b. L.
Then 104 — 895 —— 13

Anfwer 111 4. 171, 64,

QuEsT. XIX. Jf 100 pounds of
Jugar be worth 36s. 8d. ¥hat will
be the worth of 8751b. rebating 4lb.
upon every 1000b. for tare @

Here the buyer has 1colb, on
paying far g6lb.
Ib.

Ib. Ib.

Then 100 — g6 — 75

And the 4th term will be 8401b.

Alfo 1c0 840 ——— 1,833333
Then the 4th term will be 15 /.

84. and fo much will the fugar come

tCe !
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QuesT. XIV. A clothier fold 50
pieces of kerfey, each piece containing
34 ells Flemifh, at the rate of 8s.

4d. /per ell Englifp : What did the
whole come to? .
Anfwer 425 £.

Quest. XVI. Abroker fold 3 of }
of a fhip for 14726. 115, 3d.: How
much was the whole fbip valued at 2

Now % of =% X3=35 =+ byart. 38.
For 2 X3=06, a new numerator.

And § X4=20, a new denominator.
Alfo 147 £. 115 3d.=147,5625. art.

40
thare fhare /o
Then o,3 1 147,5625 art. 46.

Anfwer 491 £. 175, 64.

Quest. XVIIL. One has cloth
which coft 2.5. 84. a yard : For how
much muft it be fold a yard on 3
months credit, to gain 25 £. per cent.
per annum ?

mon. mon. [, /Lo
Firlt 12 — 3 — 25 — 6,25

Secondly 10'0—6,_'25 0,133‘333
By multiplying and dividing, the 4th
term will be found 24.

| Then 2s5. 84.424.=25. 104, a yard,

the felling price.

Quest. XX. A chapman bought
81 kerfeys for 135£. : How muft be
[ell them per piece to gain 15[, per
cent @

Find how much 135/. will be
advanced to, at 15 /. per cent.

Then this fum divided by 81 will
be the felling price of each piece,

£ £ £-

Now 100 — 115 == 135 — 155,25
Then 81) 155,25 (1,916666 £-

Anfwer 1 £, 18y, 4d. a-piecc.

Quest,
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Quest. XXI, A merchant who
is to recerve a fumof money, is offered
ducats at 6s. 4d. which are worth but
6s. 21d. or cheguins at 8s. 2d. each,
that are worth but 8s: By which fpecie
will be fuflain the leaft lofs ?

Gs. 22d. =74,
8s. 0 4.==36
6s. 4 d.==76
8s.2 d.=9g8

54. } the real value.
}thc advan. val.

r.val. ad. val. ad.val.
96——76 97,93

r.val,
Then 74,5

But the chequins are- valued at 98 4.
Therefore the ducats are moft advan-
tageous.

Quest. XXIII. Aperfon wants
750 pz':cnly' foreign coiny each worth
115. 4d. How murch will they come to,
allowing the broker the worth of 2
pieces upon every 1008

Now 100 =——102 —— 750 765.
He muft pay for 765 pieces, which
will come to 433 £. 104,

Quest. XXV. A grocer bought
4% C. of pepper for 15f. 17s. 4d.
which proving to be damaged, he is
willing to lofe 1214, per cent.  For
hew inuch muft he fell it a lb, 7

Since he is to lofe 121 per cent. he
muft take 87/, 105, for 100f,. Now
diminith the 15/, 175, 4d. in this
proportion, and this fum divided by
the pounds in 45 C. will give ;4. for
what each pound is to be fold at,

ARITHMETICK.
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Quest. XXIL. One who had fold
a parcel of cloths at 25. 10d. a yard on
3 months credit, found be had gained

25£. per cent. per annum : IWhat did
the cloth coft per yard 2

mo. /. mo.' /o

Now 12 2§=——3——005,25
And 1004-6,25=106,25 [.
0w

Then 106,.25—100-—0,141.66

The foarth term to which will be a
frattion, the value of which will be
25, 84. which is the prime colt per
yard of the cloth,

Quest. XXIV. A gentlean
would exchange 729 pieces of 4s. 2d.
each into_flerling money: How much
will he receive for them, allowing the
broker 15[, per cent.?

BRE? L. /5o
Now 1-—729—0,208333—151,875
the worth of the pieces.
Then1o1,25—10c—151,875=150 .
He will receive 150/ . for them.

Quest. XXVI. Suppofe 42 gal-
lons of honey be walued at 2. and the
duty is 15£.. per cent. cn this value,
and a drawback of 5L. per cent. on
the duty for prompt payment : What
will the ready money duty of 672 gal-
I3ns come to #

Now 42G.:672G.:: 2f£.: 32[.
And 100f.: 15£. 12 32£.:4,8/.
Alfo 1cof.: 95L.:% 4,84t 4,50/

Anfwer 4f. 115, 2}d.

T'he Rule of Proportion is of almoft univerfal ufe in all bufinefs where
computation is required ; as in buying and felling, values of ftocks and
ther dividends; the intereft and difcount of money ; the cuftoms and
dutizs on goods, &e.  But the defigned brevity of this book will not per~

mit farther Uluftrations,

SEC.
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SECTION VIII. OF THE PO'WERS OF NUMBERS
AND OF. THEIR ROOTS.

49. The POWER of @ number, is a produtt arzjing by zzmltr:pl]ing
that number by itfelf, the produft by the fame number, this produtt
by the jalm'ﬂ number again, &c. to any number of multiplications.

50. The élvcn number is called the firft power or root.
The Produ& of the 1ft power by itfelf, is the fecond power, or fquare.
The Produét of the 2d power by the Iﬂ is the 3d power, or cube.
The Produ& of the 3d power by the Iﬂ' is the 4th power, &c.
51. Here follow the 1ft, 2d, and 3d powers of the nine digits.
Roots, or iftpower 1 2 3 4 5 6 4 8 9
Squares, or zd power 1 4 9 16 25 36 49 64 81
Cubes, or 3d power 1 8 27 64 125 216 343 51z 729

Ex. 1. What is the 2d power, or| Ex. 11, What is tbe 3d power, or

[quare of the number 24 2 cube of 3872
Now 38 X 38=1444 the 2d power.
24 X 243576 is the 2d power. Then 1444 X 38=54872 the 3d power.

The figure, or number, fhewing the name of any power, is called the
index of that power.
Thus 1 is the index of the firft pover: 2 is the index of the 2d power ;
3 of the third power, &c.  Alfo 1 is the index of the {quare root ; %, the
index of the cube root, &c.
52. Any number may be confidered as a power of fome other number,
Thus 64 may be taken as the 2d power of 8, and the third power of
5 &0
g 53. The root of a given number, confidered as a power, is a number
which being raifed to the index of that power, will either be equal to the
given number, or approach very near to it.

54. To extraét the Square Root of a given number.

Rure 1ft. Begin at the unit’s place, put a point over it, and alfo over
every next figure but one, reckoning to the left for integers, and to the
right for fractions ; and there will be as many integer places in the root,
as there are points over the integers in the given number.

The figure under a point, with its left-hand place, is called a period.

2d. Under the left-hand period write the greateft fquare contained in it,
and fet the root thereof in the Quotient; fubtract the fquare, and to thc
remainder bring down the next period, as in Divifion.

3d. On the left of this Remainder write the double of the Root or
Quotient for a Divifor ; feek how often this may be had in the Remainder,
except the right-hand place; write what arifeth both in the Root, and on
the right of the Divifor.

- 4th. Multiply this increafed Divifor by the laft Quotient-figure’; fub-
traét, and to the Remainder bring down the next period; double the
Root fora Divifor, and proceed as before.

55. Fra&ional places will arife in the Root, by annexing to the Re-

mainders, periods of two cyphers cach, and renewing the operatian.

D] .E.'(:
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Ex. 1. What is the Square Root of 1444 2

Put a point over the units place 4, and alfo

over the place of 100s.

f Now the number con-
fifts of 2 periods, and will have 2 integer places
in the Root: Then the greateft Square in 14,

1444 (38 Root.
. 9

the left-hand period, is g, and its Root is 3; —
write g under the period, and three in the Root ; 68) 544
now g from 14 leaves §, to which annex the 544

next period 44 ; the Root 3 doubled makes 6,

which in 54 is contained 8 times, annex 8 to the 3 in the Quotient, and

to the Divifor 6, makes the Root 38

and the Divifor 68 ; then B times 68

is 544 ; and there remaining o, on fubtralion, it may be concluded,

that 38 is the true Root.

Ex. II. WWhat is the Square Root
of 363729612

353;256; (6031 Root.
36

1203) 3729
3609

—_—

12061) 12061
12061

Ex. IV. What is the Square Root
of 24681024 7
Anfwer 4968.

Ex. VL. What is the Square Rot
of 763958202

76395820 (8740,47¢02
64

167 ) 1239
1169

1744) 7058
6976
174804 ) 8220c0
699216
1748087 ) 122784c0
12236609
174809402 ) 417910002
349018304

63291196

Ex. II1. 7What is the Square Root
of 1,069 7,
;,oéog; ( 1,03 Root.
1

203 ) 0609
6og

—

Ex. V. What is the Square Root
of 911236798,794365 ?
Anfwer 30186,699, &e.
g.l 1.2;6798,794366 ( 30186,6
6o1) 1123
6028 ) 52267
60366 ) 404398
603726 ) 4220279
97923
’ &e.

Here the produés are omitted, the
multiplication and fubtraction being
made in the mind.

In the VIth Example, after all the
periods given were brought down,
there remained 8220, to which a pe-
riod of two cyphers was annexed, and
the opcration renewed, wnd con-
tinued until 4 decimal places were
obtained in the Root; every period

brought down giving one place.
¢ : 56, 7o
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56. To extralt the Cube Root of a given Number.

Rurk 1ft. Over the unit place of the given number put a point, and
alfo over every third figure from the unit place, to the left for integers,
and to the right for frattions; and the root will have as many integer
places, as there are points, or periods, in the integral part of the given
number.

2d. Under the left hand period, write the greateft Cube it contains,
the root of which fet in the Quotient: Subtrat the Cube from the pe-
riod, and to the Remainder annex the remaining periods ; call this the
Refolvend.

3d. To the Quotient annex as many cyphers as there were periods
remaining ; call this the Root. ’

4th. Divide the Refolvend by the Root, add the Quotient to thrice the
Square of the Root, let the Sum be a Divifor to the Refolvend, and the
Quotient-figures annexed to the right of the firft Root, without the cy-
phers, will be the Cube Root {ought.

sth. If the fecond figure of the Root be 1, or o; then generally 3 or
4 figures of the Root will be obtained at the firft operation : But if the
fecond figure exceeds 2, it will be beft to find only two places at firft.

6th. To renew the operation ; fubtra& the Cube of the figures found
in the Root from the given number; then form a Divifor, and divide
as directed in the fourth precept; and this will give the Root true to §
or fix places: For each operation commonly triples the figures found in
the laft Root.

Ex. I. #What is the Cube Root of 9800344 ?

Put a point over the unit place 4, L.
another over the place of tho.u(ands, 9800344(2
and another over that of millions ; 8
and becaufe there are 3 points, there —_——
will be 3 places in the Root. Under z,00) 18003,44 Refolvend.
the left hand period g, write 8, the e ]
greateft Cube in it, and its Root 2 goor = Quotient.
write in the Quotient, then fubtra&t- 1z0000=thrice the Sq. of the R,
ing, the Refolvend is1800344 : Now
becaufe there are two periods remain-

129001 )1800344(14

ing, therefore two cyphers annexed 12900t

to the Root 2, make it 200, by which 510344 N
dividing the Refolvend, the Quo- 516004

tient is goor; alfo the fquare of 200

Is 40000, the triple thereof 120000 The Root is 214.

being added to goor, makes 129001 -

for a Divifor, by which dividing 1800344, the Quotient is 14 ncarly, and
is taken as 14, becaufe it is much nearer to it than to 13; now 14 being
annexed to the former Root 2, makes 214, the Root fought,

For 214 X214 X214=9800344.

Ex. 11,
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Ex. II. #Phat is the Cube Root of 518749442875 %

518749442875(8
N 512
8,000) 6749442,875

843680
192000000

192843680( 6749442875 (o35
578531040

964132475
964218400

In this example, becaufe 3 periods were remaining, and confequently 3
places more to be found ; therefore in the laft divifion a point is put over the
3d place from the right hand, and the Divifor is firft to be tried in the Di-
vidend as far as this point, in which as it cannot be taken, 0 is put in the
Quotient, &¢. here the laft figure 5 is too much, but it is much nearer to 5
than to 4; then 035 annexed to the firft Root 8, makes 8035 for the Root.

Ex. III. 77hat is the Cube Root of 114604290,028 #

1 14604290,028 48
64 48
s 6 e
4,00) 50604290 384
126510 192
480000 —
2304
606510) 50604290 (8 48
Here 480 is taken for the Root at the firft operation. 18432
9216
Then 114604290,028(48 _—
110592 110592
480) 4012290  The work of the Divifion is fuppofed to be done
— on a wafte paper.
8358,9 the Quotient.
691200 == triple the Square of 480, wiZ. 230400 X 3.

Divifor 699558,9) 4012290,028 (5736
Tt 34977945
2———- To 480 the firflt Root
5144955  Add 5,736
4896912 —
—————  Sum 485,736
248043
209807
35176
57. Here, inftead of bringing down the figures of the Dividend to the
Remainders, the Divifor is leflened cach time, by pointing off a place on
the right ; but regard is to be had to the carriage which will arife from
the places thus omitted.
5 SEC-
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SECTION IX. OF NUMERAL SERIES.

58. A rank of three or more numbers that increafe or decreafe
by an uniform progreffion, is called a Numeral Seriés.

59. If the Progreflion is made by equal differences, that is by the con-
ftant addition or fubtra&tion of the fame number; the feries is called an
Arithmetic Progreffion.

3 6 g 12 15 18 21 24 27 & increafing by adding 3,

49 43 37 31 2§ 19 13 7 U e decreafing by fubdulting 6,
are ranks of numbers in Arithmetic Progreffion : And of fuch ranks there -
may be an infinite variety. v

1 2 3 4 5 6 7 8 9o increafing by adding 1,
Thus{

60. If the Progreffion is made by a conftant multiplication or divifion
with the fame number, the feries is called a Geometric Progreffion.

1 2 4 8 16 32 64 & increafing by z,

1 s 25 125 625 3125 15625 ¢ increafing by s,
6561 2187 729 243 81 27 9 3 Uc. decreafing by 3,
16384 4096 1024 256 64 16 4 1 &c. decreafing by 4,
are ranks of numbers in Geometric Progreflion: And of fuch ranks there
may be an infinite variety. '

Thus

“61. The common Multiplier or Divifor is called the ratio.

Thus 2 is the ratio in the 18 rank, 5 inthe 2d rank, 3 is the ratio in the
3d ranky and 4 in the 4th rank.

62. Inany feries of terms in Arithmetic Progreflion, the fum of any
two terms, confidered as extremes, is equal to the fum of any two terms
taken as means equally diftant from the extremes.

Thus in 3 terms (where the \ff and 3d are extremes, and the other the mean)
7ig. 6.9 .12, then 6412=9-4-9=18.

And in 4 terms, viz. 13 . 19.25 . 31,

Then 13431 =19+F25=44. o

Alfo in the terms 49« 43 . 37 .31 .25 .19 13 .7 . 1.

Then 49+1=43F7=37+13=31+419=25+F25 =50.

63. Ina feries of terms in Geometric Progreflion, the Product of any
two terms confidered as extremes, is equal to the Produdt of any two in-
termediate equidiftant terms confidered as means.

Thus in 3 terms, wiz. 5.25 .125. Or 3.0 .27,

Then 5 X125=25 X25==625. Aifo 3X27=9X9=81.

And in 4 terms 4.8 .16, 32, .

Them 32 X416 X8=128.

Alfo in theterms 1 . 4 . 16.64 . 256 . 1024 . 4096 . 16184 .

Then 16384 X 124096 X 41024 X 16==256 X 64==1038 1. e
4. In
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64. In any Arithmetic Progreffion, the fum of any two terms leflened
by the firft term; or their difference increafed by the firft term, will be a
term alfo in that progreflion. . )

Tbus in the Progrefon 1+ 3.5 07 - 9- 11« 13 .15 . 174 19 . 21 &,

Then 74 11==18, and 18—1==17 is a term of the Progreflion.

v Alfp 11—7=4, and 4} 1=5 is & term of the Progteflion.

65. In any Geometric Progreflion, the produét of any two terms di-
vided by the-firft term ; ‘or the Quotient of any two terms multiplied by
the firft term, will give a term alfo in that feries.

Thus in tbarProgrQﬁan 3.6, 12 24 .48 .96 . 19z . 384 . 768 e
12 X906
Then

=384; and %Xé:@&‘are terms in the Progreffion..

66. If over a feries of terms in Geometric Progreffion, be written a
feries of terms in Arithmetic Progreflion, the firft term of which is o,
and common difference is 1, term for term ; then any term in the Arith-
metic Series, will fhew how far its correfponding term in the Geometric
Series is diftant from the firft term, - :

Thus {o 1T 2 3 4 5 6 . Arithmetic Series.

1 3 9 27 81 243 729 & Geometric Series.
Here 719 is diftant from the 1ft term, 6 terms; 243 is diftant § terms, &1 is
diftant 4 terms.

67. The terms of the Arithmetical Scries are called indices to the
terms of the Geometric Series.

Thus § is the index to 243 3 3 is the index t0°27 5 1is the index 10 3 3 &e.

68. ProBLEM L. Tn an Arithmetic Progreffion : Given the firff term,
the common difference, and the number of terms.
Required the laft term.

Rure. Subtrad 1 from the number of terms, multiply -the remainder
by the common differcnce ; to the produét add the firft term, and the fum
will be the laft term.

Ex. 1. Suppofe ¥ and g to be the fir, and fecond termsy of an Arithmetic
Progreﬂian of 1074 terms : What is t)y/ellzyi term @

Here g—1=8 is the com. diff. Now 1074—1=1073.
And 1073 x8=8584. Then 8584+ 1=8585=laft term.

Ex. 1. 4 perfon agrees to difcharge a certain debt in a year, by weekly
payments, viz. the ‘Z;r/[ week §s. the 2d week 85, &c. conflantly increafing
cach week by 3s. : How much was the laft payment £

s=1ft. term. Now j52—1= §I.
3==com. diff. And 51 X3=153.
§52=N°of terms. Then1g3+5=158 4. =74, 18 =laft Payment.
69. Prc-
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69. ProBLEM L. In an Arithmetic Progreffion ;

laft term, and the number of terms.
* Regquired the fum of all the terms.

ARITHMETICK.

Book Il
Giuen the firft term,

RuLe. Add the firft and laft terms together, the fum multiplicd by half

the number of terms, gives the fum

Ex. I.  Required the fum of the
fir/l 1000 numbers in their natural
erder. ,

Here 1—=1ft term, 1=com. diff.
10co=N?° of terms, its 3 is goo.
Now 1000+4-1=1001.

Then 1001 X 500=500500 is the fum
required. : :

of all'the terms.

Ex. II. A debt is to be difcharged
in a year by weekly payments equally
inereafing ; the 1/l to be 5s. and the la
74+ 18s. - How much was the debt f
Here 7/. 185 =148s.=laft term.
§2=N° of terms, its £ is 26.

Now 158-4-5=163.
Then 163 X26=4238s.=211/. 184.
is the fum of the terms, or debt.

Ex. 111, Suppofe a bafket and 500 flones were placed in a firaight line, a

yard diftant from one another: Required in whaf time a man could bring them
ane by one to the bafket, allowing him to walk at the rate of 3 miles an bour 2

Between the balket and ftones are goo fpaces, which is the number of terms.

Now 500412501,

Then 501 X250=125250={um of the terms.

But as he goes backwards and forwards, he walks 250500 yards.

Which divided by 1760 (the yards in

1 mile) gives 142,329 miles.

Which at 3 miles an hour, will take 47 h. 26 min. 35 feconds nearly.

70. ProeLEM 111, Ina Geometric Progreffion : Given the firft term, the

ratio and the laft term.
Required the fum of all the terms.

Rure. Multiply the laft term by

the common ratio, from the Produ&

fubtraét the firft term for a Dividend.

~ Subtra&t 1 from the ratio for a Divifor; then divide, and the Quo-
tient will be the fum of all the terms,

Ex. L. Suppofe the firft term of a feries to be 3, the ratio 3, and the laft
term €501 Required the fum of all the terms. ’ '

Now 6561 =laft term. And j=ratio.
Mult. by 3=ratio. Sub. 1
19683=Produ@®. Rem. 2z2=Divifor.
Subtr. 3=firflt term.
- 1068o=Dividend.

Then 2)19680(9840 is the fum of all the terms.

Ex. II. Let ibe:fr
156250 : Required t
Here 2) 10 (5 is the common ratio.
Now 156250 X ;=781250. And 781
Alfo 5=—1=u the Divifor.

term be 2, the fecond term 10, and the luft term
he fum of all the terms.

250—2=781248=Dividend.

Then 4) 781248 (195312 is the fum of all the terms.

71. Pro-
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71. ProsrLem IV. In a Geometric Progreffion: Given the. firft term,
ib{ ratio, and the number of terms.

Required the laf term.

Rurt 1ft. Write down 6 or 7 of the leading terms in the Geometric
Scries, and over them their Indices.

2d. Add together the moft convenient indices to make an index lefs by
unity than the number exprefling the place of the term fought.

3d. Multiply together the terms of the Geometric Serics, belonging to
thofe indices which were added ; make the produét a dividend.

4th. Raife the firft term to a power whofe index is one lefs than the
number of terms multiplied ; make the refult a Divifor to the former DI~
vidend, and the Quotient will be the term fought.

 Ex. 1. What is the 12th teim of a Geometric Series, the firjt term of which
15 3, and fecond term i5 6 ?

6 .
No ? = 2 is the common ratio.

And { o1 2z 3 4 & 6 e, Indices.
3.6.12.24.48.96.192 &¢. Geometric terms,

‘Then 645=r1, is the index to the 1zth term.

And 192 Xg6=18432, is the Dividend.

The number of terms multiplied together is 2 5 and 2-—1 =1, the power
to which the firft term 3 is to be raifed ; but the ficft power of 3 is 3.

18432
Then 3

2= 6144 is the 12th term of the given feries.

Ex. Il. A Perfon being afked to difpofe of a fine horfe, /Zzia' bhe would fell

bim on condition of having onc farthing for the 18 nail'in bis fboes, two Sfar-
things for the 2d nail 5 one penny for the 3d nail'; two pence for the 41 ;
Sowr pence for the 5th s 8 pence for the 6thy &c. 5 doubling the price of every
zail 1o 32, the number of nails in the four fhoes : Hotw much would that
borfe be fold for at that rate ?

Here the firft term is 1, the ratio 2, and the number of terms 32.
Firft, T'o find the laft term.

Now { o1 2z 3 4 5 6 7 8 &c. Indices.
1.2.4.8.16.32.04.123. 256 8¢ Geometric terms,
And 31 is the index to the 32d term.
Then 848=16; 1643245 24+7=231.
The 1t term being 1, any power thereof is 1; fo the ath article of the
rele is ufelefs in this queftion.
Now 256 X 256=65;36 is the 17th term.
653536 X250=16777216 is the z;5th term.
16777219 X 1282147483648 is the 32d term.
Then 2147435648 4| 4204067295
z 121073741623 § A1
4294907296 Rl Tt
—1 the ift term. |20 89478445 - 34
41732024 - § 5.

—_—
2—1=1) 4:9450-29; the fum of the

terms: or the prce, in farthings, of Anfwer 4473924 - 55, 334,
the horfc. :

Veu. L. D SET-
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SECTION X. OF LOGARITHMS.

72. LOGARITHMS are a _/crze: of numbers fo contrived, that
by them the wark of multiplication may. be performed by addition ;
and the operation of divifion may be done by fubtrattion.

73. Or, Logarithms are the Indxccs to a feries of numbers in Geome-
trical Progreffion.

{o 1z 3 4 5 6 &Jc. Indices’or Logarithms.
‘1T 2 4 8 16 B 64 c. Geometric Progreflion.
Thus or{ o1 2 3 ) 5 &Jc. Indices or Logarithms.
=T e g inle ) 81 243 &e. Geometric Series.

or S o1 2 3 4 5 &e. Indices or Logarithms.

1 10 1€0 1050 10c0> 100000 &Fc. Geometric Series.
Where the fame Indices {erve equally for any Geometric Series.

74. Hence it is evident, there may be as many kinds of Indices or Lo-
garithms, as there can be taken kinds of Geometric Series.

But the Logarithms moft convenient for common ufes, are thofe adapted
to a' Geometric Series increafing ina tenfold Progreffion, as in the laft of
the examples above.

75. In the Geometric Series 1.10.100.1000. &¢. between the
terms I and 10, if the numbers 2.3 .4.5.6.7.8.9 were interpofed,
to them might Indices be alfo adapted in an Arithmetic Progreflion, fuited
to the terms interpofed between 1 and 10, confidered as a Geometric Pro-
greflion: Alfo proper Indices may be found to all the numbers that can
be interpofed between any two terms of the Geometric Series.

But it is evident that all the Indices to the numbers under 10 muft be
lefs than 1; thatis, are fraétions: Thofe to the numbers between 10 and
100 muft fall between 1 and 2 ; that is, are mixed numbers confifting of
1 and fome fraction : And fo the Indices to the numbers between 100 and
1000 will fall between 2 and 3; that is, are mixed numbers confifting of
two and fome fraction: And fo of the other Indices.

76. Hercafter, the integral part only of thefe Indices will be called the
Index; and the fractional part will be called the Logarithm: And the
computing of thofe fractional parts is called the making of Logarithms ;
the moft troublefome part of this work is to make the Logarithms of the
prime numbers ; that is, of fuch numbers which cannot be divided by any
other number than by itfelf and unity.

ke T find the Logarithms of prime numbers.

Rure 1ft. Let the fum of the propofed number and its next lefs num-
ber be called A.
2d. Divide ¢,868588963 * by A, referve the Quotient,

* The number 0,868588963 is the Quotient of 2z divided by 2,302585093,
which is the Logarithm of 10, according to the firft form of the Lord Negier,
who was the inventor of Logarithms. The manner by which Nepier's Log. of
10 is found, may be feen in many books of Algebra ; but is here omitted, be-
caufe this treatife does not contain the elements of that fcience: However,
thofe who have not opportunity to enter thoroughly into this fubje&, had
better grant the truth of one number, and thereby be enabled to try the accy-
racy of any Logarithm in the tables, than to reccive thofe tables as truly
computed, without any means of examining the certainty thercof.

2 3d. Divide
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3d. Divide -the referved Quotient by the Square-of. A, referve this
Quotient. .

4tb. Divide the- laft referved Quotient by the Square of A, referving
the Quotient ; and thus proceed as long as divifion can be made, °

sth. ‘Write the referved Quotients orderly under one another, the firft
being uppermoft.

6th. Divide thefe Quotients refpetively by the odd numbers 1.3 . 5.
7. 9. 11, &%, thatis, divide the firft referved Quotient by 1, the 2d by 3,
the 3d by 5, the 4th by 7, &c. let thefe Quotients be written orderly un-
der one z2nother, add them together, and their fum will be a Logarithm,

7th. To this Logarithm, add the Logarithin of the next les number,
and the fum will be the Logarithm of the number propofed.

Ex. 1. Required the Logarithm of the number 2.

Here the next lefs number is 1, and 2-~1=3=A.
And the Squarc of A is g. Then; i i

0,868588963 : ,23952G654
————— =,289529654.  An —,—’—i- =,289526654
) 8 6 ,03216¢9962
(_)__2_2592_9_5_42)032159952, & ~-"‘-——39—9_."_",010723321
0.0321699562 - »CC3574440
3—999——:,003574440. & -—3—;—i~:,ooo7x4888
0,00 40 ,000397 160
_ﬁzﬂ_.:,oco;g;xéo. & ——3%-—:,000056737
. 6 ‘ )
M:,cooo4+lzg, & w:,coooo4903
9 9
,00004412 ;0200040
0——074’4—-2 —,o000c4g903. & —Td'g—-}- =,00000044§
©0,000004903 ,O000005 45
———9—-- =,cocco0545. & —1—3———- ==,000000042
0,0000005% 4% ,000000260
~———————— =,o00co0c0b0. & ————————— I=,000000004
9 15}
To this Log. 0,3010299G4
Add the Log. of x:c,oocooooéo

Their fum is the Log. of "z=0,301029994

This procefs needs no other explanation than comparing it with the rule.

That the manner of computing thefe Logarithms may be familiar tc
the Reader, the operations of making {everal of them are here fubjoined,

Pz Ex' IIv
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Ex. IL. Required the Logarithm of the number 3.
Hcre the next lefs numbcr is2; and 342=5=A, whofe Square is 2§

©0,868588q63

: =,173717792. And
fhllégélzgfz; 6948712: &
9,??69;:87": « 277948. &
iﬁfﬁz_;z_gfz 11118. &
_‘fﬁ%ﬂ— 445 &
f_’°_°f_:_:b_44_5= 1355

To this Logarithm
Add the Log. of 2

The fum is the Logarithm of 3

1173717792
--——;-.—,——__.,173717792

6948712
-2%—7-—-=,ooz3163_27

277948
-—5—-::,oooossggo

11118

=,000001488

45 )
==,00000C049

18
Tl—:,ooooooooz

— i
0,176091258
0,301029994

———

0,477121252

=8. Since the Logarithms are the Indices of numbers confidered in a
Geometnc Progreflion ; therefore the fums, or differences of thefe Indices,
will be Indices or Locanthms belonging to the Preduéts, or Quotients,
of fuch terms in the Geometric Progreﬁion as corrcfpond to thofe Lo-
garithms which were added or fubtracted (71).

Ex. HI. Required the Log. of 4.

Nowg=zX2z.
Then to the Log. of 2
Add the Log. of 2

0,301029994
0,301029994

Sum is the Log. of 4 ©,602059988

Ex. V. Required the Log. of 10.
In the original Series, 1 is aflumed
for the Logarithm of 10.

Ex. VIL. Required the Log. of 8.

Now §=2xX2Xa2.
Therefore the Log. of z taken thrice
gives the Log. of the number 8

‘The Log. of 2 is 0,301029504
‘Which multiplied by

w

Gives the Log. of 8 0,903089982

Ex. IV. Required the Log. of 6.
Now 3 x2=6.
Then to the Log. of 3 0,477121252
Add the Log. of 2 0,301029994

Sum is the Log. of 6 0,778151246

Ex. V1. Required the Log. of 5.
Now 10 divided by 2z gives 5.
Then from Log. of 10 1,000c000c0O
Take Log. of 2 0,301029994

Leaves the Log. of 5 0,698970006

Ex. VIII. Required the Log. of q.
Now 9g=3 X 3.
Therefore the Log. of 3 doubled gives
the Log. of g
The Log. of3 is
Which multiplied by

0,477121252
2

e o e m——

6

Gives the Log. of 9 ©0,954242504
Bx, 1X;
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Ex, 1X. Required the Logarithm of 7.

Hereg is the.next léfs.- ‘Then 7—[;5:13:1&; and 16g==Square of A.

a6 ., 10668145136
_0;536_85_53_2_3___1_:,0668!4336. And N —,066814536
13 o 1
0.066814536 395352
—_— = 305352, & 2335 = 131784
169 3
o_~,00039;3‘_53= 2339. & 2339 . 468 -y
169 5
0,000002339__ e & 14_ 2
169 7
To this Logarithm 0,c66946790
Add the Logarithm of 6 ©0,778151246

The fum is the Logarithm of 7 0,84507036
The Log. of 12 is equal to the fum of the Logs. of 3 & 4, or of 2 & 6.
The Log. of 14 is equal to the fum of the Logs. of 7 & z.

of 15 of 3&g.

of 16 of 4 & 4, orof 8 & 2.
of 18 of 3 & 6,0rof ¢ & 2.
of 20 of 4 & 5, 0orof 10 & 2.

79- The Logs. of the prime numbers 11, 13, 17, 19, are to be found
as in the examples I, II. 1X. and in likc manner is the Log. of any other
prime number to be found ; but it may be obferved, that the operation is
thorter in the larger prime numbers ; for any number exceeding 400, the
firft Quotient added to the Logarithm of its next lefler number, will give
the Logarithm fought, true to 8 or g places ; and therefore it will be very
eafy to examine any fufpe&ted Logarithm in the tables,

80, The manner of difpofing the Logarithms, when made, into tables,
is various : But in this treatife they are ordered as follows.

Any number under 100, or not exceeding two places, and its Logarithm,
are found in the firft page of the table, where they are placed in adjoining
columns ; and diftinguithed by the title Num. for the comman numbers ;
and by Leg. for the Logarithms.

Thefe tables are at the end of Book 1X,

A number of three or four places being given, its Logarithm is thus

ound.
. Seek for a page in which the given number fhall be contained between
the two numbers marked at the top, annexed to the letter N : Then
right againft the three firft figures of the given number, found in the
column figned Num, and in the column figned by the fourth, flands the
Logarithm belonging to that number of four places.
If the number confifted of 3 places only; then thefe places found as

}‘wfore dirc¢ted, the Logarithm ftnads againfl them in the columnt
figned o,

D3 Thus,
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Thus, to find the Logarithr of 57385 Seek for a page in which ftands
at top N° 5200 to 5800 ; then’in the column figned N° find 573, right

againft which in the column figned 8-at' top or bottom ftands, 75876,
which is the Logarithm.to_5738, exclufive of its Index, .~ '~ "'

81. A Logarithm being given, its number s thus frund.

Scck for a page in which the three firft figures of the given Logarithm
are found at top anncxed to the letter L then in one of the columns
figned with the figures o, 1, 2, 3, 4, 5, 6, 7, §, 9, find a number the
neareft to the given Logarithm; againft this number in the column
figned No, ftand three figures; to the right of thefe annex the figure
with which the column was figned at top or bottom, and this will be
;ht; number correfponding to the given Logarithm, not regarding the

ndex. :

82. All numbers confifting of the fame figures, whether they be inte-
gral, fractional, or mixed, have the fra&ional parts of their Logarithms
the fame.

If the following examples be well attended to, there will be no difficulty
in finding the Logarithm to a propofed number, or the number to a pro-
pofed Logarithm, within the limits of the table of Logarithms here ufed.

Num. Logarithms. | Logarithms. Numbers.
5874 3,76893 ©0,37295 2,360
587:4 2,70893 1,28631 19,33
58,74 1,76393 2,51947 3307
5874 | 976893 3575062 5632,
©,5874 | 1,76893 3,18397 0,001527
0,05874 | 2,76893 2,43020 0,02693
0,c05874 1 3,76893 1,85962 0.7238

- €3. A general rule to find the Index to the Log. of a given number.

“To the left of the Logarithm, wiite that figure (or figures) which ex-
preffes the diflance from unity, of the bighefl-place digit in the given num-
bery reckoning tle unit’s plice ©, the next place 1, the next place 2, the next
place 3, &c.

When there are integers in the given number, the Index is always
affirmative ; but when there are no integers, the Index is negative, and is
to be'marked by a littic line drawn above it: thus z.

" Thus a number having I.2.3.4.5&ec integer places.

T'he index of its Logarithmisc. 1.2.3. 4. &%¢.

And a fraction-having a digit in the place of Primes, Scconds, Thirds,
Fourths, &¢. ; S

Then the Index of its Logarithms will be 1 . 2. 3. 4 &c.

By the above rule, the place of the fradtional comma, or mark of
diftinCtion, in the number anfwering to a given Logarithm, will be
always known.

84. The more places the Logzarithms confift of, the more accurate, in
general, will be the refult of znv operation performed with them : But
for the purpofes of Navigation, as five places, exclufive of the Index, arc
fufficient, therefore the logarithmiz tables in this treatifc are not extended

any farther.
85. MU L-
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8s. MULTIPLICATION BY LOGARITHMS;
Or, Two or more numbers being given, to find their Prodult by

Logarithms.

RuLe. Add together the Logarithms of the Fa&ors, and the fum is a
Logarithm, the correfponding number of which is the Produé required.
Obferving to add what is carried from the Logarithm to the fum of the

affirmative Indices.

And that the difference between the affirmative and negative Indices
are to be taken for the Index to the Logarithm of the Produé.

Ex. 1. Multiply 86,25 by 6,48.
86,25 its Log. is  1,93576
6,48 its Log. is  0,81157

Produ 558,9 2,74733

Ex. II1. Multiply 3,768 by 2,053
and by 0,007693.

3,768 its Log. is  0,57611
2,033 0531234
0,007693 3,88610
Produ&t 0,05931 277460

The 1 carried from the left hand
column of the Logs, being affirm-
ative, reduces 3 to 2.

86. DIVISION BY

Ex. IL. Multiply 46,75 by 0,3275.
46,75 its Log. is  1,60978
0,35275 its Log. is 1,51521

Produét 15,31 1,18499

Ex. IV. Multiply 27,63 by 1,859
and by 0,72.58 and by 0,03591.

27,63 its Log. is  1,44138
1,859 0,26928
0,7258 1,86082
0,03551 2555521

Produ& 1,339 "0.12669

Here 2 being carried to the In.
dex 1, makes 3; which takes off

the 7 and Z,

LOGARITHMS.

Or, Two numbers being given, to find bow often the one will

contain the other, by Logarithms.
Rure. From the Log. of the Dividend, fubtraét the Log. of the Divifor ;
then the number agrecing to the Remainder, will be the Quotient required.
But obferve to change the Index of the Divifor from negative to affir-
mative, or from affirmative to negative : And then let the difference of the
affirm. and neg. Indices be taken for the Index to the Log. of the Quotient.
When an unit is borrowed in the left-hand place of the Logarithm, add
it to the Index of the Divifor, if affirmative ; but fubtradt it if negative ;

and let the Index arifing be changed and worked with as before.

Ex. 1. Divide 558,9 by 6,48.
Log. of Divid. 558,9 is 2,74733
Log. of Divifor 6,48 1is 0,81157

The Quotient is 86,2;

Ex.I11. Divide0,05951 £y0,007693.
Log. of Divid. ©,05951 is 2,77459
Log. of Divifor 0,007633 is 3,83610

The Quoticent is 7,733 0,88849

1,93576

Ex. 1. Divide 15,31 by 46,75.

Log. of Divid. 15,31 is 1,18497
Log. of Divifor 46,75 is 1,66678
The Quotient is 0,3275 T,51519

Ex. IV. Divide 0,6651 by 22,5,

| Log. of Divid. o,0651 is 1,82289
I Log. of Divifor 22,5 is  1,35218

The Quaticent is 0,02936 ;,47071
D4 8-, O
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OF PROPORTION.

17 State the terms of the queftion (by 46) and let them be written

o v under one another, prefixing to the firft term the word 45, to the
- .. 0y to the third 8o, and under them fet the word To. )
2d. Againft the firft term, write the arithmetical complement of its

Logarithm. Sec Art. 88.

3d. Againt the fecond and third terms, write their Logarithms.

4th, The fum of thofe threc Logarithms, abating 10 in the Index, will
be tie Logarithm of the 4th term ; which fought in the tables, the num-
ber anfwering to it is the anfwer or term fought.

88. The arithmetical complement of a Logarithm is thus found. Be-
ginning at the Index, write down what each figure wants of g, cxcept the
laft, or right-hand figure, which take from 10.

But if the Index is negative, add it to g ; and proceed with the reft as

before.

Ex. I. Find a fourth proportional
number £ 98,45 and 1,069 and 347,2
As 98,45 its * Ar. Co. Log. 8,00678

To 1,969 0,29425%
So 347,2 2,54048
To 6,944 0,84161

Ex. L. ZWhat will a gunner's
pay amcunt to i a year at 2/d 125.
6d. a month of 28 days ?

As 28 daysits Ar. Co. Log. 8,55284
To 365 days 2,56229
80 2/. 125 6d.=2,625/[. 0,41913

To 344. 45. §5d.=34,22£. 1,53426

s e

Ex. V. WWhat number will have

the fame proportion to 0,8538 as

©,3275 has to 0,0131 ¢

As o,0131its Ar, Co, Log. 11,83273
10 Chei )3 1,31521
So 0,8533 1,63136

“To 21,35

1,32330

——

Ex. 1. Find a third proportional
number t2 9,642 and 4,821.
As 9,642 its Ar. Co. Log. o9,01583

To 4,821 0,6%314
So 4,821 0,68314

L e
To 2,411 0,38211

Ex. IV. If } of a yard of cloth
coff % of a guinea: How many lls
Euglifh for 3£ 105.¢

As % Guin.=14s. Ar. Co. 8,85337

To 3/£.105.=70s. 1.84510
So iell =o0,6 1,77813
To 3 ells 0,47712

Ex. V1. How many yards of fhal-
leon of 3 ell wide will be ensugh ts
line a coat containing 3% ells of 1%
yards wide ?

| As ,}; %3 yd. w.=0,9375 10,02803
iTo o yd. w.=1,73 0,24304
lSo 33X ydo L=4,375 0,64008
'To 8% yd. long=8,167 0,9120§

- [ where w. ftands for wide, 1. for long.

¥ Ar, Co, Log. ftands for :lc Srithmetical Complement of the Logarithm.

OF
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OF POWERS AND THEIR ROOTS.
89. A number being given, to find any propofed power of tbat\

Number.

Rure 1ft. Seek the Logarithm of the given number.
2d. Multiply this Logarithm by the Index of the propofed power.
3d. Find the number correfponding to the Product, and it will be the

power required.

90. In multiplying a Logarithm having-a negative Index, the Produ&

of that Index is negative.

But the carriage from the Logarithm is affirmative.
Therefore the difference will be the Index of the Produét.
And is to be of the fame Rind with the greater, or that which was

made the minuend.

Ex. L. WWhat is the fecond power
of the number 3,874 7

To 3,874 its Log. is 0,58816
The Index is 2
The power fought is 15,01 1,17632

Ex: III. Phat is the 12th power
of the number 1,539 #

1,539 its Log. is  0,18724

The Index is 12

The power fought is 176.6  2,24688

In the IVth Ex. the Index of the Produét being 109, thews

Ex. II. What is the 3d power of
the number 2,768 2

The N° 2,768 its Log. is  ©,44217
The Index is 3
The power fought is 21,21 1,32651

Ex.IV. What is the 365th power
of the number 2. 2

2 Its Log. is

0,3010
The Index is :

365
15051§
180618

90309

that the required power will confift of 110 integer places ; of ~—————
which no more than 4 places are found in thefe tables ; there- 109.87595
fore the number fought may be thus exprelled, 7515 [7e6]: —

That is, 7515 with 106 cyphers annexed,

Ex. V. What is the 2d power of
the number 0,2857 ¢

To 0,28257, its Log. is 1,45591
The Index of 2d power 2
The power 0,08162 z,91182

Here, there being no carriage
fiom the Product of the Log. the
whole Product of the negative In-
dex 1s negative, viz 3,

Ex. VI. 77hat is the 3d power o
the number 0,7916 2 4 S

Too0,7916, its Log. is 7,8985r
The Index of 3d power 3
The power is 0,4951 1,69553

Here the carriage from the Pro-
duét of the Log. is 2; then the
Produ& of the negative Index 7,
viz. 3, being leflened by 2, leaves

1, the Index of the Produtt.

gt. A4
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91.

ARITHMETICK,
A number being given, to find any propofed Root of it.

Book 1.

RuLEe 1ft. Seek the Logarithm of the given number.
2d. Divide this Logarithm by the denominator of the Index of the

propofed root.
d. The number correfponding to
Vhen the Index to the Logarithm
than the Divifor, or Denominator of

the Quotient will-be the root.
to be divided is negative, and lefs
the root. T'hen

Increafe the negative Index by as many units, borrowed, as fhall be
equal to the Divifor, and the Quotient will give 7 for the Index.

Carry the units borrowed as tens t

o the left-hand place of the Loga-

rithm, and then divide that Logarithm as in whole numbers.

Ex. 1. What is the Square Root of|
the number 1501 2

2)3,17638

———

1,58819

Root fought is 38,74

Ex. III. What is the Root, of
which 170,6 is the 12th power ?

12)2,24699

0,18725

Root fought is 1,539

Ex. V. What is the Squaré Root
of the number 0,08162 2

Log. of*0,08162, div. by 2)2,91180

1,45590

Gives Root 0,2857 to

Here the Divifor 2 can be taken
in the Index %, and gives for the
Quotient 7.

END or

Ex. Il. What is the Cube Root of

the numbeyr 2121 €

3)3,32654

Root fought 12,85 1,10885

Ex. IV. What is the Root, of
which 2 is the 305th power ?

365)0,30103

Root fought is 1,002 0,00082

Ex. VI. What is the Cube Root
of the number 0,496 2

Log. of 0,496 div. by 3)1,69548

—_—

Gives Root 0,7916 to 1.89849

Here the Divifor 3 cannot be
taken in the Index 7; then 7 bor-
rowed makes with 3, 3; in which
the Divifor 3 will go 7: the 2 bor-
rowed carried to the 0, &¢c. makes

269548, which divided by 3, gives
89849.

BOOK I.



NAVIGATION

BOOK IL
OF GEOMETRY.

SECTION I.
Definitions and Principles.

1. EOMETRY is a fcience which treats of the defcriptions,
propertics and relations of magnitudes in general : Or of fuch
things where length, or where length and breadth, or length, breadth, and

thicknefs, are confidered.

2. A Point is that which is without parts or dimenfions.
A\

3. A LixEe is length without breadth : It is called a
RiguT Line when it is the fhorteft diftance between
two points, as AB: Or a CurvEp LINE when it is
not the fhorteft diftance, as cp.

A line is ufually denoted by two letters, viz. one at each
end, as AB or CD.

4. A SUPERFICIES or SURFACE is that magnitude
which has only length and breadth, and is bounded by
lines : as rG.

5. A Sovrip is that magnitude which has length,
bread.h and thicknefs. ‘

6. A FI1GuRre is a bounded fpace, the limits or bounds
of which may be cither lines or furfaces.

7. A Praxe, or a Prane Ficures, is a fuperficies
vzhich lies evenly, or perfeétly flat, between its limits,
and may be bounded by one curve line; but not with
lefs than three right lincs, as A, ¢, ¢, D, or E, &'
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8. A Crrcerr is a2 plain figure, bounded by an uni-
formly curved line, called the Circumference, as AnD,
which is every where equally diftant from one point, as ¢
within the figure called the CENTER.

A :
@B‘
D
9. A Rap1us is a right line drawn from the center A
to the circumference as CA, CD or CE. - 5
E
I B

All the radii of the'fame circle are equal.

30. An Arc is any part of the circumference.
As-the arc ABy or tze arc AD.

11. A CHorp is a right line joining the ends of an arc, as B, and
is faid to fubtend that arc; it divides the circle into two parts, called
SEGMENTS.

12. A DiameTzR is a chord pafling through the center, as pg, and
divides the circle into two equal parts, called SEMICIRCLES.

13. The CircuMFERENCE of every circle is fuppofed to be divided
into 360 equal parts, called DEGREES ; each degree into 60 equal parts,
called MINUTEs ; each minute into 60 equal parts, called SEconps, &r.

14. A PLANE ANGLE, is the inclination of two lines
on the fame plane meeting in 2a point, as ACB.

A right lined angle is formed by two right lines.
The point where the lines meet is called the angular
pointy as C. A

The lines which form the angle are called Zegs,

Thus cA and cB are the legs of the angle ACB.

N

An Angle is ufually marked by three letters, viz. one at
the angular paint, and one at the other end of each leg 5 but
that at the angular point is always to be read the middle
lettery as ACB, or BCA., C

15. The meafure of a right lined angle is an arc,
as BA contained between the legs ¢B, ca, including
the angle, the angular point c being the center of that
arc.

16. A RicaT ANGLE is that, the meafure of which
is a fourth part of the circumference of a circle, or
ninety degrees. T hus the angle ACB is a right angle.

17. A PERPENDICULAR is that right line which
cuts another at right angles; or which makes equal
angles on both fides.  Thus ne s perpendicular to AR,
when the angles DCA and DCB are equal, or are right
angles.

18. An AcuTt ANGLE, as ACB, is that which is lefs \ i
than a right angle pcB. i
19. An Oervse ANGLE, as EFG, is that which is ¢ G

F

/

N

)

greater than a right angle BEFG.
Acute a:d obrufe angles are called OBLIQUE ANGLES.

20, Pa-
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20. PARALLEL LINES, are right lines in the fame
plane, which do not incline to one another, as aBs,
¢D.

21. A TRIANGLE is aplane figure bounded by
three lines.

22. An EqQuiLATeErAL TRIANGLE is that in
which the three lines, or fides, are equal, as a.

23. An IsosceLes TRIANGLE is that which has
only two equal fides, as B or c.

24. A RI1GHT ANGLED TRIANGLE,as ABC, is that
which has one right angle B.

25. An OBTUSE ANGLED TRIANGLE, as DEF, has
one obtufe angle E.

26. An AcUTE ANGLED TRIANGLE, 2s G, hasall
its angles acute.

27. A QUADRANGLE, or QUADRILATERAL, is 2
plane figure bounded by four right lines, or fides.

A Quadrangle is ufually expreffed by letters at the op-
pofite angles.

28. A PARALLELOGRAM is a quadrangle the op-
pofite fides of which are parallel and equal, as p.

29. A RECTANGLE is a parallelogram with right
angles : and 4n which the length is greater than its
breadth, as r. :

30. A SQUARE is a parallelogram having four
equal fides and right angles, as s.

31. A TrRAPEZIUM is a quadrangle the oppofite
fides of which are not parallel, as T.

32. The DiacownAL of a quadrangle, is a line, as
AB, drawn from one angle, to its oppofite angle.

33. The Bask of 2 hgure, is the line it is fup-
pofed to ftand on.

34. The ALtiTupe or HEIGHT of a figure, is the
perpendicular diftance AB, between the bafe and the
vertex, or part mott remote from the bafe,

35. ConGruUoUs FiGUREs, are thofe which agree,
or correfpond, with onc anothery in every refpect.

36. A TANGENT to a circle is a right line, as a®,
touching its circumference, but not cutting ; and the
point ¢, where it touches, is called the point of
contall.

45
:-mn—-—..._;
A . D
C 0

i
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37. An ANGLE, BNC, it a Segment, CADB, js, A
when the angular point is'in ‘the circuniference of the ]
fegment, and the legs including the angle pafs through \ '
the ends 5 and ¢, of the chord of the fegment. - )

Such an angle is faid ta'be in a tircumference ; and'ts - B c

fland on the arc, BC,. included between the legs, AB and
Ac, of the angle. : S e
38. Right lined figures, having more than four fides, are called Poly-
ons ; and have their names from the number of their angles, or fides ; as
thofe of five fides are called Pentagons; of fix fides, Hexagons ; of feven
fides, Heptagons ; of cight fides, Oétagons, &' 2

39. A regular Polygon is 2 figure with equal fides, and equal angies.

40. A figure is faid to be infcribed in a circle, when all ‘the ‘angles of
that figure are in the circumference of the circle.

41. A figure is faid to circumfcribe a circle, when every fide of the
figure is touched by the circumference of the circle. R

42. A Propofition is fomething propofed to be confidered; and requires
either a folution or anfwer, or that fomething be made out, or proved.

A Problem is a iﬁra&ical propofition, in which fométhiug ‘is propofed
to be donc, or effeéted.

A Theorem is a fpeculative propofition, or rule, in which fomething is
affirmed to be true,

A Corollary is fome conclufion gained from a preceding propofition.

A Scholium is a remark on fome propofition; or an exemplification of
the matter which it contains. :

An Axiom is a felf-evident truth, or principle, that every one affents to
upon hearing it propofed.

A Poftulate is a principle, or condition,. requefted ; the fimplicity or
reafonablenefs of which cannot be denied.

In Mathematics, the following Poftulates and Axioms, are fome of the
principal ones that are generally taken for granted.

When a propofition, from fuppofed premifes, afferts fuch and fuch con-
fequences ; and fubjoins, And the contrary : itis to be underftood, that
if the confequences be aflumed as premifes; then what were firft taken as
premifes, would become confequences,

Thus, in Articlegg, it is premifed, that if two parallel right lines are
cut by another right line, there refults this conicquence; The alternate
angles are equal.  And the contrary mecans; that where equal alternate
angles are made by a right line cutting two ¢ther right lines; the right line;
Jo cuty are parallel lines.

Poltulates,
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 Poftulates.

43. L. That a right line may be drawn from any given point to an- |
other given point. ¥

44. II. That a given right line may be continued, or lengthened at
pleafure. .

45. III. That from a given point, and with any radius, a circle may be
defcribed,

Axioms.

46. 1. Things equal to the fame thing, are equal to one another.

47. II. If equal things are added to equal things, the fums or wholes
will be equal,  But if unequals be added, the fums are unequal.

48, III. If equal things are taken from equal things, the remainders,
or differences, are equal: but are unequal, when unequals are taken.

49. IV. Things are equal which are double, triple, quadruple, &’c. or
half; third part, &c. of one and the fame thing, or of equal things.

sc. V. Things which have equal meafures, are equal.  And the con-
trary.

s1. VI, Equal circles have equal radii.

52. VII. Equal arcs in equal circles have equal chords, and are the
meafures of equal angles.  And the contrary.

53. VIII. Parallel right lines have each the fame inclination to a right
line cutting them.

In what follows, it is to be underftood, that right lines (viz. ftraight
lines) are drawn by the edge ofa ftraight ruler: circles or arcs, are deferibed
with one foot of a pair of compafies, the other foot refting on the point
which is taken for the center; and the diftance of the feet, or points, of
the compalfles is taken as the radius: alfo, that the point marked out by a
letter is to be underftood, when the reference is made to that letter,

54. Itis alfo taken for granted, that a line or diftance can be taken be-
tween the compalles, and may be transferred or applied from one place to
another.  Alfo, that one figure can be applied to, or laid wpon another,
or conceived to be fo applied.

In any problem, when a line, angle, or figure is faid to be given; that
line, angle, or figurc muft be made, before any part of the operation is
pertformed,

SEC-
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SECTION II.
Geomervical Problems. b2

55. PROBLEM L

To bifet, or divide into two equal paris, a given line AB,
OperATION. Ift. From the ends A and B *,
with one and the fame radius, greater than half 4
AB, defcribe arcs cutting in ¢ and p. 45
2d. A ruler laid by ¢ and b, gives E, the middle - S
of AB, as required. ‘ J

i

The proof of this operation depends on articles
101, 99.
50, PROBLEM IL

To bifet a given right lined angle avc,

OrperaTION. 1ft. From B, defctibe an arc ac.

2d. From A and c*, with one and the fame radius,
defcribe arcs cutting in D. (45)

3d. A rightline drawn through 8 and o will divide
the angle into two equal parts, as required.

The proof depends on article 101.

57. PROBLEM IIL

From a given point B, in a given right line AF, to draw a right line pera
pendicular to the given line.

Case 1. When B is near the middle of the line.

OprerATION. Ift. On each fide of B, take the R
equal diftances Be, and BE. (54)
2d. On ¢ and £ * defcribe, with one radius,
arcs cutting in D. (45)
3d. A right line drawn through 8 and p will be
the perpendicular required. (43) . L
Lhe proof depends on article 103 A¢ W EF

|
&

D

58. Case II.  When B is aty or near the end of the given line;
OsrerATION. 1. On any convenient point c,
taken at pleafure, with the diftance, or radius cs, Il‘
defcribe an arc DBE, cutting AF in D, B. (45) e |

2d. A ruler laid by pand ¢ will sut this arc in £. D -

3d. A right line drawn through B and £ will = .~ B
be the perpendicular required. AT s

This depends on article 130. e

* That is, firft defcribe an are from one point; then defcribe an arc from
the other point with the fame opening of the compafles,
59. PR O-
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50. -~ PROBLEM IV.

To draw a line perpendicular to a given right line AB, fram a point ¢
without that line. .

Case I. When the point c is nearly appofite to the
middle of the given line. _
OperaTiON. 1ft. On c, with one radius, cut

"AB in D and E. (45) .
2d. On p and E, with one radius, defcribe arcs
cutting in F. (45) ‘:
A ruler laid by ¢ and F gives G ; then draw cG, PN Oy

and that will be the perpendicular required.
This depends on articles 101, 9q.

60. Case II. WWhen c isnearly oppofite to one end of the given line AB.

OreraTioN. 1ft. To any point D in A, draw C
the line cp. (43) <

2d. Bifec the line cp in E. (55) e o

3d. On E, with the radius Ec, cut AB in G. EX
Then cG being drawn, will be the perpendicular t._.s" R
required. D Gl

This depends on article 130. A e B
61. PROBLEM V.

To trifeft, or divide into three equal parts, a right angle ABC.

OreraTion. 1ft. From B, with any radius Ba,
defcribe the arc ac, cutting the legs Ba, Bc, in A, C.

2d. From a, with the radius aB, cut the arc Acin
E, and from c, with the fame radius, cut Ac in D.

3d. Draw BE, BD, and the angle aB¢ will be
divided into three equal parts.

This depends on article 193,

62. PROBLEM VL

Ar a given point D, ta make a right lined angle equal to a given right
lined angle ArC.

OreraTion. ift. From p and B, with one ra-
dius deferibe the arcs kF, and ac, cutting the legs
of the given angle in the points a, c.

2d. Transfer the diffance ac to the arc EF,
from F to k.

3d. Lines drawn from b, through  and r, will
form the angle £pr equal to the angle aEc.

This depends ¢n article 101,

Yor. I. I
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63. P\R O BILIE M) ¥YII.

To draw a line parallel to a-gi-vzju‘ right line AB.
Caste 1. When the parallel line is to pafs through a given point, C.
OreraTION. 1ft. From c, with any convenient

W : ®y . O
radius, defcribe an arc DF, cutting AB in D. 3

2d. Apply the radius ¢cp from b to E; and from ¥
E, with the fame radius, cut the arc pF in F. JE, D

3d. A line drawn through r and ¢ will be pa- & SR

rallel to AB.
This depends on article 101, 95.

64. CAsEIL. Whenthe parallel line is to be at the given diffance ¢ from ap.
OrperaTION. 1ft. From the points A and m, ST e
with the radius c, defcribe arcs b and &,
2d. Lay a ruler to touch the arcs p and £, anda
line drawn in that pofition is the parallel required.
. S eog 3 A b
This operation is mechanical. @,
AP0
65. PROBLEM VI
Upon a given line AB, to make an equilateral trigngle.
OrperaTioN. 1ft. From the points A and s,
with the radius AB, defcribe arcs cutting in c.

2d. Draw ca, cB, and the figure ABC("ESS the
triangle required. (43.)

The truth of this .operation is enident 5 for the
Jfides are radii of equal circles,

66. By a like operation, an Ifofccles triangle
DEF may be conftructed on a given bafe pE, with
the given equal legs DF, EF, either greater, or lefs,
than the bafe bk,

W

<

D i

D e

67. PROBLEM IX.

T7 make a right lined triangle, the fides of which fhall be refpectively equal,
t> thofe of a given triangle ABC, or to three given lings, provided any
Lwe o them taken together are greater than the third.

r1on. 1ft. Draw a line pE equal to the

™ C
fie Ay . : (54)
BE . - . with a radius cqual to Ac, defcribe
Xt , _ , (45) A B
vth a radius equal to Bc, defcribe E
v the former arc in F. (45) N
—R

nd the triangle prE will be /\

D

68. P R OB-
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- 68, PROBRBLEM,X.

Upon a given line AB, to deftribe a Sfquare.
OperaTiON. Ift, Draw Bc perpendicular, and

equal to AB. (s8)
2d. On A and ¢, with the radius AB, defcribe
arcs cutting in p. {45)

3d. Draw pc, pa; and the figure ABCD is the
fquare required.
This depends on articles 101, 104, 95, 30.

69. PROBLEM XI
To deferibe a rectangle whofe length fhall be equal to H 1
a given line £F, and breadth equal to ancther given T
line G. i
OperaTION. 1ft. AtEand F ereét two perpendi- '
culars, EH and F1, each cqual to the given line . W ——Ffp—-—
2d. Draw H1, and the figure EFIH will be the TR
rettangle required.
This depends on articles 29, 101, 104, 95.
79. PROBLEM XIIL
To find the center of a circle.
OperaTIoN. 1ft. Draw any chord ae.
2d. Bifeét ar with the chord cp. (55) Ei=s
3d. Bifet ¢p with the chord EF, and their in-
terlection G will be the center required.
This depends on article 125.

il PR OBLENM XIIL

v

T divide the circumference of a circle inte tws, foury eighty fixtecn,
thirty-two, &c. equal parts.

OrrratioN. 1ft. A diameter aB divides the
circle into two equal parts. (12)

2d. A diameter pg, perpendicular to Ap, divides
the circumference uto four equal parts,

3d. On A, b, B, defcribe arcs cutting in a, &3 &
then by the interfe@ions a, #, and the center, the .7 /t AN
dlameters FC, HI, being drawn, divide the circum- /\_/ P\
ference into cight equal parts ; and fo on by conti- Ty
zinual bireétion,

For at cach operation, the intercepted aves are bifecield, aud the parts doubled,
72 PROBLEM XIV.

To deferibe a circle, the circumference of which fpall pafs through thre:
given points Ay B, C, provided they ds nst lie in ons rigit line.

A

OrrraTion. 1fl. Bifect the diftance ¢n with 4 n -,/{'
the line pe. -(55) Fal SN A

2d. Bife&k the diltance ap with the line Fa.

3d. On n, the interfetion of thefe lincs, with o
t?;c d_if’t:}:v;'? to either of the given points, delenibe 4 /
the circle required. (\/

.]1,.'1 t[x‘ftﬂ.'/;. SH ll"’t.\.’y(’ 128, .
52 73 PRODB-



T GEOMETRY. Book II.

7%= PROBLEM XV.
To draw a tangent to a given circle, that fball pafs through a given point A.

Casel. When A is in the circumference of the circle. B_,

OreraTiON. 1t From the center ¢, draw the
radius CA. (43)

2d. Through a draw BD perpendicular to ca
(58), and Bp is the tangent required.

This depends on article 126.

74. Case I1. WWhen the given point A, is withsut the given circle.

Oreration. 1ft, From the center ¢, draw ca,
which bife& in B. (55)

2d. On B, with the radius BA, cut the given
circumference in D.

3d. Through b, the line AE being drawn, will
be the tangent required.

This depends on articles 130, 126,

e PROBLEM XVL
* To two given right lines A, B, to find a third proportional.

OrerAaTION. It Draw two right lines mak- %
ing any angle, and meeting in a. T o~
2d. In thefe lines, take ab=firft term, and ac,
ad, each equal to the fecond term. @
3d. Draw &d, and through ¢, draw ce parallel 5 Var;
to d; then ae is the third proportional fought, B———
And ab :ac:: ad: ac*. L
This depends cn article 165.
a
€ g
76, PROBLEM XVIi.
To three given right lines A, B, C, to find a fourth proportional.

OreraTiox. 1ft. Draw two right lines mak- i
ing any angle, and mecting in a. c—-ﬁ_’“_.
2d. In thefe lines take ab=Airft term, ac=fe- 65

cond term, and ad=third term.
3d. Draw 4, and parallel to it, through 4,

drow de; then ae is the fourth proportional re- A— € e~

. Beeeo
quired. C—
And ab:ac: : ad: ae. f—"

This depends on article 165,

-

* And is thus read : ab 1s to ac, as ad is to ae.
The charater (1) fanding for is ¢o, and the charaQer (:: ) for as.

77. PROB-
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77, PROBILEM XVIII :
Between two given right lines A, B, 15 find a mean proportional, -
OrperaTiON. Ift. Draw arightline, in which :
take ac=A, ab=B. ;
2. Bifect bcin ¥ (55) ; and on F, with the ra-
dius Fb, defcribe a femicircic bec. e
3d. From a draw ae perpendicular to be (57) ;
then e is the mean proportional required.
And ac:ae: : ae: ab.
This depends on article 171, 5 B =t s
78. PROBLEM XIX.
To divide a given line BC in the fame proportion as a given line A is divided,
OreraTION. Ift. From one end B of BC
draw Bp, making any angle with sc.
2d. In Bp apply from B the feveral divifions of
A; fo BD will be equal to A, and alike divided.
3d. Draw cp; then lines drawn parallel to
cp through the feveral divifions of Bp, will di-
vide the line BC in the manner required.
This depends on article 165.

79. PROBLEM XX,
To divide a given right line AR into a propofed number of equal parts

(Juppofe 7)-

OreraTiON. 1ft. From A, one end of az,
draw AE to make any angle with A ; and from
i, the other end, draw BF, making the angle
ABF equal to the angle BAE. (62)

2d. In each of the lines Ak, BF, beginning at
A and e, take, of any length, as many equal parts,
lefs one, as A is to be divided into, viz. 1, 2, 3,
45 5, 6.

3d. Lines drawn from 1 to 6, 2 to0 5, 3 to 4,
&e. will divide A as was required,

This depends on article 165.

So. Anasther Method.
OreraTION. 1ft. Through oncend a, drawa .
line cc nearly perpendicular to Ae. g

2d. Draw eF parallel to ap, at any convenient
diftance.

3d. In EF take, of any length, as many equal
parts as Ap is to be divided into; as 1, 2, 2, 4, 5,
0, to F.

4th. Through B and r, where the divifions
terminate, draw nc, meeting CC in C.

sth. Lines drawn from c through the feveral divifions of EF, will cut
A iuto the cqual parts required.

Note, If the fum of the divifions from E to F chance to be lefs than an,
the point ¢, and the line £r, will be on the fame {ide of aB ; butif greater,
¢ {ulls on the contrary fide,

s 81.°PRO Ba

R
N —

o



54 GEOMETRY. Book II.

81. PROBLEM XXIL

v To make Scales of equal parts.

OrrraTION. 1ft. Draw three lines, A, B, C, parallel to one another,
and at convenient diftances, fuch as are here exprefled. '

2d. In the line ¢, take the equal parts cb, bc, ¢d, day &c. each equal
to fome propofed length.

3d. Through ¢, draw the line pe perpendicular to ¢4 ; and parallel to
DE, through the feveral points 4, ¢, d, a, &c. draw lines acrofs the three
parallels A, B, ¢; then are the fpaces or diftances cb, be, cdy, &ec. called
the primary divifions.

4th. Divide the left-hand fpace into 10 équal parts (80), and through
thefe points let lines, parallel to DE, be drawn acrofs the parallels sc ; and
the primary divifion cb will be parted into 10 equal paces, ¢alled fubdivifions.

sth, Number the primary divifions from the left towards the right,
beginning at ¢, and the fcale is conftructed.

Laasané ! % CANINE. S8
gttt G =h 2 2, 4
o C 4 C 14 2 §

A = = -
A I 1| — 7|

Such Scales are ufeful for.conftru&ling figures, the fides of which are ex-
prefled in meafures of length; as feet, yards, miles, &¢.  Or to find the
meafures of the length of lines in a given figure.

Thus a line of 36, or 3060, feet, yards, &c. is taken by fetting one
point of the compalies on the third primary divifion, and extending the
other point to the fixth fubdivifion : and fo of others., )

In thefe Scales itis ufually fuppofed, thatan inch is divided into fome
number of fuch parts, as are exprefled by the fubdivifions.

82, To fud the divifions of a Scale of equal parts, when ary given num-
ber of them are to make an inch.

OrerAaTION. 1ft. Make a Scale ca, where the primary divifions fhall
be cach one inch; let pc be atright angles to ca, and the left-hand fpace
¢ bedivided into 10 equal parts, and draw pJ from any point b,

2d. Draw pu, making with pc any angle; and make p1=¢J.

3d. Take the number of parts propofed in an inch, from the Scale ca,
and apply them fromi b to 7, in the line e, continued if neceflary.

4th. Draw »1, and co paralidd to #1; and make nr=ba.

sth. Through » draw #5 parallel to ca, cutting Do in¢; then ¢ will be
one of the primary divifions, containing 10 of the parts the inch was to be
divided into. :

6th. Lines drawn from b to the divifions of <&, divide 7z into 10 equal

Barts.
7 | . 83.PROB-
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83. S PROBLEM XXIL

To divide the circumference of a circle into degrees ; and thence to make @
Scale of chords.

OperATION. 1{t. Defcribe the femicircle ABp, the center of which
is ¢, and draw cp at right angles to ap.

2d. Trifect the angles acp, pcB, in the points a, b5 ¢, d (61) ¢ ‘then
by trials, divide the arcs aa, ab, éD, D, cd, dB, each into three equal
parts, and the femicircuniference will be divided into 18 equal parts, of
10 degrees each. .

3d. Thefe arcs being bifected, will give arcs of 5 degrees.

4th. And thefe arcs being divided into 5 equal parts, by trials, will
give arcs of 1 degree each.

5th. The chords of the arcs ad, Ac, AD, A, Aa, and of every other
arc, being applied from a on the diameter A8, will divide AB into a Scale
of chords ; which are to be numbered from A towards B.

022 yon
VAT

8582038y
A Scale of chords is ufeful for conftru&ing an angle of a given number
of degrees: And for finding the meafure of a given angle,

S PROBLEM XXIII
To make ar angle of a propsfed number of degrees.

OprrratioN. 1ft. Take the firft 60 deg. from the
Scale of chords, and with this radius defcribe an arc  —— /
Bc, the center of which is A. \ \,f.’t

2d. Take the chord of the propofed number of de- \ / N\
grces from the Scale, reckoning from its beginning, \ l
and applv this diftance to the arc Bc, from & to c. o

3d. lLines drawn from A, through the points B and ¢, will form an
angle Bac, the meafure of which is the degrees propofed.

With Scales of chords not exceeding 9o degrees, fuch as are gene-
rally put on rulers, angles greater than go degrees, fuppofe of 139
dez. are to be taken at twice, wiz. 69 and 69 (1 of 138), or g2
and 48.

IWhen a given angley BAC, is to be meafured.

From the angular point A, with the chord of 60 degrees, deferibe the
arc ne, cutting the legs in the points e and c. )

Fhen the diftance poy applied to the chords, from the beginning, will
fhew the degrees which meafure the angle pac, : \

E s 85. PRO B-
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8s. PROBLEM XXIV.

In a given civcle to inferibe a regular pelygon, the number of fides being given.

OreraTrion. 1ft. Divide 360 degrees by the
number of fides, and the Quoticnt will be the de-
grees which meafure the angle at the center of the
tircle, fubtended by a fide of the polygon*.

2d. Draw the radius cs, make an angle Bcp

equal to thofe degrees (84), and draw the chord
pB; then will DB be the fide of the polygon re-
quired ;. which applied to the circumference from &
to a, a to 4, b to ¢, &c. will give the points to which the fides of the po-
lygon are to be drawn.
- If the polygon has an even number of fides, draw the diamcter AB;
and divide half the circumference, as before ; then lines drawn from thefe
points through the center, as ED, will give the remaining points, in the
other femicircumference.

86. PROBLEDM XXV.
On a given right line AB, to confirut a regular polygon of any affigned
sumber of fides.

OreraTiON. 1ft. Divide 360 degrees by the
number of fides; fubtraét the Quotient from 180
degrees, the remainder will be the degrees which
meafure the angle made by any two adjoining fides
of that polygon, and is called the angle of the poly-
gon +.

2d. At the ends A, B, of the line AB, make an-
gles ABc, BAD, equal to the angle of the polygon.

3d. Make ap, Bc, each equal to aB.

4th. At the points ¢, p, make angles equal to
that of the polygon as before; and let the fides in-
cluding thofe angles be each equal to A ; and thus
procecd until the polygon is conftruéted.

In figures of any number of fides, the two laft
fides DE, CE; or LG, HG; are readieft found by _
defcribing arcs from ¢ and b, or from & and H, with A=
the radius AB, interfeéted in E, or in G.

In figures of an even number of fides, having drawn half the number,
AD, AB, EC, CF, by means of the angles; the remaining fides may be
found, by drawing through the points p and r the lines pE, FH, paralle]
and equal to their oppofite fides cF, Ap; and fo of the reft.

* For there avill be as many equal angles at the center as there are equal fides.
And the avbole cirumference meafures the fum of all the angles at the center.
+ For each fide of the polygon aith radii drawn to its ends form an Ifafceles
zriangle.
Thew the angle of the poygon is derived from articles 85, 96, 104.
87. PR O B.
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87. PROBLEM XXVIL

About a given regular Polygon, to circumfiribe a circle : or within thai
Polygon to inferibe a civele. :

OprerATION. 1ft. Bifeét any two angles ras,
cBA, with the lines AG, BG, (56) and the point G,
where they interfeét one another, will be the cen-~
ter of the polygon.

2d. A circle defcribed from G, with the radius
G A, will circumfcribe the given polygon.

This depends on article 85, g6, 104.

88. Again, 1ft. Bife&t any two fides FE, ED,
in the points H and 1 (§5); and draw Hg, IG, at
right angles to FE, ED (57); then the point G, where they interfe&t
cach other, will be the center of the Polygon.

2d. A circle defcribed from G, with the radius cn, will be infcribed in
the given Polygon.

This depends on article 126.

8q. PROBLEM XXVIIL i

On a given right line AB, to defcribe a fegment of a circle, that fball cone
tain an angle equal to a given right lined angle c.

OreraTroN. 1ft. Make an angle BaF equal
to the given angle c. (62)

2d. From H, the middle of AB,draw HI at right
angles to AB (57), and from A draw Ar at right
angles to AF (58), cutting Hr in 1.

3d. From1, with the radius 1a, defcribe a circle.

‘Then will the fegment AGB contain an angle
AGB equal to the given angle c.

This depends on articles 125, 126, 132.

G0. PROBLEM XXVIII.

75 divide a right line in continued proportiony in the ratis of two given
right lines Ar, AC,

OperaTIioN, 1ft. From B, with the radius
A (the antecedent) defcribe an arc ac.

2d. Iu thatarc apply (the confequent) Ac from
A o ¢; draw ac, and apply ca from ¢ to p.

3d. Apply the following lines in the order
direéted, wiz. Apfrom A to d, and from d to E ;
AE from A to e, and from ¢ to F; AF from A to
/> andfrom fto G; AG from A to g, and from
g to 1, &c. Then will the proportional lines be
AB, AC, AD, AE, AF, AG, &c. And

AB i AC:: (Ac=) AC: (ad=) AD.,

AB : AC :: (ad=) AD: (Ae=) AE.

i
Lo
-
5\ H

AB: AC::(ae=) AE: (Af=) AF. ek Lo
e /oty b
Tkis depends on articles 104, 95, 165, A BCD R

SECTION
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SECTION HI

Geometrical Theorems.
Or Riour LiNEs AND: PranEs.
o1. THEOREM I-

When one right line cD J/Ia)zix upon ansther rz'g‘/yt
line AB, they make twa angles: BED, ACD which

together are equal to two right angles.

o\

DemonsTrATION.  For defcribing a femicircle Aps, on c.

Then the arc p3 meafures the angle Beb.

And the arc pa meafures the angle Acp. gl

But the arcs pp and AD together meafure two right angles. (13, 16)

"Therefore 5cp and Ach tagether, are equal to two right angles (50)
'g2. CoroLLARY. Hence.if any number of right lines ¢4 ftands on

one point ¢, on the fame fide of another right line AB; the'fum of all the

angles are equal to two right angles ; or are meafured by 180 degrees.

93 THEOREM IIL

If two right lines AC, BT interfe&F each other in
D, the oppofite angles are equal, viz. j

¥ £ CDE— L ADE, and L CDE= Z ADB.

+ DEm, For the angles Ane and ApB together make two right angles. (1)

And the angles cpr and AD5 together make two right angles. (91)
U'hercfore the fum of Ape and ApB=fum of c¢ps and ADE. (46)
Confequently the £ cpB is cqual to the £ ADE. - (48)

94. 1 Coror. Hence if any number of right lines crofs each other in
one point, the fum of all the angles which they make about that peint, is
equal to four right angles ; or is meafured by 360 degrees,

95. THEOREM IIL 1/
If a right line ¥E cut two parallel right lines AB /o
CD; then is the outward angle a | equal to the inward © 7 b

and oppofite angle d 5 and the alternate angles ¢, d are /

equal : and the contrary. A —74—‘——-—8-
‘ B -

Drm. Becaule cp and AB are parallel by fuppofition :

Then FE has the fame inclination to ¢p and Az.

And this inclination is exprefled by the £ @ or £ 4

Thercfore the outward £ a is equal to the inward and oppofite £ d.
Now the £ ais equal to the £ «¢. (93)
And fince the £ a is cqual to the 2 d;

Therefore the alternate angles ¢ and d are equal, (46)

(53)
(14)

* The mark 4. Sands for the wwerd angle.

+ Dh.\z./z‘ana':fa.r Deunonnfiration. 1 Coror. fands for Corollary.
I} Angles are fometimes 1arked Ly a fingle letter. Thus angle a is ujed for angle ¥ap,

96. T HEO-
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96. THEOREM IV.

In any right lined triangle ABC, the fum of the
three angles ay by ¢, is équal to two right angles:
And if one fide BC be continued, the outward angle f
is equal to the fum of the two inward and oppofite an-
gles a, b.

: ® TR
DEm. Through A, draw a right line parallel to B¢, (63) making with
AB the Ze, and with Ac the £4d.

Now te=tb; and 2d= . being alternate. (95)
And two right angles meafure the e+ La+ £d. (92)
Therefore  sbd-tad-Lc=rte+La+ cd. (47)
Confequently 24+ £a - £ c=two right angles. (46)
Moreover  Lc4-4f =two right angles. (91)
Therefore b4 2a =p/N7 (46)

97. Hence, if one angle is right or obtufe, each of the other is acute.

98. If two angles of one triangle are équal to two angles of another
triangle, the remaining angles are equal. And if one angle in one triangle
is equal to one angle in another triangle, then is the fum of the remaining
angles in one, equal to the fum of the remaining angles in the other.

C »
Q9. THEOREMV, "
If two frdes AB, AC and the included angle A in
ene triangle ABC, are refpeftively equal to two fides
DE, DF and the included angle D of another DEF, each
1y each; then are thofe triangles congruous.
A B D E

Dem. Apply the point b to the point A, and the linec DE to AE. (54)
Now as pr=as (by fuppofition) ; therefore the point £ falls on 2.

But £n=2 a (by fup.) ; therefore or will fall on ac.

And fince pF=ac (by fup.) ; therefore the point F falls on c.
Confequently Fe will fall on ce. 1

"T'herefore the triangles acn, DFE, are congruous, fince every part agrees.

C B
100. THEOREM VI
If tws trianslos ARC, DEF have twe angles Ay B and
the included fide Av 11 one refpeciively equal to two an-
glrs oy B and the included fide DE in the sther, each
15 cachy then are thofe iriangles congruous.
A LD e

Drar. Apply the point p to A, and the line pE to Ap.

Now as pr=asn (by fup.) ; therefore the point k falls on B.

Andas £p=2a (by fup.) ; therefore the line pF falls on ac.

Now it the line Ac is lefs or greater than the Jine pF

Then the line FE not falling on ¢, makes the £ lefs or greater than £ 1.
But £Ze= 2k (by fup.) ; therefore Ac is neither lefs nor greater than pr.
Or the line Ac=nr; confequently FE=cp.

| heretore the triangles are congruous,

Wi THE O-
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10I. THEOREM VIIL ~.L . r
Two triangles ABC, DEF are congruous, when the
three fides in the one are equal to the three fides in the
othery cach to each. -
' AT 3D 5
Den. Apply the point b to A, and the line DE to AE. (54)

Now as pE=aB (by fup.) ; therefore the point E falls on B.

On A, with the radius Ac, defcribe an are.

Then as DF=Ac, the point F will fall in that arc. )
Alfo on B, with the radius £c, defcribe another arc, cutting the former in c.
And fince EF=Bc, the point F will fall in this arc alfo.

But if the point ¥ can fill in both thefe arcs, it can be only where they
interfe&, as in c.

Confequently the triangles are congruous.

102. THEOREM VIIL

&

Two triangles ABC, DEF are congruousy when twe
angles A, B and a fide AcC cppofite to one of them, in
one triangle, are refpectively equal to twe angles b,

\ 1D
E and a fide DF oppofite to a like angle in the other tri- t"‘-._‘_ \

angle, cach to each. ATE i 5

Dem. Apply the point D to A, and the line DF to Ac (54)
Now as pF=ac (by fup.) ; therefore the point F falls on c.

And asep=_, A (by fup.); the line pE will fall on the line Ag.

And if the point £ does not fall on B, it muft fall on fome other point
G. Draw caG. :
Then the angle AGc is equal to the angle DEF. (99)
And theangle ABc=(DEF=) AGc, which is not poflible, (96)
Therefore the point E can fall no where but on the point &.
Confequently the triangles are congruous.

103. THEOREM IX.

Iu the Ifafeeles, or equilateral triangle Ac®; a
line drawn from the vertex C to the middle of the
bafe AR is perpendicular to the bafe, and bifects the
wertical angle : and the contrary *,

A D B§
Dem. The triangles apc, 8DC, are congruous.

Since ca=cB (23); cp=cp, and Ap=Dbs by fuppofition :
Therefore £ A=~B, £ZACD=/ BCD, £ ADC= LIDC. (101)
Confequently cp is at right angles to AB. (17)
104. Coror. Hence in any right lined triangle where there are equal
fides, or angles;
The angles a, B, oppofite to equal fides Bc, AC are equal.
And the fides Bc, Ac, oppofite to equal angles A, B, are equal.

* That is, if a line drawn perpendicular to the bafe of a triangle bifeéts
the vertical angle; then that triangle muft be Ifofceles, and the perpendicu-
lar is drawn from she middle of the bafe,

105.°THE O«
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105, THEOREM X.

In every right lined triangle ABC the greater angle
C is oppofite to the greater fide AB.

A T B
Dem. In the greater fide AB, take AD=Ac; draw cD, and through,

e draw BE parellel to cp. (63)
T'hen the angles Apc, AcD, are equal. (10%)
And £ ADC= £ ABE. (95)
Therefore £ ACD = £ ABE. (46)

That is, a part of the angle acs is greater than the angle ABc.
Confequently the £ c is greater than the £ B3 and in the fame manner, it
may be proved to be greater than the £ A, if the fide AB be greater than cB.

106. Coror. Hence in every right lined triangle, the greater fide is
oppofite to the greater angle.

107. THEOREM XI

Parallelograms AcDB, ECDF, EGHF flanding on
the fame bafe cp, or on equal bafes cD, GH, and
between the fame parallels, CH, AF, are equal.

DEem. For AB=EF, being each equal to cb.

To each add BE, and AE=EF.

Now Ac—=8D, and CE=DF.

The triangles ACE, BDF, are therefore congruous.

Now if from each of the triangles Ack and BDF, be taken the triangle

BIE, the remaining trapeziums aBIc and FEID arc equal. (48)

‘T'hen if to each of the trapeziums aBic, FEID, be added the triangle c1p,

their fum will be the parallelograms ap and pr, which are equal.  (47)
And in like manner it may be fhewn, that the parallelogram EH is cqual

to the parcllelogram Ep=AD.

G D C

108. THEOREM XII NIV

|
A triangle Anc is the half of a parallelsgram | \\ /
AD, when they fland on the fame bafe ABy and are /

I X

] i /
between the fame parallels aB, cb. 0 ]\.\y/

A B

IS
DEen. ac is cqual to pB, and AR to DC. (28)
Alfo Bc is a fide common to both the triangles asc and pcs.
“T'hefe triangles are therefore congruous. (101)

Confequently the triangle Arc is half the parallelogram Ap.
109. Coror. I. Hence every parallelogram is bifected by its diagonal.
110. Corot. 1. Alfo, triangles ftanding on the fame bafe, or on equal
bafes, and between the fame parallels, are cqual.

They being the halves of equal parallelograms under like circumftances.
111@ THE O-
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nmr. THEOREM XII

In cvery right angled triangle BAC the fquare on
the fide BC oppofite to the right angle A is equal to
the fum of the [quares of the two fides AB, AC ton-
taining the right angle. -

.’r,

LB YD

Denm. On the fides aB, ac, Bc, conftru&t the fquares AG, AE, cD

(68): draw aD, ce; and draw AF parallel to BD. (63)
Then the triangles ABD, EBc, are congruous. (99)
For the £ ABE= £ cBD, being right angles. (30)
T'o each add the angle aBc, then £ EBC and £ ABD are equal. (47)
Therefore €8, Bc, £ EBC arc refpeQively equal to AB, ED, £ ABD. :
Alfo the triangle EBc is half the parallelogram aE - : (108)

For they ftand upon the fame bafe £p, and are between the fame parallels
Ee and Ac; BA making right angles with B£ and ca continued.
Likewife the triangle ABD is half the parallelogram BF. (108)
For they ftand upon the fame bafe Bp, and are between the fame parallels
BD, AF.

Therefore, as the halves of the parallelograms £a and BF are equal, con-
fequently the parallelogram BF is equal to the fquare AE. (49)
In the fame manner may it be fhewn, that the parallelogram cF is equal
to the fquare AG.

But the parallelograms BF and cF together, make the fquare cb,
‘Therefore the fquare cp is equal to the fquares £a and Ac.

112, Coror. I. Hence if any two fides of a right angled triangle are
known, the other fide is alfo known.

For Bc=fquare root of the fum of the fquares of ac and As.
Ac=fquare root of the difference of the fquares of Bc and AB.
AB=fquare root of the difference of the fquares of Bc and ac.

113. Or thus, making the quantities 5C* AB*, AC’, to ftand for the
fquares made on thofe lines.

And the mark 4/ to ftand for the fquare root of fuch quantitics as {tand
under the line joined to the top of this mark.

Then Bc=4/Ac*+2aB%;
AC=4/BC*—AaB*;
AB=4/BC*—AacC”.

Scholium. The lines of the lengths 5, 4, 3, (or their doubles, triples,
&c.) will form a right angled triangle.

For 5°=4*+3* Or25=16+49.

114, CoroLe
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114. Coror. IL. Of all the lines drawn from a given point to a given
line, the perpendicular is the thorteft, ,

e

115. Corot. III. The fhorteft diftance between two parallel right
lines, is a right line drawn from one to the other perpendicular to both,

116. Coror. IV, Parallel right lines are equidiftant ; and the contrary.

For two oppofite fidgs of a reCtangular parallelogram are equal {28) ; and
each is the fhorteft diftance between the other fides.

117. THEOREM XIV.

If a right line A® be divided into any two parts Ac, CB; then will
the [quare on the whole line be cqual to the fum of the [quares on the parts,
together with two rectangles under the two parts,

That is A8*=3C*+Cs°42 X AC X CB, *

Der. Let ap, AF, be {quares or AE, Ac. (68) ¢ B
T'hen will FG, and G, be each equal to ca, (48)

Hence rp is a fquare on a line equal to ce. (30) g
Alfo rB and rE are reftangles on lines equal to | r_G6
AC, CB.

But the fquares AF, Fp, and the reGtangles FB, FE, fill n
up the fquare Ap, or are equal to AD. E

118. Corotr. I. Hence the fquare of ac the difference between two
lines AR, cp, is cqual to the fquarc of the greater aB, leflened by the
fquare of the lefs ¢s and by two rectangles under the lefler line ¢B and
the (aid difference.

That is Ap—pC = AB*—BC>=2EC X AC,
Yor AB—BCc=AcC.
o

‘I'hen AC* =AB*—BC*—2EBC X AC. (48}
119. Coror. II. The difference between the fquares on two lines

AEB, Ac is cqual to the rectangle under the fum aB+Bc and difference Ar
~—zc of thofe lines,

‘That is AB*—~AC* =AB+8C X AB—AC.

For AB*=AC*=CH" + 2AC X CB. (117,48)
ZCB4ACHAC XCB.
=  ABtacX(¢B=)AB—acC.

~v

® The vedangle under txvo lines is gemerally expreffed by 3 letterss the firfl 1wo
/,!zzfy/hmdfur one line, and the luf? two fur the other line.
dh s for ACXCE, is auritten ACE.
Jir AB X 5C, is writlen ABC,
And for 2 X \CKCB, & avritten 2AC3,

2o RIOEI©-
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120. THEOREM XV.

In every triangle, ADC the fquare of a fide CD fubtending an acute
angle A, is equal to the fquares of the fides AD, AC about that angle,
Je[fened by two reciangles under one of thofe fides AC and that part AB con-
tained between the acute angle and the perpendicular DB drawn to that Side
AC from its oppofite angle D.

That is, BC* =AD"+ AC —2CAE.

DEeM. DC*—BC*=(DB*=)AD’—AB>% (r11)

And AC*=2aBC +BC*+ AB. (117)

Then BE‘—B—G‘—E’ZKT)‘—-B'{:’——Z‘A_B’—ZAB%)
(4

And DC*=2AD*+ AC*~2AB°—248c, by adding BC*+AC™ (47)
(—AB X2AB—EC X 2AB)
(—ABLBC X2AB )

Then 5C* =AD"+ AC'—(AC X 2AB=)2CAB-

- a2
121. Coror. Hence ap=22 +ac’—pc?
2CA
122. DI\ HE O R E M XV

In an obtufe angled triangle AcD, the fquare of the Jide AD oppofite to the
obtufe angle C is equal to the fum of the [quares of the fides AC, CD about the
obtufe angle 5 together with two rettangles under one fide Ac, and the conti-
nuation CB of that fide to meet a perpendicular DB drawn to it from the op-
pofite angle D.

That is, AD*=AC*+ D"+ 2AC X CB.

Dem. For 35°—a5* = (05' = )&b*—8%  (111)
And AB*=2ACB+AC’+CB% (117)
Then AD” =ac’+Cp*+2acB.  (47)

AT AT —Bz
123. Coror, Hence cp=22—25 "2,

8 124 THE O-
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124. THEOREM XVIL

In any circle, a diameter, AB, drawn’ perpendicular
to a chord, DE, bifects that chord and its fubtendtd
arc DRE,

Dzem. From the center ¢, draw the radii c b, CE,

to the extremities of the chord pE.

Then the triangles cFE, cFD, are congruous. (102)

For cF being at right angles to pE, the £ CFD= £ CFE. I

And the triangle cDE being ifofceles (23), the £D=4E(104). Alfo

CF is common.

‘Therefore pr=rE: And thearc DE=BE:

For thofe arcs meafure the equal angles ¥CE, FcD. (15)
125. Coror. Hence, in acircle, a right line drawn through the middie

of achord at right angles to it, paflcs through the center of that circle 5

and the contrary.

126. THEORENDNM XVIIL o
A tangent, AB, to a circle is perpendicular to a
diameter, DC, drawn to the point of contall, C.
Dem. Ifit be denied that pc is perpendicular to A,
Then from the center p, let fome other line pe,
cutting the circle in E, be drawn perpendicular to AB.
Now the angle pBc being right, the angle pcB is acute. (97)
Confequently pc is greater than pB. (106)
But pc=pE (9). Thercfore DE is greater than B, which is abfurd.
“Therefore no other line pafling through the center can be perpendicular to
the tangent, but that which meets it at the point of contaét,
127. THEOREM XIX. A

An angle, RCD, at the center of a circle, is double
of the angle, BAD at the circumference, when thofe
angles fland on the famc are, BD.

Derm. Throuch the point A draw the diameter AE.

) R

Tlen the angle ECb=/L CAD+ L CDA, (96)
But the £ cap=2scpA. (104)
"Therefore the £ ECDis cqual to twice the anglecap. .

In the fame manner it may be fhewn, that the angle BcE is equal to
twice the angic RAE,

Confequently the angle rep (= £ ECpE * LBCE) is equal to twice the
angle BAD (= £ EAD} L BAG ). (47, 48)

128. Corov. I. Hence an angle, BAD, at the circumference is mea-
fured by halt the arc, BD, on which it ftands.
For the angle at the center 8Cp 1s meafured by the arc p. (15)
Coufequently the angle pap=half the angle zcp, is meafured by half
the arc DB.

129. Coror. [I. All angles in the circumference, and ftanding on the
fame arc, arc equal.

* ‘Themark+, fignifies the fum or difference.

Vor. I. E 130, THE O-
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130. THEOREM XX

An angle, BAC, in a femicircle, is a right one.

An angle, DAC, in a fegment lefs than a femicircle,
15 obtufe.

An angle, EAC, in a fegment greater than a femi-
circley 1s acute.

Dem. For the angle BAc is meafured by half the femicircular arc BEc,
or is meafured by half of 180 degreces; that is, by go degrees. (128, 10)
~And £ pAcis meafured by half the arc pec, greater than 180° *,

Alfo £ eac is meafured by half the arc Ec, lefs than 180°.

Therefore thefe angles are refpectively equal to, greater, orlefs than go
degrees.

131. Cor. Hence in a right angled triangle sac; the angular point
A of the right angle, and the ends, B, ¢, of the oppofite fide, are
equally diftant from ¥, the middle of that fide ; that is, a circle will al-

ways pafs through the right angle, and the ends of its oppofite fide
taken as a diameter.

‘ TH M XXI.
132 EORE] A a B

The angle AcD, formed by a tangent AB, to a
cirele, COE, and a chord, cp, drawn from the
point of contal?, c, is equal to an angle, CED,
tn the alternate [egment 5 and is meafured by half D E
the arc DC of the included [egment.

E

Den. Draw the diameter Fc, and join DF.

The £* AcF and coF are both right. (126, 130)
Therefore the £* pcr and prc are together = a right £, (96)
But the £* AcD and pcF are together = a right 2.

Confequently the £ pcF and nFc =the £* acp and pcF. (46}
Take the £ DCF from each, and the £ prc = the £ acp. (48)
But the £° prc and pEc are equal. (129)
Confequently the £* pEc and AcD are equal alfo. (46)

* A fmall ° put above any figure, figrifies degrees.

133 THEO-
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A
133. THEOREM XXIL E
Between a circular arc AHF, and ils tangent AR, g
no right line can be drawn from the point of contal a. :

.G

Dem. For if any other right line can be drawn, let it be the right
line AB.

From b, the center of AHF, draw pG perpendicular to AB, cutting AB in
G, and the arc in H. ‘

Now as £ pGa is right ; therefore pa is greater than pa. (106)
But pa=pH (9). Therefore pH is greater than pc, which is abfurd.
Confequently no right line can be drawn between the tangent AE and the
arc AHF.

134. CoroL. I. Hence the angle paH, contained between the radius
DA, and an arc AH, is greater than any right lined acute angle.

For a right line AB muft be'drawn from a, between the tangent AE and
radius AD, to make an acute angle.

But no fuch right line can be drawn between AE and the arc an. (133)

135. Coror. II. Hence the angle EAH, between the tangent EA and
arc AH, is lefs than any right lined acute angle,

136. Corot. III. Hence it follows, that at the point of contat the
arc has the fame direCion as the tangent, and is at right angles to the
radius drawn to that point.

R THEOREM XXIIIL
If two right lines, AB, CD, interfect any how (in E)

within a circle, their inclination, AED, or CEB, is mea-

fured by half the fum of the intercepted arcs, AD, CB.

Dem. For drawing pn; (43)
The £ AED= £ EDB+ £ EBD. (90)
But the £ EpB is meafured by £ arc c¢B. (128)
And the £ eBD is meafured by £ arc AD. (128)

Confequently the £ AED is meafured by half the arc ¢, together with
half the arc ab. ' (5°)

15 2 SECTION
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SECTION IV,
. Of Proportion.

Derinitions and PrincipLEs.

138, One quantity A, is faid to be meafured or divided by another quantity
B, when A contains B [ome number of times, exaétly.

Thus if A=20, and =5 ; then A contains 5 four times.

A is called a multiple of B; and B is faid to be part of A.

139. If a quantity A (=20) contains another B (=35) as many times as
a quantity ¢ (=24) contains another o (=6) ; then
A and ¢ are called like muudtiples of B and p.
B and D are called like parts of A and ¢ : And
A is faid to bave the fame relation ts B, as ¢ bas to D.

Or, like multiples of quantities are produced, by taking their Rectan-
gle, or Produét, by the fame quantity, or by equal quantities.

The Re&tangle or Produt of quantities, A and B, is exprefled by writ-
ing this mark x between them. Thus; A X5, or BX A, expretles the
rectangle contained by A and B. :

140 FVhen two quantities of a like kind are compared together, the relation
which one ?ftbem has to the other, in refpect to quantity, is called Ratio.

The firft term of a ratio, or the quantity compared, is called the Ante-
cedent 5 and the fecond term, or the quantity compared to, is called the
Confequent.

A ratio is ufually denoted by fetting the antecedent above the confe-
quent with a line drawn between them.

A o o .
Thus— fignifies, and is thus to be read, the ratio of a to .

.

The multiple of a ratio-%, is the produét of each of its terms by the fame

. 0,Q AXC. . A .
quantity, or by equal quantities. Thus Txe 1s the ratio - taken ¢ times.
B

. A ¢ . .
The produét of two or more ratios, o s s exprefled by taking the pro-
duét of the antecedents for a new antecedent, and the produé of the con-
~ A Xc A C
fequents for a new confequent. Thus =-x-,
BE XD B D
141. Equal ratios are thofe where the antecedonts are like multiples or parts
of their refpeclive confequents.
Thus in the quantities A, B, ¢, p: Or 20, 3, 24, 6.
In the ratio of A to B, or of 20 to §, tlic antecedent is a multiple of its
confequent four times.
And in the ratio of ¢ to D, or 24 to 6, the antecedent is a multiple of
its confequent four times.

T'hat is, the ratio of A to B is the fume as the ratio of ¢ to b.

And this equality of ratios is thus cxpreffed, 2-*-5

142, Ratis
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142. Ratio of equality is, when the antecedent is equal to the confequent.

A A - B . . .
Thus when A =5, then SO oryisa ratio of equality.

143. Four quantities are faid to be proportional, which, when compared
together by two and two, are found to have equal ratiss.

Thus, let the quantities to be compared be 4, B, ¢, p: Or 20, s, 24, 6,
Now in the ratio of A to B, or of 20 to §; A contains B four times.
And in the ratio of ¢ to D, or of 24 to 6 ; c contains b four times.

. A_C
Then the ratios of A to B, and of ¢ to p, are equal: Or 7= (141)

And their proportionality is thus exprefled, A:B::C:D. (75)
Alfo in the ratio of A to ¢, or of 20 to 24 ; ¢ contains A, once and §.
And in the ratio of B to b, or of § to 6; D contains B, once and %,

. — . A_RB
Where the ratios are likewife equal, viz. ==5
D

And thefe arc alfo proportional, A:c::B:D.

144." 8o that when four quantities of the fame kind are proportional, the
ratio between the firft and fecond is equal to the ratio between the third and
Sourth 5 and this proportionality is called Direét. ;

145. Alfo the ratio between the firft and third is equal to the ratio between
the fecond and fourth ; and this proportionality is called Alternate,

146. Similar, er like, right lined figures, are thofe which are equiangular,
(that is, the feveral angles of which are equal one to the other ;) and alfo,
the fides about the equal angles proportional.

Thus if the figures ac and EG are equiangular,

A D
And aB:BCc::EF:FG; Or Bc:cbh::FG: GH;
"Then are thofe figures called fimilar, or like figures. i
And the like in triangles, or other figures. Eﬂ
S L8 T G

147. Like ares, chords, or tangents, in different circles, are thafs whick
Jultend, or are oppsfite to, equal angles at the center.

Let F be the center of two concentric arcs AEB,
acb, terminated by the radii Faa, Fés, produced ;
AB, ab, their chords, and cp, ¢d, their tangents.
T'hen as the angle c¥p is meatured cither by the
arc AEB, or aeb, thofe arcs are faid to be alike,
or fimilar; that is, the arc aeb is the fame part
of its whole circumference, as the arc AEE is cof
its whol¢ circumference,

F 3 148. THE O.
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148. THEOREM XXIV.
Quantities, and their like multiples, have the fame ratio.

That is, the ratio of A to B is equal to the ratio of twice a to twice »,
. 5. A_2A_3A cXA .

or thrice A to thrice B, &¢. Or thus —:-—_3 LT e == ; that s,

28~ 3B cXB

equal to the ratio of ¢ times A to ¢ time_s B.

Dem. For the ratio of A to B muft either be equal to 'the ratio of like

multiples of A and B, or to the ratio of unlike multiples of them. .

Now fuppofe the ratio of A to B is equal to the ratio of their unlike
cxXa

A
multiples, ¢ times A, D times B ; that is, —=-——.
pies, € A, H DS
Then A:B::cxa: DXB (143). And Aa:cxA::B:DXB. (I45)
A
T herefore
CXA Db
multiples of their antecedents, by fuppofition.
o (141)
o

Then n:cXAa::B:NnXB is not true. Alfo A:B::CXA:DXB is
not true.

(144). Where the confequents are unequal

A . B
But —— is not equal to
XA DX

AL CXA
Confequently — is unequal to .
B D X B

Therefore the ratio of unlike multiples of two quantities, is not equal to
the ratio of thofe quantities.

Confequently the ratio of two quantities, and the ratio of their like mul-
CXA

CxXB
149. Cor. 1. In any ratio, if both terms contain the fame quantity
or quantities ; the value of the ratio will not be altered by omitting, or

. . cxa
taking away thofe quantities,  For =
CXB

. A
tiples, are the fame. Or —=
B

-, by taking away c.

150. Cor. II. Quantities, and their like parts, have equal ratios.
For a and B are like parts of ¢ X A and ¢ x5,

151. Cor. 1If. Quantitics, and their like multiples, or llke parts, are
proportional. For a:p:icxa:cxe. And cxa:cxp::a:B (148)

152. Cor. 1V, If quantities are equal, their like multlples, or like

A_CXaA
parts, are alloequal. For if A=B; and —=-—
B cxB

‘Then arc the antecedents and confequents in a ratio of equality. (141)
153. Cor. V. If the parts of one quantity arc proportional to the parts

of another quantity, they are like parts of their refpeétive quantities,

For only Jike parts are proportional to their wholes. (151)
154. Cor. VI. Ratios, whlch are equal to the fame ratio, are equal to

ERA eRR (148)

CXB DXE
155. Cor,

one¢ another. For the ratio of B.:
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155. Cor. VII. Proportions, which are the fame to the fame propor-
tion, are the fame to one another.
Ifa:g::c:p;and aA:B::E:F; Thenc:p::E:F.

AD g AsE hen S=E-
For ;——E,and; = (144). Then = (46)

156. Cor. VIII. If two ratios or products are equal, their like multiples,
either by the fame or by equal quantities, or by equal ratios, are alfoequal.
LA C:Thcn AX.E:C X.

BXE DXE
AXE_CXF.
BXE DXF
AXE_CXG
BXF DXH
For in e:ther cafe, the ratios may be confidered as quantities.

157. THEOREM XXV,

Equal quantities, a and B, have the fame ratio or proportion to ansther
quantity C.  And any quantity has the fame ratio to equal quantities,

Thatis, if A=e: Thena:c::B8:¢c. Andc:a::c:m,

D

And if E=F: Then

And if ==2: Then
¥ H

Dem. Since A=g; then cis the like multiple, or part of 5, as it is of 4.
And A:B::c:c (151). Therefore A:c::B:c. (145
Alfoc:c::a:B(151). Thereforec:a::c:n. (145}

158. Cor. I. Hence, when the antecedents are equal, the confequents
are equal ; and the contrary.

159. Cor. II. Quantities are equal, which have the fame ratio to an-
other quantity : or to like multiples or parts of another quantity.,
Thus, if aA:¢c::B:c. Then aA=s.

160, Cor. IIl. Since A:c::B:c; andc:a::c: . Therefore,
when four quantities are in proportion, As antecedent is to confequent,
{o is antecedent to confequent: Then fhall the firft confequent be to its
antecedent, as the fecond confequent to its antecedent: and this is called

the inverfion of 1atios.

161. THEOREM XXVI

In two, or more, [ets of proportional quantities eltang, v th
like terms’arz prop’or{;'onal.f % ! Vit i g
Thatis, if A:B::c:pDj; and E:F::G: H.

Then AXE: BXF::CXG:DXH.

Dem. Since =< ; and B2 (144)
e D F H i

XE_CXG

XF DXH'

Confequently AXE:BXF::CcxXG:DxHu,

Fy 162. THE O-
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162. THEOREM XXVII.

In four propertional quantitics A :B::c:D. Then the Reflangle or
Produc? of the twa extremes is equal to the Rectangle or Produét of the twa
means. ‘T'hatis, AXD=BXC,

Dem. Since A:B::c: D by fuppofition. Therefore %:%. (144)

A_AXD C_CXB
And ;—BXD(156). Alfo oo (156)

AXD_CXB
BXDb Dx3a(
Confequently A X p=c X B. (158)

Therefore

46), where the confequents are equal,

163. Hence, if the Re&angle or Produ&t of two quantities is equal to
the ReQangle or Produ of other two quantities; thofe four quantties
are proportional.

Thus, fuppofe the two Re&angles, X, Z, are equal ;

Where A, c, are their lengths, and B, b, their breadths.

A
' ‘ X
Then AXxB=c x Db by fuppofition. = -

‘T"herefore A:Cc:; D :B, .
That is, As the length of X is to the length of Z..
So the breadth of Z is to the breadth of X.

D )

_

In fuch cafes, the lengths are faid to be to one another reciprocally, as
their breadths.
Or that proportion A : c:: D : B is reciprocal, when A X B=c X p.

164 THEOREM XXVIIL

If four quantities are proportional 3 then will either of the extremesy and
the ratio of the producl of the means to the other extreme, be in the ratio of
equality : And eisher mean, and the ratio of the produll of the extremes to the
cther mean, will be alfo in a ratis of equality.

o, s BXC AXD
Thatis,if A:B::C: D, ThenA:T- And B= o

Dem. Since a:B::c: D by fuppofition.

Therefore AxD=BxC. {162)
AXD_BXC BXC _AXD
And T e orhe Aol erse st (157)
EXC AXD ]
But B ="(149). And A= - (149)
X BXC
‘Therefore ACD: B, And = A (46)

165. THE O-
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165. THEOREM XXiX.

In any plane triangle, ABC, any two adjoining
Jfide., ABy AC, are cut proportionally by a line DE,
draw:: parallel to the ather fide BC, viz, .

AD : DB: ! AE : EC.

Dem. Through B and ¢ draw B, ca, at right an-
gles to rc, meeting ba, drawn through A, parallel B
to Bc: LThrough p, ¢, the middles of Ab, Aa, draw pp, ¢¢, parallel to Bb
or Ca, meeung AB, AC, in the points 4, ¢; and join 4,

Now the trizigles adp, 2dp, and Acg, ceq, are congruous. (95,100)
Therefore Ad=Bd, aAc=cc¢, pd=td, ge=qe,

But pp =¢g (116) : Therefore pd=qc. (49)
And de is paruilel to Bc. (116)

in the fame manner it may be fhewn, that lines parallel to B, drawn
through the middles of Ap, pb; Ag, ga; will alfo bifect ad, Bd 5 Ac, ccj
and that lines joining thefe points of bifection will alfo be parallel to Bc:
Aud tne fame may be proved at any other bifections of the fegments of
the lines aB, ac: Alfo the like may be readily inferred at any other di-
vifions of the lines Ab, Aa.
‘Therefore lines paralle! to Bc,; cut off like parts from the lines AB, Ac.

Then aB: Ac:: AD: AE. And AB: AC::BD: CE. (151)
Therefore AD : AE : : BD @ CE. (155)
_And by Alternation Ap : BD : : AE : CE. < (145)

166. Cor. Hence, when the fides AB, Ac, of a triangle are cut
proportionally, in b, E, the fegments AD, AE; DB, Ec; of thofe fides are
proportional to the fides: And the line DE, drawn to thofe fetions, is
parallel to the other fide BC.

167. THEOREM XXX. tc

In equiangular triangles, ABc, abe, the fides about the o a6
equal angles are proportional ; and the fides oppofite to :
equal angles are alfo proportional. n

Dexyi. Inca, cB, take cp=ca, cE=c¢b; and draw l//
DE. ’ \
‘Then the triangles CDE, cab, being congruous. (99) Cre TR
Thes cpE=,2La=) £ A. Therefore DE is parallel to as. (95)

In the fame manner, taking A¥=ac, AG=ab; alfo BH=b¢, B1=ba ;
and drawing FG, HI, the triangles AGF, 1BH, abe, are congruous ; there-
fore FG is parallel to cB, and H1 is parallel to ca.
Then (co=)ca:ca:: (ce=)c¢h: cB

(Ar=)ca:ca:: (AG=) ab: An. } (165)

(Bu=) bc: Bc:: (BI==) ab: AB.

168. Cor. Hence, Triangles have one angle in each cqual, and
the fides about thofe equal angles proportional, thofe triangles are equian-
pular and fimilar.

169, THE O-
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16 THEOREM XXXI. 5

In a right angled triangle, ABc, if a line, BD, be
drawn from the right angle B, perpendicular to- the
oppofite fidey AC ; then will the triangles ABD, BCD,
on each fide the perpendicular, be fimilar to the whole 7T I
ABC, and to one another,

Dem. For in the triangles ABc, ADB, the £ A is common ;

And the right angle aABc =right angle ApB.

Therefore the remaining £¢= £ ABD. (98)
In the fame manner it will appear, that the triangles atc, BDC, are like.
‘Therefore the triangles ABD, BCD, are alfo fimilar.

AC: BC:: BC: DC.
AD : DB : : DB : DC.

170. Cor. I. Hence, ACc: AB:: AB : AD.
} (167)

171. Cor. II. Hence a right line Bp, drawn from a circumference
of a circle perpendicular to the diameter Ac, is 2 mean proportional
between the fegments Ap, Dc, of the diameter. .
And ADp X DC=DB? (162)
Yor a circle, the diameter of which is ac, will pafs through a, B, c. (131)

Scholium. This corollary includes what is ufually called one of the
chief properties of the circle, namely ;

The [quare of the Ordinate is equal to the reclangle under the twa
Abfeiffas.

Here, the ordinate is the perpendicular Bp ; and the two Abfciffas are
the two fegments AD, Dc, of the diameter Ac.

172 THEOREM XXXII

In a circle, if two chords, AB, CD, interfel? each
other in E, either within the circle, or without, by pro-
longing them s then the reffangle under the fegments,
tcrminated by the circumference and their interfeflion,
will be equal.

Thatis, AEXEB==CE X ED.

DeM. Draw the lines Bc, pA.

"Then the triangles DEA, BEC, are fimilar,

For the angle at E is equal (93), or common.

And the / p=,3B, as flanding on the fame arc
Ac (123). Then the other angles are equal. (98)
Therefore AE : CE : : ED : EB. (167)
Confequently AE X EB=CE XED. (162)

9 173. THE O-
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173. "THEOREM XXXIIL

If with the leajt fide A® of @ given triangle ABC, a Jemicircle be deferibed
[from the angular /)oim‘ A5 meeting the fide AC, produced in the points D, E ;
and from B, the lines BE, 8D, be drawn, and alfo 86 perpendicular to D B :

Then the values of the feveral lines AG, CG, GE, GD, BE, BD, BG, mdy be
exprefféd in terms of the fides of the triangle ABC, as follow.

BC’—AC —AB”

(UG = S
74 TaC (123)
TRl TR gt
Or Ac:w. (121)
2AC
——2_ T2 g T2 !
175. co=AC AR +EC  po, CG=AC+}AG, Or to AC=—AG,
2AC '
BC*—AC—aB”
nd Acckag=Acti—r———_ (i1
An AG=ACHt T (174)
_23C*+BC*—AC’—aB® (149)
- 2AC :
2H X A—CB
176,  GE==—————: Here 2H=ac+ aB+ BC.
2aC
AT D I 2
For GE=AB(AE)+Ac=ap{-AC HAB—CB (174)
2AC
_2ACX AB+}AC*}AB*—BC* (149)
2AC ’

But 2a¢ X AB+RC*+AE*=(AC+AB =)TE* (117)

Thencﬁ(:ﬁz_ﬁz) :EE"—"BC X(’L_—_—M (119)
2AC 2AC
__CA4+AB4BC X CA4+AB—BC
= 2AC ’
__2H X2H—BC__2H X H—-BC
P e CH
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(:) beremnciseenancenaiss

H—AC X2H—2AB
177. GD=———rg———., Here 2n=ac-+aB+sc.

AC*—aB*+BC?
ForcD—AD—AG—AB-f.AG—AB-——;A‘C—“““' (174)
_2ACX \B—AC*—aB +TC”
2AC =
__AC—AB +BC’_ B~ —CD”
B 2AC —  2acC
BC—CD X BCFCD
=R A (119)
2aC
__BCFAB—ACXRCHAC—AB
- 2AC :
__2H—2AC X2H—24AB
- 2AC ’

. (118)

178. BE= %xzuxn_cs.
For BT:’:szcE. (170)

—BC*
= 6
=248 X= s (176)

AB =3
Therefore Be= \/ZAC X CE*—BC? —\/ALXZH xfA—cs. (176)

AB  — 4 —  —
179. BDZ\/ T X H—AC X2H—2ATC,
For B0*=bDE XGD. (170)
B&*—CD*

:2ABX—2R~—. (177)

AB o e——n -
Therefore BD:\/;TC % BC*—=~Cb> (177)

_2
180. BG"A‘EX H X H—CB XH—AC X H—AB.
For BG*=cExcgp. Therefore BG=¢GEX v/Gp. (170)

2 Ea D
AndGE:A—CXHXH—-CB. (176) GD = X H—AC X H—=AaB. (177)

181. Coror. Hence is derived the Rule ufually given for finding the
area, or {uperficial content, of a Triangle, the three fides being known.

RuLEe. 1. From half the fum of the three fides, fubtract each fide feve-
rally, noting the three remainders.

2d. Multiply the faid half fum, and the three noted remainders con
tinu'&]]y

» The fquare root of the produd is the area of the Triangle.
182. THE O
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182. THEOREM XXXIV.

If aregular polygon, ABCDEF, be infiribed in a
cirele ; and parallel to thefe fides if tangents to the
circle be drawn, meeting one another in the points
ay, by ¢y dy ey f5 then fhall the figure formed by
thefe tangents circumferibe the circle, and be fimilar
to the inferibed figure.

DEem. Since the circle touches every fide of the figure abcdef, by con-
ftru@ion ; therefore the circle is circumfcribed by that figure. (41)
Through A and B, draw the radii sa, sp, prolonged till they mect the
tangent ab, in g, b. 3 _

Then the triangles asB, asb, are equiangular,

For the £ ats is common; and the other angles are equal, becaufe AE
and ab are parallel, by fuppofition.

Alfo sa=sb : For the triangles ass, asé, are ifofceles. (104)
And the fame may be proved of the other triangles; and alfo, that they
are equal to one another.

Therefore the figure abedef has equal fides, and is equiangular to the
figure ABCDEF.

Nowsa:sa:: AB:ab; and 8A : sa:: AF : af. (167)
Therefore AB: ab:: AF : af.  And the like of the other fides, (155)
Confequently the figures ABCDEF, abcdef, are fimilar. (145)

183. Cor. I. If two figures are compofed of like fets of fimilar tri-
angles, thofe figurcs are funilar,

184. Cor. II. Hence, if from the angles a, 4, of a regular polygon
circumfcribed a circle, lines as, &s, be drawn to the center s; the
chords aB of the intercepted arcs will be the fides of a fimilar polygon,
wfcribed in the circle: and the fides AR, ab, of the infcribed and cir-
cumfcribing polygons will be parallel.

185. Cor. III. The chords or tangents of like arcs in different circles,
are in the fame proportion as the radii of thofe circles.
For if a circle circumferibe the polygon abedefs then the fides of the
polygons abedef, ABCDEF, are chords of like arcs in their refpective cir-
cumfcribing circles.
And if a circle be infcribed in the polygon ABcDEF, the fides aB, ab, &e.
arc tangents of like arcs alfo: And thefe have been thewn to be propor-
tional to their radii sa, sa.

186. Cor. IV. The Perimeters of like polygons (or the fum of their

fides) arc to onc another as the radii of their infcribed or circumfcribed
circles. .

torsa:sa:: aB: ab. (182)
And A, ab, are like parts of the perimeters of their polygori.
[herefore sa sa:: perimeter ABCDEF : perimeter abedef. (151)

187, THEO-
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187. THEOREM XXXV.

If there be two regular and like polygons applied to
the fame circle, the one inferibed and the ather circum-
Sferibed : Then will the circcumference ?" that circle,
and half the fum of the perimeters of thofe polygons,
ag)proacb nearer to equality, as the number of fides in
the polygons increafe.

DEem. Itisevident at fight, that the circumfcribing hexagon FGHIKL
is lefs than the circumfcribing fquare ABED.

And alfo that the infcribed hexagon fghi#l is greater than the infcribed
fquare abed.

And in both cafes, the difference between the hexagon and the circle
is lefs than the difference between the circle and the {quare.

Therefore the polygon, whether infcribed or circumfcribed, differs
Iefs from the circle, as the number of its fides is increafed.

And when the number of fides in both is very great, the perimeters of
the polygons will nearly coincide with the circumference of the circle ;
for then the difference of the polygonal perimeters becomes fo very fmall,
that they may be eftcemed as equal.

And yet fo long as there is any difference between thefe polygons,
though ever fo fmall, the circle is greater than the infcribed, and lefs
than the circumfcribed polygons: "Therefore half their fums may be
taken for the circumference of the circle, when the number of thofe fides
is very great.

Hence, the circumferences of circles are in proportion to one an-
other, as the radii of thofe circles, or as their diameters.

For the perimeters of the infcribed and circumfcribing polygons are to
one another, as the radii of the circles. (186)

And thefe perimeters and circumferences continually approach to
equality.

18g. THE O-
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185, THEOREM XXXVL

In a circle AFB, if lines, BA, DA, FA, be drawn
vom the extremities of two equal arcs, BD, DF, to meet
in that point A of the circumference determined by one
of them, BA, paffing through the center ; then fhall
the middle line AD, be a mean proportional between
the fum AB -} AF of the extreme lines, and the radius
BC of that circle.

Dem. On b, with the diftance pa, cut AF produced-in .

Then drawing DE, DF, D8, the triangles ADB, EDF, are congruous. (102)
For £EFDp =(4¥FDA+ £FaD (96)==) £DBA (128). Becaufe the arc
DFA=DF--FaA.

And LE=4FaD (104) = L DAB, by conftru&tion; and pE=paA.
Thercfore EF=ABR; and AE=AB+-AF.

Draw cp; then the triangles Acp, ADE, are fimilar.

For they are Ifofceles and equiangular.

Therefore Ac: AD:: AD : (AE=) AB+AF. (167)

190. Hence, whence the radius of the circle is exprefled by 1, and one
of the extreme lines, or chords, pafles through the center ; then if the num-
ber 2 be added to the other extreme chord, the fquare root of that fum
will be equal to the length of the mean chord.

For fince ac: AD:: AD: AB+ AF (189.) Th. AD*=ac X ABx AF. (162)
Now if ac=1, then AB=2; And Ab*=2+ar; becaufe multiplying by
1 is ufelefs here. Therefore Ap=y/2FAF.

As the arcs BD and DF A make a femicircle, they are called the fupple-
ments of one another: "Therefore if the arc BD is any part (as, 4, %, %,
&¢c.) of the {emicircumference ; then is the line DA called the fupple-
mental chord of that part.

191. Remark. In the pofthumous works of the Marquis de /e Hof-
pital, (page 31g, Englith edition) this principle is applied to the doltrine
of angular feltions ; that is, to the dividing of a given arc into any pro-
pofed number of equal parts : Or the finding of the chord of any pro-
pofed arc.

For if BF was any aflumed arc, the chord of which had a known ratio to
the given radius rc; then as BFa s a right angled triangle (130), the
fide AF =¥ A8 —Br* (113) will alfo be known. And by this Theorem
the mean chord ap will be known; and alfo pe (=4 zB*—aD>) the
chord of half the arc gr will alfo be known.

And by bife&ing the arc ps in G, and drawing AG, GB, the mcan
chord AG is known (189) ; and 6B (=¥ Au*—Aac*) is allo given.

And in this manner, by a continual bifection, the chord of a very fmall
arc may be obtained; the praétice of which is facilitated by article (190)
deduced from page 330 of the faid work,

192, Ex-
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192. ExXAMPLE. -Required the chord of the
o5 part of the circumference of a circle, the ra-

dius of which is1. Or, required the fide of a re-

gular polygon of 3072 fides, infiribed in a circle,
the diameter of which is 2.

Let ApF be a femicircle, the diameter AF=2, and center c.
Take the arc AD=1} of the femicircumference, or cqual to 60 degrees;
and draw pc, DA, DF. :

Let d reprefent the point where the arc is bifeCted ; dr the fupple-
mental chord to that bifeGtion: and let the marks d, 4/, 47/, div, &c. ex-
prefs the bifected points agreeable to the number of bifeGtions. .

193. Now fince £ acp==60c". -
Therefore £ caD+ £ apc=(180°~60°=)120° (98)

But £ cap=~s Apc (104); then £ cap= (222=) 60°.
Therefore bA={DCc=AC=) I.

And as the triangle ADF is right angled at p. (130)

Then pF=(y/aF*—ab" (113) =y 4—1=) v 3=1,7320508075688773
Therefore the fupplemental chord of the arc

AD, or of

yof the femicircumferenceis Fp = \/3 =1,73205¢8075638773
3 of the fame (190) is ¥d’ :x/2+ FD =1,9318516525781366
Tz rd” =+ 2+Fd" =1,9828897227476208
= Fd” =+ 2+4¥d” =1,9957178464772070
s FdY =424+ ¥Fd” =1,9989291749527313
o5 Fd* =y 24Fd¥ =1,90997322758191236
5z Fd" :\/z+rdv =1,9999330678348022
=L Fd'i =2+ ¥d" =1,9999832668887013
s Fdi= /24 rd'"  =1,9999958167178004
- - Fd* =2+ Fdi =1,9999989541791767

Now Fd'* the fupplemental chord of 1,%5 being known, the cherd
ad* of 1553, part of the femicircumference, or of 27z, part of the whole
circumference, is alfo known.

That is adi*=(y/ar*—igix*=) \/4_27_'}7;E: 0,0520453073606764

194. Confequently, the fide of a regular polygon of 3072 fides, in-
{cribed in a circle whofe diameter is 2, is 0,0020453073606764

8 i 195. The
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"195. The fide of a fimilar polygon circumfcribing E I B
the fame circles the center of which is ¢, may bé thus A
Jound.

Let BE be the fide of the circumfcribed polygon ;.-
and draw Bc, Ec, cutting the circle in p and a,
Draw pa, and it will be the fide of the infcribed .
polygon ; and is parallel to BE. (184) <
Draw c1 bife&ting the angle ecEe, and it will bife@ 8E and pa at right
angles (103)., And pe=(fpa=) JAd'™
Then c6 =y p*—pG =V 1—Lagix>
But 1ad*=0,001022653680338. And its fquare is 0,0000010458205%
Which fubtratted from 1 leaves . 0,99999895417945
Whofe fquare root, or ¢G, is equal to ©,99999947708959
Now the triangles ¢8I, cDG, are fimilar,
Then ¢G:c1::2DG: 2BI. (167, 151)
Therefore (281=) BE:(?—D-C—é—:—'-:—I
__0,0020453073606764
Or BB 5999994770805583
which is the fide of a regular polygon of 3272 fides, circumfcribing a
circle the diameter of which is 2. N

DA
(164):)63; Horlic=n1c

=0,0020.453084301895 5

196. ScHorium. The fide of a regular polygon of 3072 fides, in-
feribed in a circle, the diameter of which is 2, is 0,0020453073606764.
(194). Which multiplied by 3072, will give the perimeter of that poly-
gon, which is 6,2831842119979622.

The fide of a fimilar polyodh, circumfcribing the fame circle is

) o 0,0020453084301895. (195)
Which multiplied by 3272, will give for the perimeter of that po-

lygon ) 6,2831874973420925.
The {fum of thefe perimeters is 12,5603717093400547.
The half fum is 0,28318585, &e.

Which is very nearly equal to the circumference of a circle, the diameter
of which is 2 (187), the difference between it

and the infcribed polygon being only 0,00c00164, &c.
{ and the circumfcribed polygon being only  0,00000164, &e.

197. Now the circumferences of circles being in the fame proportion,

as their diametcrs. (188)
"Thercfore the diameter of a circle being 1,
The cireumference will be 3,141592,&¢c. which agrees with the

circumfcerence as found by other methods.

Yor. 1. G B
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SECTION V.
Of Planes and Solids.

DeriNiTiONs and PrincipLgs. .

198. Aline is faid to be ina plane, when it paffes through two or more
points in that plane; and the common fection of two planes is a line
which is in both of them. ' ‘

. C
199. The inclination of two mecting planes Az, A

CD, is meafured by an acute angle GFH, made by

two right lines FG, FH, one in each plane, and both

drawn perpendicular to the common fe&ion pE, of =
thefe planes from F, fome pointin it. c

200. A right line pE interfe&ing two fides ac, D
BC, of a triangle ABC, fo as to make angles cbE,
CED, within the figure, equal to the angles cBa, E
CAB, at the bafe AB, but with contrary fides of the
B

triangle, is faid to be in a fubcontrary pofition to A
the bafe.

;

B

201. Ifa circle in an oblique pofition be viewed, E c
1t will appear of an oval form, as apcp ; that s, it A
will feem to be longer one way, as ac, than another,

D

as pB; neverthelefs the radii Ea, EB, are to be
eftcemed as equal. And the fame muft be under-
flood in viewing any regular figure, when placed
obliquely to the eye.

202. If a line be fixed to any point ¢ above the
plane of a circle ADBE, and this line while ftretched
* be moved round the circle, fo as always to touch
1t ; then a folid which would il the fpace pafled
over by the line, between the circle and the point AL
¢, is called a CoxE.

203. If the figure ADBE had been a polyzon, and the ftretched line had
moved along its fides, the figure which would then have been defcribed,
is called a Pyranmip.
~ So that Cones and Pyramids are folids which regularly taper from a
gircle, or polygon, to a point.

The circle or polygon is called the Beft ;5 and the point ¢ the Fertex,

‘When the vertex is perpendicularly over the middle or center of the
bale, then the folid is called a Rigut ConEg, or a Ricur Pyramip;
otherwife an OBLIQUE Conr, or OrLIQUE PYrAMID.

204. If a Cone or Pyramid be cut by a plane pafling through the ver-
tex ¢, and center of the bafe ¥, the fection arc, or rnc, is a triangle.

8 < 205. A
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205. Aright line AB, is perpendicular to a plane ¢p,
when it makes right angles ABE, ABF, ABG, with all
the right lines BE, BF, BG,drawn in that plane to touch
the faid right line AB. , .

206. So that from the fame point B, in a plane, only
one perpendicular can be drawn to that planc on the
fame fide.

207. A plane as, is perpendicular to a plane cp,
when the right lines £F, cH, drawn in one plane Ap, at
right angles to FB, the common fection of the two
planes, are alfo at right angles to the other plane cp.

D

208. So thata line EF, perpendicular to a plane cp, is in another plane
AB, and at right angles to FB, the common fection of the two planes.

209. THEOREM XXXVIL '

If two planes AB, CD, cut each othery their common feflion
BD, will be a right line.

2!
A ©
Denm. For if it be not, draw a right line bEB in the plane A, from the
point b to the point B; alfo draw a right line pFB in the plane Bc.
Then two right lines DEB, DFB, have the fame terms, and include 2
{pacc or figure, which is abfurd, (7)
Therefore pEp and DFE are not right lines :  Neither can any other
lines drawn from b to e, befides Bn, be right lines.
. Confequently the line pr, the common fection of the planes, is a right
ine.

210, T HEOREDM XXXVIIL

s}

If two planes ABy €D, which are both porpendicular
to a third plane £¥, cut onc ansther 5 their interfeition
HG is at right angles to that third plane EF.

DeM. For the common fe&ion of Ar and cp isaright line GH.  (209)
Alfo ue, Hb, arc the common f{eétions of A, €D, with the plane EF.
Now from the point 1, a line HG drawn perpendicular to the plane FF,

muft be at right angles to He, HD. (205)
Jut HG muft be in both planes ap, cb. (2c38)

‘Therefore it muft be in the common fe&ion of thofe planes.
Confequently the fetion HG of the plancs AEB, €D, is at right angles to
the plane kF.

G 2 211, THE O-
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211, THEOREM XXXIX.

The [eclions, aebd, of a Cone or Pyramid cAEBD,
which are parallel to the bafe AEBD, areqfimilar to that

bafe.

Dem. For let AFBC, DFEC, be feétions through the
vertex ¢, and center F of the bafe.

‘Then thefe feCtions will cut onc another in the
right line Fc (209), and the tranfverfe fection abde,
in the right lines a4, and ¢4, interfeéting in £,

‘Then are the following fets of triangles fimilar ;
namely, AFC, afC; BFC, bfC; DY, dfc; EFG,
sfc. 2
Whercfore Fc: fc:t FA : fa

::FB: fb { And the like in any other fections
:: Fp : fd ( through ¢ and F. (165)
$:FE:fe
Now in the Cone, FA==FB=FD=FE ; thereforcfa:fb:fd:fﬁz. (152)
So that all the right lines drawn from f to the circumference of the figure
adbe arc equal to one another.
Confequently the figure adbe is a circle. :
And in the Pyramid, Fc: fc: :pc:dc::pB:db:: DA da.
FC:fC::EC:¢C::EA: ¢a:: EB: eb. ;
Thercfore in cach pair of correfponding triangles in the bafe and tranfverfe
fcétion, the fides are refpettively proportional.
Confequently, as the bafe and tranfverfe feCtion are compofed of like fets
of fimilar triangles ; therefore they are alfo fimilar, (183)

A
=0

(9)

2122 THEOREM XL. /\
1

If a Cone ABLCE, the bafe of which is a circle 2“\
CBLCK, be cut by a plane in a]/ulzconirmy pofition P& ?g\_&
f ‘
K

16 the bafe, the feétion DIER will be a circle.

Dem. Through the vertex 4, and center of the bafe, let the triangular
fection Anc be taken, fo as to be at right angles to the planes of the bafe
BiCL, of the fubcontrary fe&tion pirs, and of the feétion FIGH, taken
parallel to the bafe, and cutting the fubcontrary feGion in the line 1011.
;Ill‘}lfjcforc 10H is perpendicular to DE and FG (210) cutting one another
Now the feltion ricu isacircle (211). Therefore Fo x 06 =o01%. (171)
Again the triangles GoF, Fop, are fimilar,

Yor LcEo= £DFOo= £ ARC by conftr. And 2 cor= 2 por. (93)
‘Therefore £0: 0G : : Fo: po (107.) And Eo X Do=Fo0 x0G(162)=01°.
So that o1 is 2 mean proportional, cither between ¥o and 0G, or Do and
ro. But as the fame would happen wherever FG cuts pE ; therefore all
the lines o1, both in the feétions F16H and pIEH, are lines in a circle,
Conlequently the &élion DIEH is & circle, v

213. £
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213. If the fetion cut both fides of the cone not in a fubcontrary po-
fition to BC, the diameter of the bafe, then the fection (fuppofe it ftill)
DIEH, is called an ELLipTIC SECTION, which though not a circle, will
be a bounded curve, longer one way than the other ; and, like a circle,
return _into itfelf. -

+ The curve pIEH is called an Ellipfis,

- 214. Theline pE, the TRANsSVERSE DIAMETER or AxIs.

T 'he line oH or o1, is called an ORDINATE.

215. The ordinate through the middle of DE, Is called the Conju-
GATE AxIs, '

The interfceGion of the Tranfverfe and Conjugate Axes, is called the
Ce~TER of the Ellipfis. ,

216. If a circular arc be defcribed, with a radius equal to half the
Tranfverfc Axis, from one end of the Conjugate Axis, its interfections
with the Tranfverfc Axis, are called Focr, one on each fide of the center
of the Ellipfis.

217. Every right line pafling through the center of the Ellipfis, and
terminated at ecach end by the curve, is called 2 D1aMETER.

218. The radius that would defcribe a circular arc of the fame curva-
ture with the ellipfis at any point of it, is called the RADIUS OF CURVA-
TURE.

A TANGENT to any point in the Ellipfis, is a right line perpendicular
to the radius of curvature at that point.

219. T'wo Diameters being fo drawn, that one is parallel to a tangent,
and the other pafles through the point of contadt; thofe two Diameters
are fuid to be Conjucare Drasmerers; and have certain relations to
their Ordinates, ‘Tangents, Radii of Curvature, and other lines belonging
to the Ellipfis.

220. A third proportional to any two Conjugate Diameters, is called
the PARAMETER,

G 3 SECTION
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SECTION. VI
Of the Spira/.

22Y. Suppofe the radius of a circle to revolve with an uniform motion
round its centery and while it is fo revolving, let a point move along the ra-

dius 5 then “will the Succeffive places of that point be in a curve, which is
called a fpiral.

. This will be readily conceived by imagining a fly to move along the
fpoke of a wheel, while the wheel is turning round.
E e . . .

If while the radius revolves once, the point has moved the length of
the radius ; then the fpiral will have revolved but once round the centér,
or pole ; confequently the motion in the circumference is to the motion
in the radius, as the circumference is to the radius : And if the wheel re-
volves twice, thrice, or in any proportion to the motion in the radius ;

then the fpiral will make fo many turnsy or parts of a turn, round the
center. ]

222. Now fuppofe, while the radius revolves cquably, a point from the
circumference moves tewards the center, with a motion decreafing in‘a geome-
tric progreffion 5 then will a [piral be generated, which is called a propor-
tional fpiral.

Let the radius ca be divided in any continued de-
creafing geometric progreflion (9o), as of 10to 8 ;
then the feries of terms will be 105 83 6,43 5,12
4,096 5 3,2768 ; 2,62144, &,  Alfo let the cir-
cumference be divided into any number of equal
parts, in the points 4, ¢, £, g, &¢. Then if the feveral
divifions of the radius ca be fucceflively transferred
from the center ¢, cutting the other radii in the
points p, E, F, G, &'¢. and a curved line be evenly 4
drawn through thofe points, it will be a fpiral of the kind propofed.

223. From the nature of a decreafing geometric progreflion, it is eafy
to conceive that the radius ca may be continually divided ; and although
each fucceflive divifion becomes fhorter than the next preceding one, yet

if ever fo great a number of divifions, or terms, be taken, there will fill
remain a finite magnitude.

224. Hence it follows, that this fpiral winds continually round the
center, and does not fall into it ¢ill after an infinitc number of re-
volutions,

Alfo, that the number of revolutions decreafe, as the number of the
equal parts, into which the circumference is divided, increafes,

225, THE O-
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225, THEOREM -XLI.

Any proportjonal Jpiral cuts the intercepted radii at
equal angles. :

Dem. If the divifions Ad, de, ¢f; fz, &e. of the
circumference were very {mall, then would the fe-
veral radii be fo clofe to one another, that the in-""
tercepted parts AD, DE, EF, FG, &c. of the fpiral,
might be taken as right lines.

And the triangles cAD, CDE, CEF, &¢c, would be fimilar, having equal
angles at the point ¢, and the fides about thofe angles proportional. (168)
Therefore the angles at A, D, E, ¥, &'c. being equal, the fpiral muft ne-
ceflarily cut the radii at equal angles. -

226. THEOREM XLIL

If the radii of any proportional fpiral be taken as numbers, then will the
correfponding ares of the circle, reckoned from their commencement, be as the
logarithns of thofe numbers. :

Dem. As the lines ca, ¢b, CE, CF, CG, ¢, are-a feries of terms in
geometric progreflion ; and the arcs ad, ae, Af, Ag, &c. are a feries of
terms in arithmetic progreffion ; therefore thefe arcs may ferve (1. 66) as
the indices to the geometric terms, and be thus placed ;

Radii of the fpiral cA, CD, CE, CF, CG, &c. (Geometric terms.
Correfponding arcs 0, Ad, ey Afy Ag, &e. Arithm. terms, or indices,

In this difpofition, the firft term ca is not diftant from itfelf, therefore
its index is reprefented by o.
‘I'hen if the diftance of the fecond term ¢p from the firft term ca be ex- |
prefled by the arc ad; the diftance of the third term cg, from ca, will be
exprefled by the arc Ae; and fo of the reft.
Confequently, if the terms in the geometric ferics be reprefented by
numbers, taken as parts of the radius, then the numbers of the fame kind,
exprefling the meafures of the arcs, or indices, will be as the logarithms of
the geometric terms. (I.73)

227. CoroL. If the difference between ca and cp was indefinitely
fmall, or ca and cr were nearly in a ratio of equelity; then migut the
number of proportional lines into which ca could be divided, be fo many,
that any propofed number might be found among the terms of this feries ;
and if the number of parts in the circumference was increated in like man-
ner, then would every term of the proportional divifion of the radius ca
have its correfponding index among the equal divifious of the circumfe-
rence ; and confequently would exhibit the logarithms of all numbers.

5 228, THEO-
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228, THEOREM XLIL

There may be almof} an iufinite
wvariety of propertional [pirals,and
as many different kinds of laga-
rithmse - pES

Dem. For with the fame cqual divifions ad, e, ¢f;, &¢. of the circum-
ference, every variation in the ratio of ca to Cg, as of cq to ¢, will pro-
duce a different fpiral, Asnm. g

And with the fame divifions of the radius ca, and different fets of equal
parts, ad, de, ef, &c, and Ap, pq, qr, &¢. of the circumferenice, may be
formed different fpirals ApEF, AHIK. '

Alfo, varying at the fame time both the divifions of the radius and ‘cir-
cumference, different fpirals will be produced. = : '

But the variations jn thefe three cafes may be almoft infinite : There-
fore the number of fuch fpirals are almoft infinite. )

Now-it is evident, that there is a peculiar relation between, the rays of
any fpiral, and the correfponding arcs of the circle; that is, between the
terms of a geometric progreflion, and its indices : Thercfore there may be
as many kinds of logarithms, as there are proportional fpirals.

229. THEOREM XLIV.

That proportional fpiral which inter[eéts equidiflant rays at an angle of 45
degrees, produces logarithms that are of Nepier’s kind.

Dey. Suppofe ar, the difference between ca and cB, the firft and fe-
cond terms of the geometric progreflion, to be indefinitely fmall, and take
Ap, thelogarithm of cg, equal to Ap; then may the figure AnHp be taken
as afquare, whofc diagonal A would be part of the fpiral Ansk, and the
angle BAH would be half a right one, or 45 degrees.

Therefore that fpiral which cuts its rays ca, ci, &e. at angles of 45
degrees, has a kind of logarithms belonging to it, fo related to their cor-
refponding numbers, that the finalleft variation between the firft and fecond
numbers is equal to the logarithm of the fecond number,

But of this kind were the firft logarithms made by Lord Nepier.

Therefore the logarithms to the fpiral which cuts its equidiftant rays at
an angle of 45 degrees, are of the Nepierian kind.

END or BOOK II.

THE
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ELEMENTS
NAVIGATTION,

B O OK I
OF PLANE TRIGONOMETRY.

SECTION I
Defnitions and Principles.

I. LANE TRIGONOMETRY is an art which fhews how
to find the meafures of the fides and angles of plane Triangles,
fome of them being already known.

It will be proper for the learner, tefore he reads the following Articles,
to turn to the definitions relative to a circle and angle, contained in the
Articles 8, 9, 10, 11, 12, 13, 14, 15, 10, 17, 18, 19, and 36, of
Book II.

2. A Triangle confifts of fix parts; namely, three fides and three
angles.

‘T'he fides of plane triangles are denoted, or eftimated by meafures of
length ; fuch as Feet, Yards, Fathoms, Furlongs, Miles, Leagues, &c.

I'he angles of triangles are eftimated by circular meafures, that is, by
arcs containing Degrees, Minutes, Seconds, &¢. (I1. 15); and for con-
venience thefe circular meafures are reprefented by right lines, called
right fines, tangents, fecants, and verfed fines,

3. The
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3. The RicnT SiNE of an ,'arc,-is a right line drawn from one end of
the arc perpendicular to a radius drawn to the other end : Or it is half the
chord of the doubie of that arc. N

Thus an is the right fine of the arc ac ; and s EAF
alfo of the arc DBA. Foh K

4. The TANGENT of an arc, is a right line

touching one end of the arc, and continued till it Di—xy—¢ G
meets a right line drawn from the center through the -
other end of that arc. ‘ ~

Thus GF is the tangent of the arc ca: NL

5. The SECANT of an arc, is a right line drawn through the center and
one end of the arc, and produced till it meets the tangent drawn from the
other end. . \

Thus ¢F is the fecant of the arc AG.

6..The VErSED SINE of an arc, is that part of the radius intercepted
between the arc and its right fine. E
Thus G is the verfed fine of the arc Ac.

v. The CoMPLEMENT of an arc, is what that arc wants of go
degrees.

Thus if thcarc 6B= 90°. Then AB is called-thc complement-of AG
and AG is the complement of AB.

8. The SuppLEMENT of an arc, is what that arc wants of 180
degrees.
Thus the arc aBD is the fupplement of AG 3 and AG of aABD.

9. The Co-sINE of an arc, is the right fine of the complement of that
arc.

The Co-TANGENT of an arc, is the tangent of that arc’s complement.
The Co-secAanT of an arc, is the fecant of its complement.
The Co-vERSED SINE of an arc, is the verfed fine of its complement.

Thus a1, BE, CE, BI, being refpectively the fine, tangent, fecant, and
verfed fine of the arc AB, which is the complement of AG ; thercfore A1
$s called the co-fine; BE the co-tangent, CE the co-fecant, B1 the co-verfed
finc, of the arc AG.

The right lines, called fines, tangents, fecants, and verfed fines, are
ufed as well for the meafures of angles, as for the arcs which meafure
thefe angles : And it is as common to fay the fine, tangent, &¢, of anangle,
as the fine, tangent, &’¢. of an arc,

10. The
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10. The greateft right fine, is the fine of go°; and the fines to arcs
lefs than go°, ferve equally for arcs as much greater than go°.

Thus the fines of 80° and 100°; of 60° and 120°; of 40° and 140°, &c.
are refpectively equal. : .

11. The fame tangent and fecant will ferve to arcs equally diftant from
90 degrees ; that is, to any arc and its fupplement.

Thus if the arc BAG=q0° and BK=BA; then the arcs ¢x, GA, DK,
are equal ; and the arcs GAK and GN, or DX, are fupplements to one an-
other : Then the fine x M, the tangent GL, the fecant cr, of the arc 6Bk,
are refpectively equal to the fine aH, the tangent GF, the fecant cF of the
arc GA.

12. When an arc is greater than go°, the fine, tangent, fecant, of the
{upplement is to be ufed.

13. The chord of an arc is equal to twice the co-fine of half the fup-
plemental arc,

Thus AN, the chord of the arc AGgN,=2c1, the co-fine of the arc AB,
and aB is half of the arc ABk, the fupplement of AGN. (

14. The verfed finc and co-fine together, HG 4 cH of any arc AG, is
equal to the radius ; cH being equal to AL

15. The fines, tangents, fccants, or verfed fines of fimilar arcs in dif-
ferent circles, are in the fame proportion to one another, as the radii of
thofe circles. (IL. 185)

16, The angles of two triangles may be refpe&ively equal, although
their fides may be unequal,

Therefore in a triangle among the things civen, in order to find the
reft, one of them muft be a fide. . B

In Trigonometry, the three things given in a triangle muft be either,

1ft. Two fides and an angle oppofite to one of them.

2d. T'wo angles and a {ide oppofite to onc of them.

3d. Two fides and the included angle, '

4th. The three fides.

In either cafe, the other three things may be found by the help of a few
Theorems, and a Triangular Canon, which is a table where is orderly
inferted every degree and minute in a quadrant or arc of 9o degrees ; and
againft them, the meafures of the lengths of their correfponding fines, tan-
gents, and fecants, eftimated in parts of the radius, which is ufually
fuppofed to be divided into a number of equal parts, as 10, 100, 1000,
10000, 100000, &,

SECTION
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SECTION II . '
of the Tringulzzr Canon.

PROPOSITION L

v7. To find the lengths of the Chords, Sines, Tangents, and Secants ta
arcs of a circle of a given radius.

CoxnstrucTIOoN. Through each end of the IF . ‘
given radius cp, and at right angles to it (L. sobomsen..,
60) draw the lines cF, pG: On c, with the I
radius cp, defcribe the quadrantal arc pa, and e
draw the chord pa. §

18. For THE CHORDs, Trifeét thearcAap H
(11.61.), and (by trials) trifet each part ; then i 3
the arc Ap will be divided into g equal parts
of 10 degrees each; if thefe arcs are divided
each into 10 equal parts, the quadrant will be
divided into go degrees:: Burt, in this fmall :
figure, the divifions to every 10 degrees only s el
are retained, as in (II. 83). g :

From b, as a center, with the radius to each sol .../ ¢
divifion, cut the right line pA; and it will H
contain the chords of the feveral arcs into { 7
which the quadrantal arc Ap was divided. ,

For the diftances from b to the feveral di-
vifions of the right line pA, are thus made re~
fpectively equal to the diftances or chords of 1\1
the feveral arcs reckoned from b.

19. For THE Sines. Through each of the
divifions of the arc ap, draw right lines pa-
rallel to the radius Ac ; thefe parallel lines will
be the right fines of their refpe&ive arcs, and
¢p will be divided into a line of fines, which R
are to be numbered from c to b, for the right |- = Sinar
fines; and from D to ¢ for the verfed fines. ¢

For the diftance from ¢ to the feveral divifions of the right line cp, are
refpectively equal to the fines of the feveral arcs beginning from a.

2c. For tHE TanceENTs. A ruler on ¢, and the feveral divifions ef
the arc ~p, will interfect the line pG ; and the diftances from b to the
everal divificas of pG, will be the lengths of the feveral tangents.,

21. For Tz 3scanTs. From the center ¢, with radii to the divi-
fions of the tangents ©c, cut the line ¢r; and the diftances from c to the
feveral divifions of cF, will be the lengths of the fecants to the feveral arcs.

For thefe lengtiis are made refpectively equal to the fecants reckoned
frem c to the feveral divifions of the tangent v,

\
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22, If the figure was fo large, that the quadrantal arc could confain
every degree and minute of the quadrant, or 5400 equal parts; then the
chord, fine, tangent, and fecant to each of them could be drawn. Now a
fcale of equal parts being conftructed (IL. 81), 1000 of which parts are
equal to the radius cp; then the lengths of the feveral fines, tangents, and
fecants may be meafured from that fcale, and entered in a table called the
triangular canon, or the table of fines, tangents, and fecants. '

But as thefe meafures cannot be taken with fufficient accuracy to ferve
for the computation to which fuch tables are applicable; therefore the
feveral lengths have been calculated for a radius divided into a much greater
number of equal parts; as is thewn in the following articles.

208 PR OP IL

T any circle the chord of 60 degrees, is equal to the radius: and the fine
of 30 degrees is equal to half the radius.

Den. Let the arc ¢p, or £ cap=60 degrees;

and draw the chord ce. &
Now fince the radii Ac and A are equal ; (II. g)

Therefore £c= 2. (IL. 104)

And the £¢ + £B= (180°— (£ A=) 60°=)

120° (11. g6)

Therefore £ ¢, or £ B = (half 120°; or=) 60°

=LA A

Confequently ce—=ae=ac.
From a, draw the radius AE perpendicular to cz,
Then AE bifects the arc cg, and its chord. (1L, 124)
And cp=fine of (the arc cx=half of 60°=) 3¢°. (3)
Confequently cp is equal to half the radius ae. ’

24. Hence, Twice the co-fine of 60 degrees is equal to the radius.
For 30° is the complement of 60°, and twice the fine of 30° is equal
to the radius, -

2150 PR OP, I

T s find the fine of one minute of a degree.

It is evident (II. 187), that the lefs the arc is, the lefs is the difference
between the arc and its fine, or half chord; fo that a very fmall are, fuch
as that of one minute, may be reckoned to differ from its fine, by fo
fmall a quantity, that they may be cfteemed as equal ; and confequently
may be exprefled by the fame number of fuch equal parts of which the
radius is fuppofed to contain 1,00000, &¢. which is readily found by the
tollowing proportion. '

As the circumference of the circle in minutes 21600

‘I'o the circumf. in equal parts of the radius (II.196) 6,2831835

So is the arc of one minute I,

T'o the correfponding parts of the radius 0,00029088812

So that for the fine of one minute, may be taken ~ ©0,0022908882

26, PROP.
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26 PROP. IV, | o

Ina feries of arcs in arithmetic progreffion, the fine of any one of them,
taken as a mean, and the fum of the fines of any other two, taken as equi-
difiant extremes, are ever in a conflant ratio, of radius to twice the co-fine of
the common difference of thofs arcs. :

Dem. For in a circumference, the
center of which is ¢, and diamcter aB,
let there be taken a feries of arcs, ARB,
ARD, ARE, ARF, ARG, ARH, ¢
the common difference of which is the
arc BD. .

Then drawing the chords aB, aD,
AE, AF, AG, AH, &¢. their halves will
be the fines of half the arcs ARB, ARD,
&e. (3)

Alfo half the arc BD, is the common difterence of half the arcs ars,
ARD, ARE, e ) (IL. 150)

And the chord ADp is twice the co-fine of. half the fupplemental arc
BD. _ (13)

Fromthe points, b, E, F, G, &c. with theradii DA, EA, FA, GA, &%,
cut AE, AF, AG, AH, &¢, produced in I, K, L, M, &¢. draw 1D, KE,
LF, MG, &¢c. and BD, DE, EF, FG, GH, ¢

Then by the firft part of the demonftration (1. 189), the following
triangles are congruous, namely, A
ABD, IED; ADE, KFE; AEF, LGF; AFG, MHG, &¢.
Therefore IE—=AB; KF==AD ; LG=AE; MH=AF, &

Alfo the triangles 1paA, KEA, LFA, MGA, &¢ being each of them
ifofceles, and their angles refpectively equal, are fimilar to pca. (II. 167)

Therefore ca: Ap:: (AD: (Al =)AB +AE: :) ZAD: LAB + 1AE.
:: (AE v (AK=)AD +AF : 1) £AE: ZAD +LAF.
:: (AF: (AL =)AE +AG::) 7AF : AE +%AG.
C‘:"L‘. &f[‘
The halves being in the faune ratio as the wholes. (IL. 150)

27. Confequently, in a feries of arcs in arithmetic progreflion, wiz.
1ARB, JARD, ;ARE, &o the common difference of which is half the
arc BD, it will be, ‘ (1L, 164)
As (ac) radius. ,

To (ap) twice the co-fine of the common difference ;

So is the fine of cither arc taken as a mean,

To the fum of the fines of two cquidiftant extremes.

28. Hence, The fine of either extreme, [ubtraded fram the produt of

the fine of the mean by twice the ¢o-fine of the common differcince, will give the
fine of the gther extreme, (1L, 164)

2q. When




i
|
I

4

N

Book II1. TRIGONOMETRY. 95

29. When the common difference of three arcs is 60 degrees; then
twice the co-fine of that difference is equal to the radius. ; (24)

And with any fuch three arcs, as 30, 9o, 150; or 25, 85, 145; or
20, 80, 140, &e. it will be (27).

Asr: (zcof, o) r ::5,90°: (s, 3o°+s, 150°=) s, 30°4s, 30°
- 135,85 i (s, 25°43, 145°=) 8 25°+4s, 35° [~
::5, 80 : (s, 20°+s, 140"::.) sy 20°+s, 4o° S
22875 & (% 15°Fs, 135° )zf 157455 45% |~

e,

Here the firft and fecond terms in the proportions being equal, the
third and fourth terms are alfo equal.

30. Hence, Tke fine of an arc greater than 60 degrees, is equal to the fine
of an arc as much lefs than 60 degrees, added to the fine of its difference from
6o degrees.

Therefore the fines of arcs above 60 degrees are readily obtained from
thofe under 60 degrees.

31 PROP. V.

The right fine of an arc being known, to find its co-fine s and from thefe
to find the tangent, fecant, verfed fine; and alfo the co-tngmt, co-fecant,
and co-verfed fine.

Let aG be any arc, and let AH be its fine, Ar its w AF
co-fine; GF the tangent, BE the co-tangent; CF B oA
the fecant, cE the co-fecant ; HG the verfed fine, BI 1 A

13

the co-verfed fine.

Now if the fine AH be given, then the co-fine Aror
cH, will be known (I1. 113) : For ca>—au*=cu®.
Therefore the fquare root of the difference between the

Squares of the radius and ﬁﬂe,’will be the co-fine. c H G

Thentheverfedfine He =cG—cH ; and co-verfedfine1p=cp—c1.

3z { And fince the triangles cHa, CGF, CBE, arc fimnilar,
Thercfore (II. 167) ¢ : HA : : €G : GF, the tangent.

33 { That is, As t/)e co-fine to tbefm’,/é is mdu/s 0 the ¢ tangent.
And cH : cA ::cG : cF, the fecant.

34 { That i xs, /7; tbe co-fine to t/)e radius, fo is radius to the fecant.
And cr: : ! CB: CE, the co-fecant,

35 { That is, zfs t/hfne to radius, [5 is radius to the co-fecant,
Alfo c1: : CB : BE, the co-tangent.

36 3 That is, A’s t/)cﬁ)ze to the co-fine, fo is radius to the co-tangent.
OrGr:cG::cB:BE; thatis, 4s fangent : rad. : : rad. : co-tangant.

37. Hence itis cudent, thqt the tangent and co-tangent of an arc of 45°
are equal to vne ansther, and to the radius, or fine c{*f()o degrees.
And as the fquare of radius is equal to the recrangle of any tangent
and its co-tangent,
“Thercfore tan, X cot,= tan, x ¢st. Therefore tan. : tan. : : cst. @ cot.
(I1. 163)
Or the tangents of different arcs are reciprocally as their co-tangents.
38. The
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38. g:hc prin!;i:plcs ?}Y \g}hi‘;:hbt}}oljngths of the fines, tangents; fes
cants, {c. may be conitructed, being delivered, the following
are :u’mcxcd to illuftrate this do’&rinc% P RHEHIOATE A

z Reguired the co-fine of one minute.
The fine of 1 minute being 0,0002908882 (25)
Its fquare is 0,00000008461594
Which fubtracted from the fquare of radius ¥
Leaves 0,99999991 5384006
Whofe fquare root 0,9999999577 is the

co-fine of 1 minute ; or the fine of 8¢° 5¢’. )
Now having the fine and co-fine of 1 minute, the other fines may be found
in the following manner, . (28)

twice the cof. 1 min. X fine of 1 m.=fum of the fines of o’ & 2’.
twice the cof. 1 min. xfine of 2 m.=fum of the fines of 1 & 7.
twice the cof. 1 min. xfine of 3 m.=fum of the fines of 2/ & 3.
twice the cof. 1 min. Xfine of 4 m.=fum of the fines of 3’ & ¢/,
twice the coli 1 min. Xfine of § m.=fum of the fines of 4’ & 6/,

Procecding thus'in a progreffive order from cach fine to its next, all the
fines may be found.

But as twice the co-fine of 1 minute, viz. Mala

1,9999999154 is concerned in each operation, L]_u U-1' Produds.

therefore if a table be made of the produéts of |PLETS:

this number by the nine digits, as herc annexed, I 1,9999959154

the computations of the fines may be perforied 2 | 3:9969998308

by addition only. , 3 5,9179999gg6g
For the produé@s by the digits in the given & 1| 7:999999°51°

multiplier, being taken from the table, and g ‘?’9999995’ ;

written in their proper order, will prevent the ” ,3133333342_‘;

trouble of multiplication. 8 ,5’999999;2;2
And even this operation may be very much | 9 117,99999923%6

fhortened, by fetting under the right hand place
(viz. 4.) of the double co-fine of one minute, the unit place of the fine
ufed as a multiplier, and reverfing or placing in a contrary order, all its
other figures; then the right-hand figure of each line arifing by the multi-
plication, is to bc fet under one another ; and in thefe lines, the firft figure
to be fet down, is what arifes from the figure ftanding over the prefent
multiplying one ; obferving to add what would be carried from the places
omitted,

Now if the produéls of the figures in the multiplier, thus inverted, be
taken from the above table of produéts, it is neceflary to remark what num-
ber of places will arife from cach digit ufed in the multiplier ; then in the
products of thofe digits in the table, take only the like number of places,
obferving to add 1 to the right-hand place, if the next of the omitted
figures exceed 5.

Required
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Required the fine of two minutes.

‘The fine of 1 min. placed in an inverted order
under the double cof. of 1 min. as in the mar-
gin ; the right-hand figure 2 ftands under the g in
the 6th decimal place, therefore the firft 6 deci-
mal places of the produ againft 2 in the table,
are to be ufed; but 1 being added, becaufe the 7th
place 8, exceeds 5, makes the product 4000000 :
Alfo for g the next figure in the multiplier, ftand-
ing under the sth decimal place, take 17,99999
from the table of produéts, and 1 being added to
the gth place, becaufe the 6th exceeds 5, make
it 18,00000 : In like manner the product by 8,

adding 1, is 16000, &¢. and the fum of thefe prodults 0,0005817764

is the fine of 2 minutes, as required.

This kind of operation will be very eafily conceived without farther
illuftration, by comparing the procefs in this and the following operations,

with what has been already faid.

1,6999999154
2888092c00,0

40C0000
18c0000
16000
1600
160

4

0,00058177064

Reguired the Jines of 35 45 5 and 6 minutes.

For 3 min. For 4 min. For § min. For 6 min.
1,9999399154 | 1,9999999154 | 1,9999999154 | 1,99999G9154
4677185000,0 | 5456275000,0 | 6255301102,0 | §044454100,0

10000000 16000000 20505000 | 20500000
1600000 140C000 2050000 8oco000
20000 400C0 1220000 1062000
14CC0 12C00 €osco 8co00
1400 1200 1CC00 8coo
120 8o 100 8oo
8 10 40 10

12
0,c0116353523 ‘ 0,0017453240 | 0,6c23271052 | 0,602903%410
0,0002G0888 2 ‘ 0,0c03817704 | ©.0703720045 | 0.cO11035526
0,0008720646 | 0,0011035525 | 0,0014544407 | 0,001745328¢

In cach example, the finc of an arc which is 2 minutes lefs than that
required, (28) is fubtracted.

‘The fines being made, the tangents, fecants, &¢, are to be conftru@ed
as before fhewn. (33 34)

39. There are many methods by which the triancular canon may be
made ; but that which is here delivered was chofen as the moft eafy, the
beft adapted to this work, and what would give the learner a fufficient
notion how thefe numbers are to be found : For at this time th re is no
occafion to contruét new tables of fines, and rarely to examine thofle al-
rexdy extint; they having paffed throuzh the hand< of a great many care-
ful examiners, and for a long time have been reccived by the learned as a
work fufficiently corredt,

Vou, L. H Thefe
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Thefe lines were firft introduced into mathematical computations by
Hipparchus and Menelaus, whofe metheds of performance were contracted’
by ﬁtahmy, and afterwards perfeted by Regiomontanus; and fince his
time Rbeticus, Clayius, Petifeus, and many other eminent men, have
treated largely on this fubject, and greatly exemplified the ufe of this
triangular Canon, or Tables; which are now, by way of diftinction,
called Tables of natural fines, tangents, &'c.  But the greateft improve-
ment ever made in this kind of mathematical learning, was by the Lord
Nepier, Baron of Merchifton in Seotland ; who, being very fond of fuch
ftudies, where calculations by the fines, tangents, &'c. did frequently occur,
judged it would be of vaft advantage if thefe long multiplications and di-
vifions could be avoided ; and this he effe@ed by his happy invention of
¢ mputing by certain numbers, confidered as the indices of others (I. 63),
which he called logarithms ; this was about the year 1614.

The tables now chiefly ufed in Trigonometrical computations, are the
logarithms of thofe numbers which exprefs the lengths of the fines, tan-
gents, &e. and therefore to diftinguith them from the natural ones, they
are called Eggarithmic fines, tangents, &¢. (of by fome artificial fines,
&) Only thofe of the logarithmic fines and tangents are annexed to
this treatife, becaufe the bufinefs of Navigation may be performed by
them ; necither are thele tables carried to more than five pluces befide the
index, that being (ufficiently exaét for all nautical purpofes : But it muft
be allowed that, for general ufe, fuch tables are the moft efteemed, as con-
{ift of moft places.

40. Thefe tables are at the end of Book IX. and are fo difpofed, that
each opening of the book contains eight degrees ; four of which are num-
bered at the top, and four at the bottom of the page; and thofe at-the
top proceed from left to right, or forwards, from o degrees to 45; and
thofe at the bottom, from right to left, or backwards, from 45 to go de-
grees: T'o each degree there are four columns, titled fines, co-fines, tan-
gents, co-tangents ; and the minutes are in the marginal column of each
page, figned with M ; thofe on the left fide of the page belong to the de-
grees which are at the top, and thofe on the right-hand fide, to the degrees
which are at the bottom of the page.

41. A fine, tangent, co-fine, co-tangent, to a given number of de-
grees, is found as follows :

For an arc lefs than 45 degrees,

Seck the degrec at the top, and the minutes in the column figned m at
the top ; again{t which, in the column figned at the top with the propofed
name, ftands the fine, or tangent, &¢. required.

But when the arc is greater than 45 degrees,

Seck the degrees at the bottom, the minutes in the column with »m at
the bottom, and the propofed name at the bottem,

ExayrrLe
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ExaMPLE 1. Reguired the logarithmic fine of 28° 37°.

Find 28 deg. at the top of the page; and in the fide column, marked with
™ at the top, find 37 ; againft which, in the column figned at the top with
the word fine, ftands 9,68029, the log. fine of 28° 37”, as required.

Exampie II. Reguired the logarithmic tangent of 67° 457,

Find 67 deg. at the bottom of the page; and in the fide column, ticled
M at the bottom, find 45 ; then againft this, in the column marked tangent
at the bottom, ftands 10,38816, which is the log. tangent required.

42. But when a logarithmic fine or tangent is propofed, to find the de-
grees and minutes belonging to it, then,

Seek in the table, among the proper columns, for the neareft logarithm
to the given one; and the correfponding degrees and minutes will be
found ; obferving to reckon them from the top or bottom, according as
the column is titled,where the nearcft logarithm to the given one is found.

43. It may fometimes happen that 2 log. fine or log. tang. may be
wanted to degrees, minutes, and parts of minutes; which may be thus
found.

Take the difference between the logs. of the degrees and minutes next
lefs, and thofe next greater than the given number,

Then for 1, take a quarter of this difference ; for %, take a third ; for
1, take a half; for 2 take two thirds; for 3, take three quarters, &c.

Add the parts taken of this difference to the right-hand ficures of the
log. belonging to the deg. and min. next lefs, and the fum will be the
log. to the deg. min. and parts propofed.

Examere I Reguired the log.) Examperr 11, Required the log.
tang. to 60° 56°%. Sfine to 32° 1573,
Log. tang. 60° 57" is 10,25535 | Log. fine 32°16'is 0.72745
Log. tang. 60 36 is 10,255c¢6 Log. fine 32 13 is 9.72723
The diff. is 2y | The diff, is 20
Its half is 14 | Itz three fourths is 15
Add it to tang. €o° 56 10,255006 Add it to fine 32° 13’ 9,72723
Gives tang. 6o 561 19,25520|Gives fine 32 153 ¢,72738

In moft iroft cafes the work may be done by infpettion.

44. Andif a given loz. {ine or log. tangent falls between thofe in tle
tables: then the degrees and minutes anfwering may be reckoned 2, 0 1,
or 1, fZc. minutes more than thofe belonzing to the neareft lefs log. in
the tables, according as its difierence from the given one is £, or {, or £,
&¢. of the difference between the logarithin next aveater and next lefs than
the given leg. -

H 2 SECTION
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-

SELCTIONW IIL
Of the Solution of Plain Triangles.

45. "PROBLEM L

In any plain triangle, ABc, if among the things given therc be a fide
and its oppofite angle, to find the reft.

Then fay, As a given fide, (aB)
To the fine of its oppofite angle ; (c)
So is another given fide, (Ac)

To the fine of its oppofite angle. (B
Therefore, to find an angle, begin with a fide oppofite to a known
angle. :

Allo, As the fine of a given angle, (B)
o its oppofite fide ; (ac)
So is the fine of another given angle, (c)
To its oppofite fide. (AB)

Therefore, to find afide, begin with an angle oppofite to a known fide.
Dem. Take Bp=cF =radius of the tables.
Draw bk, an, Fc, each perpendicular tosc.

(1L 59)
Then pE and FG are the fines of the angles &
and c. (3)
Now the triangles BDE, BAH, are fimilar, and D
fo arc the triangles CFG, CAH. iy ;
‘Therefore BD : DE: : BA: AH. (1I.167) E°E H G C
And (CF=)BD:FG::CA:AH. (I11. 167)
But (BD X AH=) DE X BATFG X CA. “(11. 162)

"Therefore bE: ca::FG:BA. Or,s, £LB: AC::s, £C:BA. (I 163)

ScHoL. Or, by circumfcribing the triangle with a circle, it will readily
appear, that the half of each fide is the fign of its oppofite angle. And
halves have the fame proportion as the wholes.

46. PROBLEM IL

In 2 right-angled plane triangle, aBc, if the two fides containing the
right angle B are known, to find the reft.
Then, As one of the knowon fides, (AB)
To the radius of the tables (or tangent of 45°) ; (AD)
So is the other known fide, (Bc)
To the tangent of its oppofite angle. (pE)

Dem. Take ap=radius of the tablcs.
‘Then pE, perpendicular to AD, is the tangent of

the angle A. (4)
And the triangles ADE, ABc, are fimilar.
Therefore AB: AD : @ BC @ DE, (11. 167)

AT B
47. PRO-
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47- PROBLEM IIL

In any two quantities, their balf difference added to their half fum, gives
the greater.

The balf diff. [ubtra[iea' from the half fum, gives the lefs.

And if balf the L/'um be taken from the greater, the remainder will be the
balf difference of thofe quantities.
Dem. Let aB be the greater, and Bc the lefs, of two quantitics.
Take Ap=8c ; then BD is their difference.
Bife& pB in E; then DE=EB, is the half diff.
And ap+pE=sc +BE (ll. 47); therefore AE is the half fum.

Now AE-+EB=AB, is the greater, - E

And AE—ED=(AD=)BC, is the lefs. R
Alfo AB—AE=BE, is the half diff, ‘

48. PROBLEM IV.

In any plane triangle, aBc; if the three things known, be two fides,
AC, CcB, and their contained angle ¢, to find the reft. '

Find the fum and difference of the given fides.
Take half the given angle from QO degrees, and there remains half the fum
of the unkn-wn angles.  hen fay,

As the fum of the given fides, AC+-cB
T the difference of thofe fides ; AC—CR
So is the tangent of half the fum of the unknown angles, t. 1354
7o the tangent of half the diff.rence oft/)/afe argles. t. 1p—x
Add the balf difference of the angles to the half fum, and it will give the

greater angle = . .
Subtraét the half difference of the angles from the balf fum, and it will givz
leffir angle = a.

Dear. On ¢, with the radius ce, defcribe a circle,
cutting Ac, produced, in E and p 5 draw Ep, and
BD ; ulfo draw pF parallel to EB.

Then AE=AC +cB, is the fum of the fides.

And Ap=Ac—cB, is the diffcrence of the fides.

Now £L(DB= £ CED. (II. 104) N
And (cps+cep=)2cpB=cscBa+ 2a.(Il.g8) ATF ..o B
Therefore 1 £ CBA + £ A= £ CDB, is half the fum of the unknown angles.
And Br (1. 123) is the tangent of ¢DB, to the radius DB, (+)
Alfo (CBA—CBD=)DBA=} LC(BA—3 LA (47)
Therefore } £ CBA— £ A= £ DBA, is halt the difference of the unknown
angles.

And pF is the tangent of DBA, to the radius pB. (1)
Now the triangles AEB, ADF, are fimilar, DF being parallel to o,
Thercfore Ag: AD ::BE . DF. (1L 167)

Or AC+ CB:AC—CB it JLCBAF LA L JLcBA— LA,
H 3 49. PR C-
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49 PROBLEM V,

In a plane triangle, aBC, if the three fides are known, and the angles
required. ’

From the greateft angle, B, fuppofe a line 8D drawn perpendicular to its
oppofite fide, or bafe, dividing it into two fegments, AD, CD, and the given
triangle into two right-angled triangles, aApB, cpB: Then fay,

As the bafe, or fum of the fegments, ) AcC

Is to the fum of the other two fides s AB + BC
8o is the difference of thefe fides, « AB—BC
Do the difference of the [egments of the bafe. AD—DC

Add balf the difference of the fegments to half the bafe, gives the greater feg-
ment AD. (47)

Subtralt half the difference of the fegments from half the bafe, there remains
the leffer fegment DC. (47)

Then, in each of the triangles, ADB, CDR, there will be known two fides,
and a right angle oppafite to one of them s therefore the angles will be found by
Problem 1. (45)

When two of the given fides are equal 5 then aline drawn from the in-
cluded angle, perpendicular to the other fide, bifeéts the fide. (1. 103)

And the angles being found in one of the right-angled triangles, will alfs
give the angles of the other.

Dem. of the foregoing proportion.

In the triangle anc, the line Bp, perpendicular to
AC, divides Ac into the fegments AD, DC.

On B with the radius Bc, defcribe a circle GcE,
cutting AB, coatinued, in G, E; and AC in F;
draw Br,

Then pc =—pF.

Now ac (=ap-+0bc) is the fum of the fegments.

And AF (=AD—FD) is the difference of the fegments.

Alfo AE (=AB 4 Bc) is the fum of the other fides.

And AG (=aB—zc) is the difference of thole fides.

But Ac X AF=AE X AG. (I1. 172)
"Fherefore AC: AE::AG : AF. (11. 163)
Or Ac:AB+4BC::AB—BC: AD—DC; Or=AD—DF.

52 PR O-

oy
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so. PROBLEM VL

In any plane triangle, ABc, the three fides being known, to find either
of the angles. -
Put E and ¥ for the fides including the angle fought.
G for the fide oppofite to that angle.
D for the difference between the fides £ and ¥.
Find balf the fum of G and D.
And half the difference of G and p.
Then write thefe four logarithms under one another, namely,
The Arithmetical complement of the logarithm of E 3 (1. 83)
The Arithmetical complement of the lsgarithi of 3
The logarithm of the aforefaid half fum of G and o 5
Te logarithm of the aforefaid half differcnce of G and .
Add them together, take half their fum ; which feck among the log. fines.
And the degrees and minutes anfwering, being doubled, will give the micafure
g the angle [ought. -
EM. In the triangle, aBc,let abe

1%

the angle fought.

Take AH = aAB, draw BH; and
through k, the middle of 5H, draw
AP, which bifeéts the angle a, and
is perpendicular to H.  (11. 103)
Through k draw k1, xqQ, paral- : <
lel, to BC, Ac; which will bife& AT = 2 <
HC, BC, in L and 1; then KL=1c, KI=LC. (IL. 28, 163)
And the difference between ac and aB is Hc=Dp; then K1=iD.

From 1, with the radius 1x, defcribe a circle cutting AP, BH, KQ_, B,
in P, 0, Q, M, N, and join €cQ; now IQ=IK=LCIZLH; therefore
KQ=HC, and cQ=K11, as the triangles cql, KHL, are congruous. (11. 99)

"T'hercfore cq parallel to ku (11, 28.) being produced, will meet ap at
right angles (11. 53), in the point p, by the reverfe of (IL. 130).

T'hen PQ=xo, as the triangles kP, QOK, are congruous. (11. 95,100)
Now sm= (sr1+im=Zicc+luc=)3iG3n: And BN=3CD.

Alfo po=cp: For Bk = (KH=) cq, and KO=PQ,

et ar=radius of the tables ; then rz (parallcl to Bu) =finc of £ A. (3)
"Then the triangles anr, akB, aprc, arc fimilar.

And ar:rn::ae:pk; alfo ar:ra:: Ac: (cp=) Bo. (IL. 167)
Therefore ar®:rn*:: nexap: (ex xBo=) emxBN. (11,101, 172)
Or (fq. rad.=r*: {q. fine $ £ A :: ACX A : 1 GFu X £C—D.

i XicDn

AC X AB

Thercfore the fquare of the fine L £ A= #r*» (11 164)

I Lpetutupa
N _ 2GH D XIG=D T
I'herefore fine L2 A=+ — i b (II. 113)

And r, the radius of the tables, being 1,

H 4 Or
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Log.16¥p+ Log. $6—p—Log. e—Log. F

OrLog.s,f £ a= :
LE+]l r+L "‘2“ L..1c—p 85
OrLog.s,5 £ Azt B2 -zc:o+ 16D gf; L.

Where L. ftands for logarithm, and 1. for Arith. comp. of the logarithm.

s1. Every poffible cafe in plane Trigonometry may be readily folved by
the preceding Problems, obferving the following Precepts.

I. Make a rough draught of the triangle, and put
the letters a, B, c, at the angles. B

II. Let fuch parts of this triangle be marked, as
reprefent the things which are given in the queftion.
Thus, mark a given fide with a fcratch acrofs it
and a given angle by alittle crooked line; as in the
figure; where the fide AB, and the angles A and ¢, A c
are marked as given.

II1. If two angles are known, the third is always known.

For if one angle is go degrees, the other given zngle (which (II.g97)
will be acute) taken from go degrees, leaves the third angle.

And if both the given angles arc oblique ; their fum taken from 180
degrecs, gives the other angle, (1L g6)

I1V. Compare the given things together, and determine to which
Problem the queftion propofed belongs.

V. Then according as the Problem dire&s, perform the preparatory
work ; and write down, under one another, in four lines, (or more if ne-
ceflary), theliteral flating ; exprefling each angle byaletter, or by three ;
each line by two letters ; and the fums, or differences, of lines, by pro-
per marks.

VI. Againft fuch terms as are known, write their numeral value, as
given in the queftion, or as found in the preparatory work ; and againft
thefe numbers write their logarithms; thofe for the lines being found (by
1. 81)in the table of thelogarithms of numbers; and thofe for the angles,
found (by 41) in the table of Jogarithmic fines and tangents: Obferv-
ing that an Arithmetical complement {(fee I. 88) is always ufed in the
firft term : And that when an angle is greater than go degrees, its fupple-
ment is ufed.

VII. Add thefc logarithms together, and feck the fum (I.81) in the
Yog. numbers, when aline is wanted ; or (42) in the log. fines or tan-
gents, when anangle is wanted.  Then the number or degree, anfwering
to that logarithm which is the neareft to the faid fum, will be the thing
required,

A SY.

[}

b
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A SYNOPSIS,
52, v Of the Rules in Plane Trigonometry.
Pron.| Giwen. | Regquired. l SOLUTION.
All the Either |Since two angles are known, the third is known.
angles and| of the [And,Asfin.ofZopp. to fidegiven, is to thatopp. fide;
one fide. [other fides. So fin. of another angle, to its opp. fide.
I. [Two fides | The angle | As one given fide is to the fine of its opp. angle ;
fece [and an £ | oppof. to [So is the other given fide, to the fide of its opp. angle.
art, |oppof. to | the other |T'hen two angles being known, the third is known.
45 | one fide. | given fide.|And the other fide is found-as before.
1. | Two fides| Either |As one of the given fides, is to the Radius;
art. aud the of the |So is the other given fide, to the tangent of its opp. £
¢ | included other |Then two £s being known, the third is known.
4 right 4. | angles. |The other fide is found by opp. fides and Ls.
Find the fum and diff. of the given fides.
Two fides Take } given £ from go° leaves X fum of the other £s.
IIL. | and the The |Then, As {fum fides, is to diff. of fides ;
art. | included other So tan. 1 fum other Zs, to tan, 2 diff, thofe £s.
48 | oblique | angles. B + }L . : { greater £.
e The } fum £sq * ¢1diffi £s, gives Teffer £,
Find the other fide by opp. fides and angles.
Draw a line perpend. to the greatelt fide, from the
opp. £, dividing that fide into two parts.
Then, As the longeft fide is to fum other two fides ;
Iv. The All Sois the diff.thofe fides, to the diff. p'* of longeft.
art. three the ' +} PE ts o great.}
49 fides. angles. Thenzlong.ﬁde{_ 1difip glv?s the leffer § Part.
Now the faid perp.cutsthetriangleinto 2 right £ d ones.
[n both, are known the Hyp. a Leg. and the right 4.
['he angles are found by Problem L.
Having chofe which angle to find; call the fides in-
cluding that angle £ and r.
The fide opp. that £, call c.
Put p for the difference between e and r.
V. The Either |Find the half fum, and half diff of ¢ and p.
art. thize Then write thefe four Logs. under one another ;
50 fides. Angle. |, % The Ar. Co. Log. of e, The Ar.Co. Log.of r,
‘*} TheLog.of 2fum, And the Log. of } difference.
Add :he four logs. together, take half their fum.
jeek it among the log fines ; and the correfponding
deg. and min. doubled, is the angle fought.

53. Ex.
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53 - Examere L . Iu the plane Triangle anc.

Given aB=195 Poles.
£B= go° 00’
,LA= 47 55

Required the other parts.

For THE LINEAR SoLUTION.

1ft. Draw aABequal to 195 poles, taken from a fcale :
of equal parts. & B
2d. From B, draw gc, making with ap an angle of goe. (11. 84)
3d. From a, draw ac, making with AB an angle of 47° 55"; and meet-
ing BC in the point c.
Then is the triangle ABc fuch, the parts of which correfpond with the
things given; and the fides ca, cg, being applied to the fcale that aB
was taken from, their meafures will be found, wiz. aAc=291; and
Bc=216.

For THE NUMERAL SoruTioN, oR COMPUTATION.

Since two angles are known ; Thercfore, From go° o0’
Take 47 §5=2A
Remains 42 o5=2sc

Now in this triangle, there are known all the angles and one fide ; there-
fore among the known things, there is a fide and its oppofite angle ; which
belongs to the firft problem. .

Then to find the fide Ac, begin with the angle c oppolite as.

As the fineof L ¢, ° -] Orthus, Ass, £c=42° o5  0,17379 Ar.Co.
To the oppofite fide aB ; To aAB=19§ po. 2,29003
So the fine of the £ B, So s, £8=¢0° co” 10,00000

To the oppofite fide ac.
To acz=291 po. 2,46382

And to find the fide Bc, begin with the angle c oppofite as.

As the fine of the £ ¢, Or thus, As s, £Zc=42° o5 0,17379 Ar.Co.
To the oppofite fide aB; To a»=195 po. 2,29003
So the fine of the £ a, Sos, £a=47°55"  9,87050
To the oppofite fide nc.

To pc=z16po. 12,3343z

So that ac is 291 poles, and Bc is 216 poles.
The letters Ar. Co. ftanding on the right of the firft line, fignify the
-arithmetical complement of the log. fine of 42° ¢y’ (I. 88)

X 54. Ex.
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. 54 Exampre II.  Inthe plane Triangle azc,
Given AB=117 miles, c
£.B=134° 467
equirea the other parts. = - _

For THE LINEAR SoLUTION, OR CONSTRUCTION, -
Make AB=117 equal parts ; at A make.an angle=22° 37° (IL. 84);
and at B make an angle of 134° 46" ; then the lines which make with aB
thofe angles, will meet in ¢, and form the triangle propofed.
And the meafure of Bc will be 117, and of ac 216. -

By CompuTATION. See art. 45.

Since two angles are known,

Namely, £B=134° 46" | Now from 180° 00”| And from 18¢° o0’
La= 22 37 Take 157 23 Take 134 46

- e m—amg

Their fum =157 23 |Leavestc= 22 37 | Thefup'Ze= 45 14

Sincetheanglec=¢ a To find the fide ac.

Therefore sc=as (IL x04) Ass, £c= 22° 37" o,41503 Ar. Co.
To as=117 M. 2,06819
So's, £8==134° 46" 9,85125 fup.

To ac=216 M. 2,33447

55. Exampre 1L In the plane Triangle ABc.
Given AB=408 yards. C
2= TG
£a=358 07.
Required the other parts. A
A ts
ConNsTRUCTION.

Make Ap=408 yards, or equal parts; make the angle A=358° 07”; and
the £B=22° 37 ; then the lines forming thefc angles will meet in &8
and the meafure of Ac is 159 yards, and of Bcis 351.

CompuTAaTION. Sce art. 45.

Two angles being known, wiz £4=58° 07" | From 180° 00’
ZB=:2 37 Take 8o 44

Their fum =380 44 | Leaves g9 16=/c.

T’s fnd the fide Ac. T find the fide BC.
As’s,Lc=39° 15"  o,c0370Ar.Co.|Ass,Lc=ypg° 10" o0,00570Ar.Co.
To a5=403 Y. 2,61066 To an=403Y. 2,61056
So,s,8=22° 377 9,58197 S0s, 4 a=38° o7 9,92°G7
To ac=i159 Y. 2,20133 To nc=351Y. 23545 33

In thefe operations the fupplement of the angle ¢ is ufed. (r2)

56. Ex-
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56. & ExamerLe 1V.  In the plane Triangle Anc. C
1wen AB=10Q0§ ] o
Aczzgx }l'urlongs.
£ B=q0° 00",
Required the refl.
ConsTrUCTION.

Make AB=195 equal parts; draw Bc, making an
angle at B=90° 00’. From a with 291 equal parts A B

cut Bc in ¢, and draw ac.

Then the £ A meafured on the fcale of chords will be about 48 degrees, and

£.cabout 42°: Alfo Bc, on the equal parts, meafures about 216.
ComruTaTION.

Here being two fides, and an angle oppofite to one of them, the folution
talls under problem the firft. See art. 45.

To find the angle c. To_find the fide ®c. .
As  ac=z9t F.  7,53611 Ar. Co.|As's,£Z B=90° o0’ 10,00000
To 5, £.B==Q0° cO" 10,00000 To ac=z291 F. 2,4633%9
So  az=ig5 F. z,2g00;3 Sos,£a=47° 5% 6,87050
Tos,Lc==42° 05" 9.82614 To Bc=216F. 2,13439
From 0° 00’
Take iz 05 =r,c, Here the fine of go° 00/ or radius be-

—_— ing the firft term, its Arith. Comp.
Leaves 47 §5=4LA. being o, is not taken.
57, ExampLe V. Iu the plane Triangle anc,

Given ac=216 }Yards.
AB= 117 -

L =252 57 iy e
Required the reft. > él
A g
CoNSTRUCTION.

Make Ac=216 yards ; the £c=22°37/; and draw cB: Then from a,
with 117 yards, cut cB in 4 or in B; and either of the triangles Acé or
ace will anfwer the conditions propofed : But the triangle to be ufed is
generally determined by fome circumftances in the queftion it belongs to.

Thus if the angle oppofite to acis to be obtufe, the triangle is aBc.

ComPUTATION.
The folution belongs to problem the firft.  See art. 45.
Do find the angle B

As  as=117 Y. 7,93181 | From  180° co’
To s, Lc=22° 37° 9,584g7|Take .157 23=Zc+ L8,
So ac=z216 Y. 2,33446 ———

————| Leaves 2z 37Za,
To 5,4 B==134° 46 9,85 23 ‘

And as £La=¢c,
LctLB=I157 23 Therefore ec=.n, (Il. 104)

If the angle required be obtufe, fubtradt the deg. and min. correfpond-
ing to the fourth log. from 180 ; the remainder is the 8 For the fourth
log. gives,the & &y which is,thefupplement to the angle 8, (11, 104, 96).
qQ 58. EX*

7
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58. Exampre V1. In the plane Triangle ABC.
Given AC=408 2Fathoms
AB= 149 :
sLc=22° 37",
Required the refl.

A

CoNSTRUCTION. %
Make Ac=408 fathoms ; the £ c=22° 37”; and draw ¢4 ; from a, with
159 fathoms, cut cbin 4, or inB, and draw Ab or AB:
Then if the angle oppofite to Ac is to be acute, the triangle Ach is that
which is required ; but if the angle is to be obtufe, AcB is the triangle
fought,

CoMPUTATION. See art. 45. .
Here being a fide and its oppofite angle known, the folution falls under
problem the firft ; the £ B is to be obtufe.
To find the angle B obtufe. 7o find BC.

As aep=i59 F, 7,79860| As s, £ c=22° 37’ 0,41503
To s,Lc=22° 37° 9,58497|To  an=159 F. 2,20140
So ac=j408 F. 2,61066(S0 5,4 a=58° 04’ 9,92874
To s,£8=99° 19’ 9994231 To  Be=350,9T. ~ 254517
LctLB=121 56
‘Taken from 180 oo
Leaves£ a=38 o4
59. Examrre VII.  In the plane Triangle anc.

Given AB=195] 1» c

xczzm}l‘urlongs.

4B8=090° o0’.
Required the refl.

CoONSTRUCTION.
A B

Make the angle ABc=90°; take BA =195 equal parts, and Bc=216; and
draw Ac; then aBc is the triangle propofed ; where the parts required
may be meafured by the proper fcales.

CompuTAaTION, See art. 46,
As two fides and the contained right angle are known, the folution be-
longs to problem the fecond.

o find the angle a 7o find ac.

As ae=195 F. 7572995 | As s, £ a=47° 55° 0,12950

To Rad. or tang. 45° 00" 10,00000|To  Bc=216 I. 2,13445

So Bc=216 F. 2,33445|S0 s, £ B=9o® 00’ 10,00000

To t.LAa=47° 55" 10,04442/To  ac=z2g1 F. 2,46395
go ©o l

4Cc= 42 o35

6o. Ex-
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6o. Examere VIII.  In the plane Triangle Arc, c
Given AB=117 - c
Bc=117 } Yards.
£.B==134° 46/,
Required the reft.
CoNsTRUCTION. A B

Make the £ ABc=134° 46/ ; take BA and Bc, each equal to 117 equal
parts, from the fame fcale, and draw ac ; then is the triangle aBc equal
to that propofed ; and the parts required, meafured on their proper fcales,
will give their values.
: CoMPUTATION. See art, 48.

Now as ap and nc are equal ; there-| 7o fnd ac.
fore the angles 4 and c are alfoequal. | As s, a=22° 35°

1 0,41503
From 180° o0 To mc=n17Y. 2,06818
Take 134 46=<n. So s,L8=134° 46 9,85125
Leaves 45 14=ZA-+ZLc. To ac=z216 Y, 2,33446
The half 22 37=sa=rc. P
61. Examrre IX.  Tn the plane Triangle anc.
Given AB=408
AC=159 % Yards. C
£ A=58° 07
Required the reft.
A I

CoONSTRUCTION,

Make an angle cap=58° 07’; take Ac=159, aB=408, from the fame
fcale of equal parts ; and draw cB ; then will the triangle AcB be equal
" to that which was propofed.
CompPUTATION.

Here, there being two fides and their contained angle known, the folu-
tion belongs to art. 48.

ap=—403 The half of 58° o7
4C=159 Is 29 o3I, which
—— Taken from go oo
AB +ac=56;=fum of fides.
—_— Leaves Co s6l=itc+H]sLm.
aB—ac=24g==diff. of fides. .
Do find the angles. To find e,
As aB+ ac=g67 7,24042} As"s, £ c=99° 16" 0,00§70
To ARSI AC=249 2,39620/ To  ap=408 Y. 2,61066
So t.isc+ £ =60° 564" (See 43) 10,25520(50 5, £2=58° 07" 9,92897
Tot.lsc—r5=38 19} 09,8978 To pc=351 Y. 2,54533
Then (47) 99 16—Lc. (l. 103) —
And 22 37=/L3B.

1

62. Ex-
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§f 62,
»

Given AB=195

TRIGONOMETRY.

Examere X,  In the plane Triangle asc.

[

F1E

BC=216
AC==29I
Required the angles.

A

& D

ConsTRUCTION. :
Make ca =291 equal parts ; from c, with 216, defcribe ararc B from a
with 195 cut thearc Bin B; draw BC, BA, and the triangle is conftructed,
then the angles may be meafured by the help of a fcale of chords.

CoMPUTATION.
The three fides being given, the folution falls under either Problem V. or
Problem VI. But that the ufe of thefe Problems may be fufficiently illuf-
trated, the folutions according to both of them are here annexed,
Solution by Problem V. (49)
From the angle B, draw BD perpendicular to ca, which will be divided
into the fegments cv, DA, the fum of which ac is known.

Now Bc=216 To find the diff. of the fegments.
And aB=1g95 As acC = 291 —— 7,53611

— To BC+ 4B = 4I1 —— 2,61384
BC +ap=4t1=(um of fides. So BC—AB = 21 e— 1,32222
ec—aep= z1=diff. of the fides. To cb—aD = 20,66 —  1,47217
Now the half of 291 is 145,§
And the half of 29,66 is 14,83
Therefore (47) the fum 1€0,33=cp; or cp = 160,3

the difference 130,67=aD; or ap = 130,7.

Then in the triangie cDB. And in the triangle apE.
As Bc =z16 7,66555 ]| As A = 195 7,7C697
To S, /_CDB:QO" co’ — 10,00000 To S, ZLADB — 90° [o]o) 10,0050Q
So cp =160,3 2,20493 |50 aD = 130,7 2,11628
To 5, £cBp=47° 557 —— 9,87c48|Tos, LaBDp = 42 o5 9,826:3

Wh.taken from go ~oo

Wh. taken from go co

Leaves <Zc=4z c3

e

Solution by Problem V1.

Leaves ZaA = 47 55,&£8=¢2°0".

(50)

To find the angle c. Then To Ar. Co. log. . =201 - -« 7,53611
Put e=z2g91=ac Add Ar.Co.log. F. =216 - - - 7,06553
F=216=8cC And the log. 3G5D=135 - - - 2,13033

Alfo the log. 1G—D= 6o - - - 1,77815
D=7 =E=-F ———
CZ19§=AB
2)2 0135 =1GHD

The half of this fum 2)19,11014

3 % Y
2170273(43) -

[s the log. fine of

- - 0,55707

2)125(60 =1G—b.

Whichdoubled, gives 42°05" =2 ¢.

The angle ¢ being known, th: other angles may be found by
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63. Exampre X1. In the plane Triangle AkC. 3
Given Ac=408 B

BC=35I U
. AB=159 § '
Required the angles, - '

A L «
CoNSTRUCTION. {
The conftruction and menfuration is performed as in the laft ExamprE,
CompuTaTION BY PrOB. V. art. 49. :
From the £ B draw the perpendicular Bp; and find the fegments ap,
pc; which may be done without logarithms.
Thus Bc=351| Then (I. 46), As 408 : 510 :: 192 : 240=Dc—Da.
AB=159| For 192 X 510=97920; which divided by 403 gives 240.

3¢ + ap=g510| Now half of 408 =204; and half of 240 is 120.

Bc—aB=192| Then 2044 120=324=nc; and 204—120=84=Dpa.

In the triangle aps. In the triangle 8DC.
As ABZI359 7,79860 | As BC=351 7:45469
To s, £Lp=g0o° 00’ 16,00:00|To s, £b=g0° 00’ 10,00000
So AD=34 1,92428 S0 DC=324 2,51054
Tos, £asp=31° 53 9,72288|To s,£cnp=67° 23 9,96523
And 2£a =58 o7 And  Zc=22 37
Then £ arp+ LcBp= £ aBCc=gg° 16"
Compurarion By Prop. VI art. 50.
To find the angle c. Then, to Ar. Co. log. E =408  7,38934
Put p=403=.c Add Ar. Co, log. r =351  7,45469
F=351=8C And the log. 3G+Db=108 2,03342
- Alfo the log. 1G—D= 51 1,70757
D= §7=E—F. : —
G=1359=4aB , The half of this {um 2)18,58502
2}216(108=1G 1D Is the log. fine of 11° 18% 9,29251
2 hlc2(HIN=E==T) Which doubled, is 22° 37°=4c.

Now the angle ¢ being known, the other angles may be found by Prob. I. |
But for a farther illuftration of Prob. VI. the work for anothér angle is
here repeated.

Zo find the angle B, Then, to Ar. Co. log. £ =351  7,45409
Put e =351=8¢ Add Ar. Co. log. ¥ =159 7,79860
F=I5G=AB And the log. 3G+D=300  2,47712
_— Alfo the log. 2G—=D=103  2,03342
D:IQZ:E—'F. ——
¢ =408=ac The half of this fum 2).9,76383
2)600(300=;G+D Is the log. fine of 4¢° 38 . 9,88191
2)216(108=1G~D Which doubled, is 99° 16'=L3.

64-- Ex1
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64. Examere XII, [In the plang Triangle asc,
Given AB=117§ ‘ B
Bc=117 ¢ Miles, NG
AC=216 A
Reguired the ang/e{. e i

CONSTRUCTI1ON,

The conftru&ion of this triangle, and the meafuring of the angles, i3
performed as in the Xth and XIth Examples, ’

CoOMPUTATION,

In the triangle ABC, as AB=Bc ; therefore the angles A and ¢ are equal
(II. 104) ; and the perpendicular gD bifelts the fide ac ; fo that the right
angled triangles ADB, CDB, are congruous ; confequently, the angles be-
ing found in one triangle, will give thofe of the other. o

Now in the triangle ApB, the fide AB=117; the fide Ap,=1AcC, is
108 ; and the £ D is 9o® 00° : Here, therefore, being a fide and its oppas
fite angle given, the folution belongs to Prob, I.

To find the angle ABD. And  67° 23" doubled
As AB =117 7,93181 5
Tos, £ D =go° 00" 10,00000 | Gives 134° 46"=< aBC.

So Ap =108 2,03342

——— | A like procefs is to be ufed in every
To s, LaBD=67° 23’ 9:96523 | triangle, in which are two equal
T e ﬁdes,

Wh, taken from go° oo’

Leaves 22 MR R =1/ N =7 "

The foregoing examples contain all the variety that can poflibly happen
in the folutions of plane triangles, confidered only with regard to their
fides and angles ; but befides the methods fhewn of refolving fuch tri-
angles by conftrution and computation, there is another way to find
thefe folutions, called Inftrumental ; and this is of two kinds, v;z. either
by a ruler called a Sector, or by one called the Gunter’s fcale: The method
by the fector, the curious reader may fee in many books, particularly in
a treatife on Mathematical Inftruments publithed in the year 1775, 3d
edition * : But the other method by the Gunter’s fcale being in greag
ufe at fea, it will be proper in this place to treat of it,

T - p—

* By the author of thefe Elements,

Vor. 1, i SEC.
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SECTION 1V.

Defeription and Conflrution of the Gunier’s

Scale.

65. Mr. Edmund Gunter, Profeflor of Aftronomy at Grefham College,
fometime about the year 1624, applied the Logarithms of Numbers to a
flat ruler : This he cffected by taking the lengths expreficd by the figures
in thofe logarithms from a f¢ale of equal parts, and transferring them to a
line, or fcale, drawn on fuch a ruler ; and this is the line which, from his
name, is called the Gunter’s line : He alfo, in like manner, conftruéted
lines containing the logarithms of the fines and, tangents ; and fince his
time there have been contrived other logarithmic fcales adapted to va-
rious purpofcs.

The Gunter’s fcale is a ruler, commonly two feet long ; having on one
of its flat fides feveral lines or logarithmic fcales; and on the other fide
various other fcales ; which, to diftinguifh them from the former, may,
‘be called natural {cales.

While the reader is perufing what follows, it is proper he thould have a
Gunter’s fcale before him.

66. Of the Natural Scales.
+ The half of one fide is filled with different fcales of equal parts, for the

convenience of conftru@ing a larger, or fmaller figure: The other half
contains fcales of Rhumbs, marked Rhu ; Chords, marked Ch ; Sines,
marked Sin; Tangents, marked Tan; Secants, marked Sec; Semi-
tangents, denoted by S. T. and Longitude diftinguifhed by M. L. The
deferiptions and ufes of thefe {cales will be confidcred hereafter, in the
places where they will be wanted.

67. Of the Logarithmic Scales.

~ On the other fide of the fcale are the following lines.
I. A linc marked s. R. (fine rhumbs), which contains the logarith-
mic fines of the degrees to each pointand quarter point of the compafs.
II. A line figned 1. R. (tan. rhumbs), the divifions of which cor-
refpond to the logarithmic tangents of the faid points and quarters.
* III. A line marked Num. (numbers), where the logarithms of num=
bers are laid down.
~ IV. A lincanarked Sin. containing the log. fines,
V. Aline of log. verfed fines, marked v, s.
VI. A line of loy. tangents, marked Tan.
V11. A meridional line figned Mer.
VIII. A lineof equal parts, marked E. P,

9 €8. 1. O/
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68. ; L. Of the Line of Numbers.

The whole length of this line, or fcale, is divided into two equal fpaces‘,
or intérvals : the beginning, or left-hand end of the firft, is marked 1 ;
the end of thé firft interval, and beginning of the fecond, is alfo marked 1;
and the end of the fecond interval, or end of the fcale, is marked with 10;
Both théfe diffances are alike divided, beginning at the left-hand ends,
by laying. down in  each the lengths of the logarithms of the numbers
20, 30, 40, 50, 60, 70, 80, go; taken from a fcule of equal parts,
fuch that 10 of its primary divifions make the length of one interval :
‘And the intermediaté divifions are found, by taking the logarithms of like
intérmédiate numbérs. '

_-From this conftruétion it is evident, that when the firft 1 ftands for 1,
the fecond 1 ftands for 10, and the end 10 denotes 100 ; '

<

S < 100, w3 10003
gy g 1000, o g 10000 3
d= = & &9, o e 5
== . s Co o'U ‘6 [
= . 'g“" 15 S 5“‘ 103

oy j 4 -

'E . [ 1,5? 'g © - s
& = &e. < S 50

And the prfimary and intermediaté divifions in each interval muft be
eftimated according to the values fet on their extremities, viz. at the be-
ginning, middle, and end of the fcale.

Now the examples oft proper to be worked ‘by this fcale, are fuch
where the numbers concerned do not exceed 1000, and then the firft 1
ftands for 10, the middle 1 for 100, and the 10 at the end for 1000 :
The primary divifions in the firft interval, viz. 2, 3, 4, 5, 6, 7, 8, 9,
ftands for 20, 30, 40, 50, 60, 70, 80, G0, and the intermediate divi-
fions ftand for units.  In the fecond interval, the primary divifions fignad
2, 3, 4, 5, 0, 7, 8, 9, ftand for 200, 300, 4c0, 500, 600, 700, Sco,
000 ; cach of thefe divifions are alfo divided into ten parts, which repre-
fent the intermediate tens.  Between 100 and 200 the diviiions for tens
are each fubdivided into five parts ; fo that each of thefe lefler divifons
ftand for two units. T'he tens between 2co and 500 are divided into
two parts, each ftanding for five units: The units between the tens from
500 to 1000 are to be eltimated by the eye; which by a littie practice is”
readily done. . )

From this defcription it will be ezfy to find the divifion reprefinting a
given number not exceeding 1coo: Thus the number 62 is the fecond
tmall divifion fiom the 6, between the 6 and 7 in the firlt interval: The
number 435 is thus reckoned ; from the 4 in the fecond interval, count
towards the 5 on the right, three of the larger divificns, and one of the
fmaller; and that will be the divifion expretfing 435. And the like of
other numbers,

T2 ¢g. 1. For
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69. 1. For the Line of Sines. )

This fcale terminates at a degrees, juft againft the 10 at the end of the
line of numbers ; and from this termination the degrees are laid backwards,
or from thence towards the left : Now feeking in a table of logarithmic
fines, for the numbers exprefling their arithmetic complements, witho,,;
the index, take thofc numbers from the fcale of equal parts the logs. 1"
the numbers were taken from, and apply them to the fcale of fines frd <
9ce, and they will give the feveral divifions of this fcale. :

‘T'hus the arith, comp. of the log. fines (or the co-fecants) abating ti
index, of 10°, 20° 307 40°% e are the numbers 76033, 46595, 3010, A
19193, & "then the cqua] parts to thofe numbers, laid from qo°, Wi,
give the divifions for 10°, 20° 30°, 40°, &c. and the like for the inter-
mediate degrees,

f Prbcecdmg in this m:mncr, the arith. comp of the fine of 5045 will be
about equal to 10 of the primary divifions of the fcale of equal parts; or to
one interval in the log. fcale; fo that a decreafe of the index by umty,
anfwers to one mterval then a decreafe of the index by 2 anfwers to twa
intervals, or the whole Icngth of the log. fcaie; and this happens about
the fine of 35 min. and thedivifions anfwerm" to the fine of a ﬂctle above
3 min. wiz. 37 26”. will be equal to 3 intervals ; ; and the fine of about

26” will be 4 intervals, &c, fo that the fine of go° being fixed, thc bes
ginning of the fcale is vaftly diftant from it.

It is ufual to infert the divifions to every 5 mlnutes, as far as 10 de-
grees; from 10° to 30°, the fmall divifions are of 15 minutes each ; froin
3/\0 to 50", contains every half degree ; from 50° to 7¢% are only who]c
degrees 3 the reft are eafily reckoned,

70s 111.  For the Line of Tangents.

As the tangent of 45 degrees is equal to the radius, or fine of go°;
thercfore 45° on this fcale, is terminated dire@ly oppofite to go on the
fines ; and the feveral divifions of this fcale of log. tangents are con-
firu@ed in the fame manner as thofe of the fines, by applying their arith.
comp. backwards from 45°, or towards the left-hand.

The degrees above 45, are to be counted backwards on the fcale :
Thus the dxvlhon at 40° reprefents both 40° and 50°; ths divifion 30
ferves for 30°and 60°; and the like of the other divifions, and their inter~
mediates,

71, IV. For the Line of Ferfed Sines.

This line begins at the termination of the numbers, fines; and tangents s
But as the numbers on thofe lines defeend” trom (hc rrght to the ]cft fo
thele afcend in the fame diretion: Now having a table of ]ogax-irhmic
verfed fines to 186 degrees, let cach log. verfed fine be fubtradted from
that of 180 degrees; then the remainders being fucceffively taken from
the faid fcale of equal parts, and laid on the ruler backwards from the
gommion termination, the feveral divifions of this {cale will be ebtained.

The

Bo
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‘The numbers for each 10deg. are in the following table.

5 | p|Numb.|D.) Numb. | p.| Numb. IDeg.| Numb. Deg.| Numb. [Deg.| Numb.
1y |10/0,0033140/0,05.40 -0l0,173:/1000,383913002,7481 160 1,5207
Jo |20l0;0133]50l0,085 4|800,2315|11c|0 4828[140/0,9319{170| 2,2194 |
30/0,0301 6010,121990 0,301¢|120{0,6021(150[1,1740|180[1c,3010 |

mc
of ‘The other fcales will be defcribed in their proper places.
ﬁ' . Demonftration of the foregoing confiruétions.

That of the log. numbers, is evident from the nature of logarithms.

For the Sines and Tangents.

Nowco-fine: rad. : : rad. : fecant (34). Then co-fi X fecant =17 =
fine :rad.::rad.: co-fec. (35). fine x co-fec. :1}
tan. :rad.::rad. : co-tan. (30). tan. X co-tan. =1

The radius of the tables being fuppofed equal to 1.

Hence it is evident, that in either cafe, one of the quantities will be
equal to the quotient of unity divided by the other.

But divifion is performed by fubtraction with Ingarithms.

And to fubtract a log. is the fame as to add its arith. comp.

Confequently, the logarithmic co-fine and fecant of the fame degrees
are the arithmetical complements of one another.

And fo are the logarithmic fines and co-fecants: Alfo the logarithmic
tangents and co-tangents are the arith. comp. of one another.

=3. Now as the arith. comp. of any number is what that number
wants of unity in the next fuperior place ;

Therefore every natural fine and its arith, comp. together make the rd-
dius.

And the fines begin at one end of a radius, and end in go? at the other
end.

Therefore in a feale of fines, ‘the arith. comp. of any fine, or its co-
fecant, laid backwards from oo, gives the divifion for that fine. And
the like muft happen in a feale of log. fines.

74. Alfo, as the Jogarithmic tangents and co-tangents are the arith,
comp. of one another ; therefore in a fcale of log. tangents, the divifions
to the degrees both under and above 45, are equally diftant from the di-
vifion of 45°.

Confequently the divifions ferving to the degrees under 45, will ferve,
by reckoning backwards, for thofe above 43.

75, For the Verfed Sines.

Although the numbers in the linc of verfed fines afcend from right to
left, yet they are only the fupplements of the real verfed fines, which arc
numbered in the fame order as the fines, that is, from left to right: But
as the beginning of the verfed fines falls without the 7u/er, therefore it is
moft convenient to lay down the divifions from the point where the verfed
fines terminate at 180 degrees, that is, againft go° on the fincs.

Now it is evident that the divifions laid off from this termination muft
be the differences between the log..verfed fines of the feveral degrees, &'c.

and that of 180/degrees;
I3 SECTION

—
o
N
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S C LN K
The ufe af the Gunter's Scale in Plane Trigonouretry.

76. When a‘Trigonometrical Queftion is to be {olved by the Guntcr’s
feale, it muft firft be fated by the precepts to that problem under \Vthh
the queftion falls, whether it be by oppofite fides and axwlcs, or by two
fides and their included angle, or b) three fides.

77. In all proportions wrought by the Gunter’s {cale, when the firft and
fecond tcrms are of the fame kind, then

The extent Sfrom the firft term to the /Z'coud will reacb from tbe third term,
to tbe fotm‘b

Or, when the firft and third terms arc of the fame kind.

The extent from the firft term to the third will reach from the fecond
term to the fourth. ot fe A

That is, fct one point of the compaffes on the divifion exprefling the firft
term, :md extend the other point to the divifion exprefling the fecond (or
third) term ; then, without altering the opening of the compafies, fet one
point on the divifion reprefenting the third term (or fecond term), and

the other point will fall on the divifion fhewing the fourth term or
anfwer.

In working by thefe direCions, it is proper to obferve,

78. Firft. The extent from one fide to another fide, is to be taken
from the fcale of numbers; and the extent from one angle to another i 1s
to be taken from the feale of fines, in working by oppofite fides and angles ;

or from the fcale of tangents, in working by two fides and the included
angle.

Socon,dl} When the extent from the firft term to the fecond (or third)
is deerealing, or is from theright to the left, then the extent from the third
term (or f.cond) muft be alfo decreafing ; that is, applied from the right
towards the left: And the like cautxon is neceflary when thc extcnt xs
from the left towards the-right.

Thefe precepts bing carefully attended to, what follows will be readily
underfiood. : . :

79. Ia
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79. In ExampLe I.  See article 53.

As s,2.Cc:AB::s,2B: AC. Or s,42° 05 1 195::5, 98° 00": Q,
where _ftands for the number fought.

Now the extent from 42° 05" to go° 00’, taken on afcale of fines, and
applied to the fcale of numbers, will reach from 195 to291. Seeart 69.

Alfo. Ass,2c:aB::s,2A:BC Ors, 42005 :195::5,47° 55": Q.

Then the extent from 42° 05" to 47° 55 on the fines, being applied to
the numbers, will reach from 195 to 216. See art. 68.

In each of thefe operations, the firft extent was from the left to the right,
or increafing ; therefore the fecond extent muft be from left to right alfo.

8o. In Examrre IV. See art. 56,
As Ac:s,4Bi:ABis,2¢C. Or291:5,g0° 007:: 195 : Q.

Here the extent from 291 to 195, taken on the numbers, and applied
to the fines, will reach from go® 00" to 42° 05",

The firft extent being from the right towards the left, or decreafing ;
thercfore the fecond extent muft be alfo from the right to the left,

In Exanmpre VII. Sce art. 59.
As aB:Rad.::BC:t,2A. Origs:t, 45°00::216:q,

Then the extent from 195 to 216 on the numbers, will reach from
45° 00’ to 47° 55 on the tangents. '

Here the firft extent being from left to right, or increafing, therefore
the fecond extent muft alfo be increafing : Now on the tangents, this in-
creafe above 45° does not proceed from left to right, but from right to
left, the fame way that the decreafe proceeds (70) ; confequently the di-
vifion which the point falls on for the fourth term, muft be eftimated ac-
cording as the firft extent is increafing or decreafing.

T hus had the proportion been,

Asec:Rad.::aB:t,2c. Or,216:t,45°00":: 195: Q.

Then the extent from 216 to 195 on the numbers, will reach from
45° 00” to 42° 05, eftimated as decreafing.

81. When two fides and the included angle are given, and the tangent
of half the difference of the unknown angles is required.

Then, on the line of numbers take the extent from the fum of the
given fides to their difference 5 and on the line of tangents apply this ex-
tent from 45° downwards, or to the left; let the point of the compailes
reft wiere it falls, and bring the other point (from 45¢) to the divifion
an{wering to the half fum of the unknown angles ; then this eatent ap-
plied from 45° downwards, will give the half difference of the unknown
anglest Whenee the angles may be fouad. (47)

) In
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In ExaMpLe IX:' . Sée the art. 61.°
AsABFAC! AB—AC: 6l CF 2B :t,IZ0—ZB.
Or 567 : 249 ::t, 60°56° : Q.

Now the extent from 567 to 249 on the numbets, being applied to the
tangentsy will reach from 45° to about 23° 40” ¢ Let one point of the com-
pafics reft on this divifion, and bring the other to 60° 56; then this ex-
¢ent will reach from 45° to 38° 19’, the half difference fought.

_And this method will always give the half difference, whether the half
Tum of the angles is greatér or lefs than 45°%

82. But when the half fum and half difference are greater than 45°;
then the extent from the fum of the fides to their difference on the fcale of
numbers, will (on the tangents) reach from the half fum of the angles to
their half difference, reckoning from left to right.

And when the half fum and half difference are both lefs than 45; then
the extent from the fum of the {ides to their difference, taken from the
numbers and applied to the tangents, will reach from the half {um of the
angles downwards to their half difference.

B3. When the three fides are given to find an angle, and a perpendi-
cular is drawn from an angle to its oppofite fide. See Ex. X. art. 62,

As Ac :BC+AB:: BC—AEB ! CD=—AD.
Qrag1: 411 2 HQs

Now the extent from 291 to 411 on the fcale of numbers, will reach
frem 21 to 29,6 on the numbers alfo.
‘Then the extent for the angles-is performed in the fame manner as

fhewn in Ex. L (78)

84. Or an angle may be found by Problem V1. as follows.

In the fcale of numbers, take the extent from the half fum (of G and p)
to either of the contalning fides (as E); apply this extent from the other
containing fide (as F), to a fourth term : Let one point of the compafles
teft on this fourth tetm, and extend the other to the half difference (of
@ and D) ; then this extent applied to the verfed fines from the begina
hing, will give the fupplement of the angle fought.

In Examrre X, Sceart. 62,
£ =291; F=216; half fum =135; half diff. = 6o.
"Then on the numbers, the extent from 135 to 291, will reach from
216 to 465 let the point reft there, and extend the othei to 60 then
this extent applied to the verfed fines, will reach from the beginning to

137° 567; which taken fronr 132°, leaves 42¢ o’ for the angle fought.

Bs. In
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83. In ExamreLe XI. See art. 63.

Here E=408; ¥=1351; half fum of G and p=108; half diff.=31.
Then on the numbers, the extent from 108 to 408, will reach from
351 in_the fecond interval, to a fourth number : But as the point of the
compafles falls beyond the end of the fcale, therefore let the extent from
108 to 408 be applied in the firft interval, which will reach from 35,1
to 132,6 ; let one point reft on 132,6, and extend the other point of the
compafles to 51. Now as this extent of the compafles is lefs than it
ought to be, by one intervaly or half the length of the {cale of numbers ;
therefore the laft extent, when applied to the verfed fines, muft beé from
that divifion, on the verfed fines, oppofite to the middle of the fcale of
numbers, which is nearly at 143° ; and it will reach from thence to the
verfed fine of 157°23; which taken from 180°, leaves 22° 37/ for the
angle fought.

86. Moft of the writers on Plane Trigonometry treat of right angled,
and of oblique angled triangles feparately ; making feven cafes in the
former, and {ix cafes in the latter : But as every one of thefe thirteen cafes
fall under one or other of the foregoing Problems, therefore fuch diftinc-
tions are here avoided, it being conceived, that they rather tend to pet-
plex than inftrut a learner : Alfo in the generality of the treatifes on this
fubje&, it is ufually thewn how the folutions of right angled triangles
are performed, by making (as it is called) each fide radius; that is, by
comparing each fide of the triangle with the radius of the tables: And
although thefe confiderations are here omitted, yet the inquifitive reader
will find them in Book VII. near the beginning.

87. Befide the demonftration of Problem IV. at art. 48. it has been
thought proper to give another demonftration ; becaufe there arifes from
it a Theorem ufeful on fome occafions: Moreover, there is alfo added
methods of deriving other rules for the folution of the cafe where the
three fides are given to find an angle ; which, if they fhould be found of
no other ufe, will perhaps be agreeable cxercifes of Geometry to thofe
who are delighted with thefe ftudies.

SECTION
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SECTION VI
Properties of Plane Triangles.

88. _In any plane triangle asc,
iven ca, ¢B, and £c.
Required the angles Band a.
‘Sottrrton. Take cp=cB, and draw ps.
Bife& pe in F, DA in E, draw CFG, and EF,

which is parallel to As.” (1. 165)
Now DE of AE is equal to half the difference
of caand cB. -

And cE (=CA—AE) is equal to the half fum A
of ca and cB. 47
The fum of the equal angles cep, cps (II. 104) is equal to the fum

of the unknown angles cBA, cAB. | (11. 38)
Then the angle cep is the half fum, and the angle aABp is the half
diffeterice of the unknown dngles cBA, cAB. (47)

And as cFG is at right angles to pe (II. 103); cF is the tangent of
¢BD, and GF i$ the tangent of(L ABF to the rad. pr. (4
hén ck: EA::cF:GF (11 165): Or2ce:28A:: cr:¥e. (I 151)

That is, CA+CB: CA—CB: : tan. £ £ CBA+CAB : tan. 2 CEA—CAB.

89. Acain. From n, thé middle of cp, draw ur at right angles, and
€qual to cu; draw D1, and EK parallel to b1, meeting c1 produced in
X ; and join 1E.

Now HE=(jcDp+1pA)jcA; and eH=1cB.

And HE=tangent of the angle HIE to the radius, HI=HC.

Then cB:cA::(2HC: 2HE : : HC : HE : : ) Radius : tan. £ HIE.
And £HIE— (£LHID=) 45°= £ DIE= £ KEI (II. 95) is known.

Then rad, : tan. £ KEI: : EK : KI : : CK : KI; becaufe LKCE= £ KEC.
But : ' :1CK:!KI::CE:ED. (IL. 166)
1 12CE: 2ED. (I.151)
1:CA4cChicA—CB s fum st [diff. £5(48)

Confequently rad, : tan. £ KEI: : tan. L2 CBA+CAB : tan, L ZCBA—CAB.

This rule is often ufeful in Aftronomical calculations, when the loga-
rithms of the fides AB, BC are only known, and the angles ac, Bea, are
required, without finding, from thofe logarithms, the fides themfelves,

For the diffcrence between the logarithms of the fides, increafed by
radius, gives the tangent of an arc; which arc leflened by 45° leaves a

fecond arc.
‘Then as rad. : tan. fecond arc : : tan, ! fum £ s: tan. } diff. 2.

ga. In
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go. In any plane triangle Aec, where the three fides are known, the
mealure of either angle (as the angle A, included between the fides AB,
. ac) may be found feveral ways, as fhewn in the following articles,
The letters §, ¢, v, ftand for fine, tangent, verfed fine. ¥
0 0 8, f, ftand for co-fine, co-tangent.
/ i <", ftands for the verfed {ine of the fupplement.

g . Alfo ss, tt, ftand for the fquares of the fine and tangent.

Alfo s, £, ftand for the fquares of the co-fine and co-tangent,

Radius=R=AB=AE=AD; and H=3AB+$AC+3BC,

R N B

C 5 A (: E ¢

_ H—AC X H—BC
91. S,;—LA_RX\/_—-—-.. Here £e=%1s 4.

AC X AB
Forr:s, 1£A:: (DE=)245: BD. (45)
And RR 155, 24 A% 4AB%: BDA (IL. 161)
2
T —
Now Ss,iLA_RRX4ABz, (1L, 164)
2AD 2H—2AC X 2H—28C
= X = X
4AB* 2AC XRE. (1% 179)
Then s, ;LA:RX\/LX“—AB.
e ACXAB
_ 2R®
92 $HL A= X JH X H—CB X H—AC XH—AB"
For AB:BG :: R : 5,2 A. . (45)
And AB*: BG®::RR: 55, LA, (11, 161)
N LA=—txpG? IL. 16
Now s5, £A= BGZ, 2
Now s, T , (IL. 164)
— X-—4—,XHXH—CB XH—ACXH—AB (II. 180)
AB* T AC* 3 g 3

93. shisLa=r x\/w Here£E=1!4a;and 2 p=comp. LE.

AC X AB
Forr:s, tz2A:: (DE=) 2AB: BE. 4
And RR : ', 1 £ A1 4AB%: BE?, (II. 161)
. BE* i
AT ANy —N
Mow s LAT=RR X . II. 16
U5 v 4AB" ( 4)
2ABX 4 XHX 1§
ZRR X 4, S (11. 178)
; 4AB* X 2AC

94 4%
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vV A_ic
04 fisza=rx Y H=ACXH—_AD

H X H__CB
Forr:4, 244 : BE : BD.
And RR:#¢, 2 A ::ng* ; ppt, (1L
2
Nowis, Lo a=grr x> E1. (1L
B
HoACXHU—AB
Z=RR X ———, 11. 178
E X H—BC ( 7
e
HxH—CB
5. 2 rLA= RX\/“"—’-—“-___
95 6,1 H—ACXH—AB
For gp? F(PHILAIRR D) RR:AY, 1oa,
BE® ,
Then £ £, 1 £ A=xrn X— (1L 178
BD
B " _2RxH—ACfo~AB
~ 4 =4 —_———
P voca AC X AB
Forr:v, £A: aB:GD.
Th GB 2XH—ACXH—AB (H
€Q Uy LA=R X —=p .
X Ap R X AC X AB
v az=ar x LXH—CB,
97- - ACX AB
Forr:o, a::as:cs. »
GE 2 XHXT—CB
Then o, La=rxZ=px . (1L
AB AC X AB
g o . CB*—~AC*— ap?
: A=IRX
9 ol 2R ACX AB
Forr:s, £a::ap: ac.
AG BC*— AC*— Ap?
3 \
SRX—=RX——— 2" II
Thens’, 24 A X 2AC X AB (

END or BOOK IiI.
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ELEMENTS

NAVIGATION.
= BO OK IV.
OF SPHERICS.

SECTION 1.
Definitions and Principles.

1. QYPHERICS is that part of the Mathematics which treats of the
pofition and magnitude of arcs of circles deferibed on the furface
of a fphere.

2. A Seuere is a folid contained under one uniform round furface,
fuch as would be formed by the revolution of a circle about its diamcter,
that diameter being immoveable during the motion of the circle.

Thus the circle AEBD revolving about the diameter AB,will generatea fphere,
the Jurface of which will be formed by the circumference AEBD. SecPlate I

3. The CenTER and Axis of a fphere arc the fame as the center and
diameter of a generating circle: And as a circle has an indefinite num-
ber of diameters, {o a fphere may be confidered as having alfo an indefinite-
number of axes, round any onc of which the fpherg may be conceived to
be generated.

4. Circres oF THE SPHERE are thofe circles deferibed on its furface
by the motion of the extremities of fuch chords in the generating circle as
are at right angles to the diameter, or to the axis of the fphere.

Thus by the motion of the circle ARBD about the diameter Av, the extre-
mities of the chords ED, GF, 1H, at right angles to av, will deferibe circles

the diameters of which are equal to thofe chords refpectively,  Plate L. =
5. The
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& The PoLEs of a circle on the fphere, are thofe pomts ‘on nts fut-
face equally diftant from the circumference of that circle.

Thus A and © are the poles of the circles deferibed on the- _/Z)bere by the
ends of the chords ED, GF, IH. Plate 1. !

6. A GreaT CIrcLE of the {phere, is that circlé which is equally
diftant from both its poles.

Thus the cirele defiribed by the extremities By Dy of the diameter ED, at
‘yight angles to- AB, bemg equally difiant from its poles A and B, is called a
gri eat cirele,

7. LEsser CircLEs of the fphere, or fmall circles, arc thofe circles
which are unequally diftant fromboth their poles.

Thus the cirgles of which ¥G, BI, are diameters, paving their polps Aand B
maquaerd iflanti from tbem are called lg feﬂ artlcl'.

8. PararreL CircLEs of the fphere, are thofe circles, the planes of
which are confidered as parallel to the planc of fome great circle.

Thiis the circles lmving the dianpeters ¥6, 11, are called par alld czrrles i
rg/'pfaé? af the g’reat drcle of awhich' BD is the'diameter.

9. A SPHERIC ANGLE is the mclmgnen ofitwo great circles of the
fphere meeting one another.

10. A Spueric TRIANGLE is a figure formed on the furface of a
fphere by the mutual interfections of three | great circles.

11. The STEREOGRATHIC PRO]ECTION of the fphere, is fuch a re-
prefentation of its. circles, upon thé p}anc of one of them pafling through
the center, and called the PLANE oF ProjECTION, 'as would appear to
aneye placed in one of the poles-of that great circle; and thence viewing
the circles on the fphere.

12. The place of the Eye is called the ProjecTING PoINT, or lower
pole: and the point diametrically oppofite is called the remoteft, or op- .
pofite, or upper pole.

Alfo, the projetion of any point on the fphere, is that point in the
plane of projetion, through which the vifual ray pafles to the eye.

13. The Primrtive CirciE is that great circle, on the plane of
which the reprefentations of all the other circles are fuppofed to be drawn.

14. An OeLiQUE CIRcLE is one which has its plane oblique to the
eye.

15. A RicuTt CircLE is that which is perpendlcular to the plane of
the primitive circle, and if it be a great circle, its plane pafles through the
cye, and it is feen edgewife ; confequcnt}y it is reprefented by a ﬁralght
line drawn through the center of the primitive circle,

AXIOMS.
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16. The diameter of every great circle paffes through the center of the
fphere ; but the diameters of fmall circles do not pafs through.the fame
center: Alfo the center of the fphere is the common center of all its
great circles.

17. Every feftion of a fphere, by a plane pafling thqugh its circuma
ference, is a circle. ) : =

s ve oo
18. A fphere is divided into two equ;(]l1 parts'by the plane of ‘every great
circle; and into two unequal parts by the plane of every fmall circle.

19. The pole of every great circle is at go degrees diftance from it on!
the furface of the fphere: And‘notwo great circles can have a common
pole.

.

20. The poles of a great circle are the extremities of that diameter, or
axis, of the fphere, which is perpendicular to the plane of that.circle,

21. Lines flowing to the projefting point, or place of the eye, from
every point in the circumference of a circle which it.views, form the
convex furface of a Cone.

22. A plane pafling through threc points on the furface of a fphere,
cqually diftant from the pole of a great circle, will be parallel to the
plane of that circle.

23. The fhorteft diftance between two points on the furface of a fphere,
is the arc of a great circle paflina; through thofe points.

24. If one great circle meets another, the angles on cither fide are fupple-
ments to one another; and every fpheric angle is lefs than 180 degrees.

25. A fpheric angle is meafured by an arc of a great circle intercepted
between the legs of that angle, go degrees diftant from the angular point.

26. If two circles interfect one another, the oppofite angles are equal.

27. Two fpheric triangles are congruous, if two fides and their con-
tained angle in one, are cqual to two fides and their contained angle in
the other, each to cach: Or if two angles and the contained fide in the
one, are cqu:l to two angles and their contained fide ‘in the other, each
to cach : Or if the three fides in the onc are refpectively equal to the
three fides in the other.

28. Al parallel circles have the fame pole, and may be conceived to be
concentric to the great circle which they are parallel to.

29. All paralle] circles on the fphere, having the fame pole, are cutinto
fimilar arcs by two great circles paffing through that pole.

SECTION
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SECTION IL

Stereographic  Propofitions.

30. PROPOSITION I,

Great circles of a [phere mutually cut one another into two equal parts.
Dem. Anytwo great circles have the fame common center, (16)
And their planes interfect in a right line, (1L, 209)

Now the center muft lie in the line of their interfe&ion,
Therefore this right line is a diameter common to both,
But every circle is bifected by its diameter.

Therefore the circles mutually bife¢t one another.

31. Corot. I. The circumferences of any two circles interfe&ing one
another twice, make the angles at both fections equal.

For the planes of thofe circles have the fame inclination at both ends of
their interfeétion, or where the circumferences interfeét,

32. Coror. II. Two great circles of the fphere will cut each other
twice at the diftance of 180 degrees, or in oppofite points of the fphere,

33 PROP. IL

The diftance of the poles of two great civclesy is equal to the angle formed
by the inclination of thefe circles. Plate L

Dem. Let aEB, CED, be two great circles of the fphere, their planes
paffing through its center F; and let 4, 4, be the poles of the cir¢le
AEB, and ¢, d, the poles of the circle cep.

‘Then is the arc Aa=arc cc=go°. (19)
And the arc ca is common to both the arcs aAa and ce.

Therefore the arc ac, meafuring the inclination cFa of the circles, is
cqual to the arc a¢ meafuring the diftance of the pales. (I1. 48.)

34. Coror. 1. Two great circles are at right angles to one another,
when they pafs through each other’s poles.

35. Coror. II. The pole of a great circle is gc degrees diftant from
it, taken in anather great circle, or in an arcof it, drawn perpendicular
ta the former circle,

36 Corot. III. Two or more great circles, at right angles to an-
other great circle, interfect one another go° diftant from it, or in the
pole of the latter ¢ircle. And the like of arcs of great circles,

37. CoroL. IV. If feveral great circles interfect one another in the
pole of another great circle; then are the former circles perpendicular to

the Jatter,
8 38. PROP.
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38. PR OPIL 2

Luthe flereographic projection of the j}bere the reprefentations af M eiveles
mt paffing tbraz)j/) the projéé?mg poiiit, will be t;{:cles Plate I“thr&’,
figures. ; \“

b

Wh

Let AcEpB reprefent a (phere, cut by a plane rs, paﬁing,through the:
center I, at right angles to the diameter EH, drawn from E, the place of
the eye. 0t

Ard let the fe&ion of the fphere (17) bj the plane Rs, be the (:u‘c}e‘\
CEDLy its poles being H, and E.

Suppofe AGB is a circle on the fphere to be- pro;e&ed, its pole, moft:
remote from the eye, being p: And the vifual rays from the circle ars
meeting in E, forin the cone AGBE (21} of which the triangle ArB.is 2
fection through the vertex £, and diameter of the bafe as.. . (ll.204)

Then will the figure- ag&f, which is the projeétion of the circle BG\,
be a circle. N

DenonsTrATION.. Since the £ Eab is meafured by farc ac + (z arc

ED=) % arc CE. HBIAT T R R A A E5 & T T
And the £ EBA is meafured by 7 are ac4 2 arccEv -0 o (II 128)
Therefore the angle esa==angle Eab. (1I. 50)

And fo the triangies EAE, gba are fimilar, the 25 being common. ..
Therefore ab cuts the fides £A and EB of the cone,in a fubcontnry pofi-
tion to AB ; and confequently the feétion afbg is a circle. (II. 213)

Now fuppofe the plane RS to revolve on the line’¢py till it coincides
with the plane of the circle Acez; : )

Then it is evident, that the point L will fall. in H, the pomt F in E,
and the circle crFpL will coincide with the circle ceEpH, which now be-
comes the primitive circle, where the point Fy or E, i$ the -projeting
point: Alfo the projected circle afbg will become the circle anék.

39. Coror. I. Hence the middle of the projeéted diameter is the cen-
ter of the projected circle, whether it be a great circle or a fmall one.

40. Corovr. II. Hence in all circles parallel to the plane of pro_;e&Lon,
their centers and poles will fall in the center of the projtéhon e

41. Coror. III. The centers and poles of circles, inclined tcj\ghc
plane of projection, fall in that diameter of the primitive circle which is
at right angles to the diameter drawn through the proje&ing point; but
at difterent diftances from its center.

42. Coror. IV. All oblique great circles cut the primitive circleiin
two points diametrically oppoﬁtc.

Yaoral. K AP RO P,
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43. PR OP 1V,

The meafure of . the.angle which the projected diameter of any circle [ub-
tends at the eyey is equal to the diftance of that circle from its pole, which js
','7} remote from the projefting point, taken on the furface of the [phere.

nd that angle is bifected by a right line joining the projecling point and that
pole.  Phate’Tgn™ o - oo

Let the planc rs cut the fphere HFEG, as in the laft.
Andilet ABC be any oblique. great circle, the! diameter of which ac is
projeted into ac; and KoL any fmall circle parallel to asc, the diameter
of which xy is projeted;into 4/ ' :

i The' diftances of thofe: circles from the pole p, being the arcs anp,

xnp, and the angles akc, #E/, are angles at.the eye fubtended by their

projeGted diameters ac, 4l

Then is the.angle aE¢ meafured by the a;'c AHP, the angle £&/ is mea-
fured by the arc Kup ; and thofe angles are bifected by Ep.

DgyM. Forare pHA=arc pc;. and arc PHK =arc¢ PL. 5
AndithelZz AEC is meafured by £ arc Apc=arc PHA, (IL. 128)
- Alfo'the’ £ XEL is meafured by £ arc KPL=arc PHK. (11. 128)
Therefoje the angles Azxc, KEL, are refpe@ively meafured by the arcs’
FHA, PHKY viarb N od dou ‘
And itivevident thofe: angles are bifected by.the line Ep.

44. Coror.' L. Hence as the line £p proje&ts the pole p in p; fo the
f2me line.refers a projeGted pole to its place on the fphere, in the cir-
cuniferentce of the primitive circle.

. 45. CoroL. II. Hence, on the  plane of the prﬁnitive circle, may be
defcribed the reprefentation of any circle whofe diftance from its pole,
and the projected place of that pole, are given.

For A and pc are proje@ed into pa and pc; and the bifection of ac
gives the center of the circle fought.

- 46.- Coror: III. Hence every proje&ted oblique great circle cuts the
primitive circle in an angle equal to the inclination of the plane of that
oblique circle to the plane of projetion.

For Fais equivalent to Fa the inclination. ;

And ra meafures the angle FHa, fince FH, Haq,are each go°, (9)

47. Corot. IV, The diftance between the projections of a great circle

and any of its parallels is equivalent to their diftance on the fphere.
Thus the projeétion a# is equivalent to AK.

43. PROP.
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438. PR OP V.

Any point of a _/zbere flereographically projected, i:‘dg'/Iant Sfrom the center
of projection, by the tangent of b7a7£f the arc intercepted between that point
and the pole opplg/ite to the eye: The [emidiameter of the [phere being made

radius. Plate

Let cbeB bea great circle of the fphere, the center of whichis ¢, Gu the
plane of projection cutting the diameter of the fphere in 4, B; &, c, the
poles of the fe€tion by that plane ; and 4 the projeétion of a.

Then is ¢a equal to the tangent of half the arc ac.

Dem. Draw ¢F, a tangent to the arc cp=£ arc ca, and join ¢F.

Now the triangles cFe, ¢aE, are congruous: For cc=¢E, L c=/L Eca
=right £, £ccF=cea (11. 128) : Therefore ca=cF.

Confequently ¢a is equal to the tangent of half the arc ca.

49. PROP. VL

The angle made by the interfection of the circumferences of two circles in
the fame plane, is equal to the angle made by tangents to thofe circles in the

point of fection 5 and alfo is equal to the angle made by their radii drawn to
that point. Plate I.

Let cg, cp, be two arcs of circles in the fame plane cutting in the
point ¢ 3 Ac, Bc, their radii; Gc, Fc, tangents at the point c,
"Then is the curve-lined angle EcD= £ GeF= £ ACB.

Dewm. Since the radii ac, Bc, are at right angles to their tangents G¢, Fe
(IL. 126) ; and are alfo at right angles to the arcs cE, cb. (II. 136)
"Therefore the pofition of the tangents and arcs at the point ¢ are the
fame ; and confequently the £ ECD= £ GCF.

Alfo the £ aAcB+ £ BcG=(right4 =) £FcG+ £BCG.

Therefore the angle ace is equal to the angle Fcg, by taking away the
common angle BCG. (1. 48)
Confequently £ ECD=GCF= 4 ACB.

50. Scuortua. If the arcs cg, cD, were in different planes, the
fame would hold true with regard to their tangents.

For fuppofe the circle ¢p to revolve on the hxed radius e, fill cutting
the circle ¢k in ¢: Then the tangent cF revolving wrdh it, has {till the
fame inclination to 8¢ : And as the inclination of the planes of the circles
vary, fo much will the inclination of the tangents vary.

Therefore the angle made by the tangents, in all pofitions of the cir-
cular planes, is the fame as the angle made by their circumferences.

51. Coror. Henceif a plane touches a fphere, at the point where two
circles of it interfect one another, the tangents to both circles will lie in
that planc; and confequently, in all oblique pofitions, a rizht linc pera
pendicular to one tangent will cut the other tangent,

Kia 53. PROP.



132 SPHERIEICS. Beok IV.

52, PR OP. VI

The angle which any two circles make, wbrh}}/lerzagrapbz':ally projected, is
equal to the angle which thofe ciycles make ox the [phere. Plate I e

Suppofe DAEL a fphere to be projected on the plane sBreF, and ALDE
a great circle paffing through the proje&ing point .  Let 1BA be any
other circle, cutting the former in L and a, under the angle Bar, which
will bé teprefented by the circle sBr, (38) as the circle ELDA is by the
right line sc (15). Theangle BAE is equal to the angle Brc.

From the point A draw Ac, AF, to touch the cireles AEL, ABs in A, and

meet the plane of proje&ion in ¢ and ¥ ; afo draw r¥ and cF, which wil¥
be in that planc; ancf, in the plane of the great circle AEL, draw AD pa-
rallel to se, and join Ep. .
D2m. The-angular point & is proje&ted into R ; (12) confequently Ac
is projeted into rC, and AF into RF. And fince sc is the common
feCtion of the plane of projection with that of the great cirele ELpa
(II. 210) the lines ac, sc, AD, ED, AE, lie all in the plane of that circle:
Alfo becaufe Ap is parallel to sc, the L ARC=ZDAE= L ADE= LRAC
(I1L. 94, 104, 132) confequently aAc=rc (II. 104). Now the planec
pafling through ac and A¥ touches the fphere in A, (51] it is therefore
perpendicular to the plane of the circle AED ; and ¥c its common fetion
with the plane of projection, is at right angles to that plane (IL." 210} ;
¥cis therefore at right angles both to the lines ac and cr (1L 205) =
Hence, the triangles acF, rcF, being right angled at ¢, having the fide
rc common, and Ac=cR, are congruous (II. 9g), and the Zcar=
£ crF. Confequently the L EAE= £FAc (51) = £ FRrC. Now it is ma-
nifeft that as AF touches the bafe, ABL, of the cone EAEL, in the point A,
a plane paffing through AF and AE will touch the fide of the cone in the
line AE; but AF is alfo. in that plane (II. 198); thercfore AR touches
the cone in the line AE; and as AR lies alfo in the plane of the circle
sBR, it muft touch that circle alfo; confequently (50) BRc= £ FRC=
4L FAC= /L ABE.

53. PR O P. VIIL

The diftance between the poles of the primitive cirele and an oblique great
sircle, in flereographic projections, is equal to the tangent of half the inclina-
tion of thofe circles 5 and the diffance of their centers is equal to the tangent
of their inclination: The femidiameter of the primitive circle Leing made
radius. Plate I.

Lect Ac be the diameter of a circle, the poles of which are P and Q_,
and inclined to the plane of projetion in the angle arr.
And let 4, ¢, p, be the proje&ions of the points a, ¢, r.
Alfo et Hae be the projected oblique circle, the center of which is ¢.
Now when the plane of projeCtion becomes the primitive circle, the
ole of which is 1,
%’hen is 1p —tangent of half £ A1F, or of half the arc aF.
And  1g=tangent of AF, or of the £ FHa=ATF.
Dex. For an+8Hp=aH+ aF. Therefore Hp=AF.
But 1p=tangent of half Hp, or of half ar, (48}
Again,
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Again. As Ac is proje&ted in ac, then ¢, the middle of ac, is the center

of the projeéted circle, and of its rcprefentative HaE. (45)
Draw gg produced to r: Thenas ge==¢E ; the £g¢eAa= £gak. (IL. 104)
But the £ 74k is meafired by half the arc £Fa. (IL. 137)

Therefore the arc AHrz==arc AFE (H. 50) : And as the arc AHP=FQE ;
Therefore pr=AF=wur ; and KPr=twice the arc AT.

Thérefore (11. 127) the £ 1E¢= A1F, the inclinadion of the circles.

But 14 is the tangent of the £1Eg, EI being the radius.

54. Coror. Hence the radius of an oblique circle is equal to the
fecant of the obliquity of that circle to the primitive,
For Eq is the fecant of the angle 1£¢, to the radius EL

55. PR OP IX.

If through any given point in the primitive circle an oblique circle be deferib-
ed; then the conters of all other oblique circles paffing through that point, will
be su a right line drawn through the center of the firft obligue circle at right
angles to a line paffing through the given pointy and the center of the primitive.

Let ¢ ack be the primitive circle, Ap£1 a great circle defcribed through
D, its center being B.

HK is 2 right line drawn through 8, perpendicular to a right line cr
pafling through b, and the center of the primitive circle,

Then the centers of all other great circles pG pafling through p will
fall in the line BK.

Dem. For'if E be the proje&ing point, the circle Epar will be the
projeétion of a circle, the diameter of which'is Nm. (38)

"Therefore’'p and 1 are the projeions of N, M, which are oppofite
points on the fphere ; or of points at a femicircle’s diftance.

Thersfore all circles pafling through b and 1 muft be the projeétions of
great circles on the fphere.

But b1 isa chord in every circle paffing through the points n, 1.

Confequently the centers of all thofe circles will be found in rx drawn

perpendicularly through 5, the middle of p1. (1. 125)

56, PR OP X

Egual arcs of any two great circles of the fphere, will be intercepted be-
tween twa other circles drawn on the [phere through the remoteft poles of thofe
great circles.  Plate 1. i

LetpeeA be a fpliere, on which Ace, cFp, are two great circles, the
remoteft poles of which are r, P; and through thefe poles let the great
circle peec, and fmall circle pGE, be drawn, interfedling the great
circles AGB, CFD, in the points B, G, and b, F.

‘I'hewr are the intercepted arcs BG and DF equal to one another.

Dew. For thearcs Ep+ pB=arcs PR+ pB; thercforc Ep=prr.

And the arcs EF + FG=arcs PG +FG (19); therefore EF=Pa.

For the points ¥ and ¢ are equally diftant from their poles p, .

Alfo the L DEF=1PG ; for interfeéting circles make equal angles at the
feétions. (31)
“Thercfore the triangles g¢p and PGB are congruous, (27)
Thercfore the arc B =arc pr.

K. 3 s7.sP ROP.
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‘57 : PROP. XL

If lines be drawn from the projected pole of any great circle, cutting the
peripherices of the projecied circle and plane of projection, the intercepted arcs
of thofe circumferences are equal.” Plate 1. ' :

On the plane of projeltion, AGB, let the great circle cFp: be pro-
jeéted into ¢fd, and its pole P in p; moreover, draw the lines pd, pf:
the arcs GB and f# are equal. . ¥
Since pd lies both in the plane AGBand APBE it is their common fec-
tion. ' (1L 198)
But the point B is in their common fe&ion : (56)
Therefore pd pafles through the point 5.

And in this manner it may be proved that £ pafles through G,

Now the points D and F are projected into d and f. (38)
Therefore the arc fd is equivalent to the arc Fp. :
But the arc Fp is equal to the arc B: . (56
T'herefore the arc GB is equivalent to the arc f4. (11, 46)
s8. PR OP. XIIL

The radius of any fmall circle, the plane of which is perpendicular to that
of the primitive circley is equal to the tangent of that leffer circle’s diftance
Jrom its pole 5 and the fecant of that diftance, 15 equal to. the diflance of the
centers of the primitive and le/er circle.  Plate 1.

Let P be the pole, and ar the diameter of a lefler circle, the plane
being perpendicular to the plane of the primitive circle, the center of
whichis ¢: Then 4 being the center of the proje&ed leffer circle, da is
equal to the tangent'of the arc pa, and dc= fecant of ra.

DemM. Draw the diameter £p parallel to AB, and through p draw cb. Now
E being the projecting point, the diameter aB is projected in ag. (22)
And d, the middle of ab, is the center of a circle on ab. (39)
Then a right line drawn from b through A, will meet 4 : (11. 130)
And draw ca, da.

Now the right-angled triangles pcé, paE, having the angle p common ;
the £ pbc= £ DEA.. (1I. 98)
But £pEa=1spca; and Lpbe=LLade: (1L 127)
Therefore £ pca= £ adc. A

Now Zpca+ £ acd=a right angle.

Then £ adc+ £ acp=aright angle: Therefore £ cadis right. (11. g6)
Confequently da,=radius of the circle aan, is the tangent of the arc ra,
to the radius ca. (I1. 126)
And dc, the diftance of the centers, is the fecant of the arc ap.  (II1. g)

59. Coror. Hence the tangent and fecant of any arc of the primitive
circle, belongs alfo to an equal arc of any oblique citcle; thofe arcs be-
ing reckoned from their interfeétion.

For the arc p¢ of every oblique circle intercepted between P and the
arc of the fmall circle Aas, is equivalent to the arc pa of the primitive
circle: Becaufe the arc Aas is equally diftant from its pole p. (5)

SECTION
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s # CTatY N o ’
Spherical Gé&i;zeiriy.

Spheric Geometry, or fpheric projection, is the art of defiribing,
or reprefenting, fuch circles or arcs of circles as are ufually drawn
upen a fphere on the plane of any one of them ; and of meafuring
Juch arcs, and their pofitions to one another, when projefied.

i

6o. PROBLEM L

T deferibe a great circle that fball pafs through two given, points in the
primitive circle, or plane of projettion. :

Let the given points be A, B; 2nd c the center of the prim. circle.

CASE 1. When one point, A, is the center of the
primitive circle.

Const. A diameter drawn through the given
points A, B, will be the great circle required. (15)

Case 2. When one point a, is in the circum-
Jerence of the primitive circle.

Const. Through A draw a diameter AD.
Then an oblique circle deferibed through the -
three points A, B, D, (II. 72) will be the great circle
required. (42)

61. Case 3. When neither point is at the center,
or circumference of the primitive circle.

ConsT. Through one point A, and the center
¢, draw AG, and draw ck at right angles to AG.

A ruler by E and A gives p; by D and ¢ gives
F; and by E and F gives G, in Ac continued. .

Through the three points ¢, B, A, defcribe a circumference (II. 72)
cutting the primitive circle in H and 1.

Then the oblique circle HBAI will be the great circle required.

For AG may be taken as the projeion of the great circle Fp.  (12)
Therefore A and G are the projections of oppofite points on the fphere. (32)

Confequently, all circles pafing through ¢ and A will be the repre-
fentatives of great circles on the fphere.

K 4 62, P RO B-
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62, PROBLEM IL

About any given pomt asa pole, to defer xbz g ‘eat circle in a given pri-
mitjve circle.

_Lct_P _bg the given point, and 1 the ccn_tcr\of the primitive circle,

CasE 1. When the given pole, P, is in the center
of the. pr:mxt:w circle.”

CONST The pnmmve cxrcle will be the great
circle required, ‘ (13)

GasE 2. When thé given poley vy isin !be cu (um—
fermcc of the primitive circle. SRE

Cowns7.  Through the given pole ‘p, draw PE a
diameter to the primitive circle.

Then another diam. ‘AB, drawn at right angles
to PE, “will be the great circle required. (20, 15)

63. Case-3: H'hen the given pole, P, is neither in K
the center or czr{umfermcz of the primitive circle.

Const. Through p draw a diameter 4, and another gE at rlcr}‘t angles
to 4d; thena tuler bye ‘apd p gives p.

Make the arc pa=g0°; a ruler by £ and a gives
£ in the diameter bd.

Then a circle defcribed through the three paints
B, a, E, is the great circle required.

Or thus, Make the arc pp=arc p5; 2 rulcr on
¥ and D gives ¢ in db produced.
Then on ¢, with the radius ca defcribe BaE.

For, As £ is the projeting point, and p the projecled pole ;

Theyefore p is the pole of the circle AF to be projeicd, (44)
And Bak is the projection of the circle AF. (38)
Naw £ caE is meafured by half the arc adE. (I1. 137)

But arc asp=arc ade: For ap=(8d=)dEe; and pp=ad by con-
ftruétion, ‘

Therefore £ AEC= £ c4E; and cE=ca. (II. 104)

anfequgm]y ¢ is the center required. '

64.- PROB«-
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6s. "'PROBLEM I

x{ projec?ed arclz bemg givens to find its pale:.

CASE 1. When the gwm an'[e AEB 75 tbe pn-
mitive.

-

Const. Find the center c, (II 70) and itis A
the pole fought. :

CAase 2. When the given circle ACB is a right
circle. o

Const. Draw a diameter Ep'at right angles
to AB, and the ends or points, D, E, of that dia- A
meter are the poles required. 3

65. Cask 3. When the given circle ABE is oblique.

ConsT. Through the interfe&ions of the pri.
mitive and oblique circles draw a diameter AE,
and another at right angles to AE, cutting the
given oblique circle in 5.

A ruler by £ and B gives b; make bp, bg, each
=an arc of Go°.

A ruler by £ and p gives, in the diameter through B, the pomt p, which
is the pole required.

And a ruler by E and ¢ gives, in c¢B continued, the point q_for the
other, or oppofite or exterior pole.

Make pp=pa ; then a ruler by £ and p gives, in B¢ continued, the
hoint F, which is the center of the cblique circle ABE.

THE rcafon of this operation is cvident from that of the laft Problem.

66. PROBLEM IV.
About any given projecied pole, to deferibe a civcle at a given diftance from
that pole.

Or, at a propofsd deflance from a given great circle, to defcribe a parallel

cirele.

Let p be the given pole, belonging to the given great circle DFE,
GENERAL SoruTrioN. ‘Through the given pole B, and ¢ the center
of the primitive circle, draw a diameter, and another DE at right angles
to it,
A ruler on E and p gives p in the primitive circle.
Muke pa and ps, uch equal to the propofed diftance from the pole.
A ruleron E and A, and then on E and B, will cut the diameter crin «
and 4.
BifeCt @b in ¢; and on ¢ as a center deferibe a circle pafling through @
and b, which will be the circle required,

But
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Butwhen the parallel-circle is to be at a propofed
diftance from the given great circle DFE,

Find p asibefore ;-and make pa =ps, equal to
the complement of the propofed diftance ; the reft
as before, - ' B

For p is the pole, the projection of which is p.
LT (44)

But p is the pole of a circle, the diameter of which
AB i$ projeéted in ab. (12)
Therc_afJore ¢, the middle of ab, is the center of * 7
the projected circle. (39)

67. Thefirft cafe is readilydone,by defcribing the *~
{mall circle about the center of the primitive circle ; E
with the tangent of half itsdiftance from the pole . AR

68. The fecond cafe is fooneft performed thus.

From the points A, B, (found as abcve) with the i‘
tangent of their diftance from p, the pole of the right
circle, defcribe arcs cutting in ¢, which is the center
of a fmall circle parallel to the right circle pFE.

For ap is the tangent of the arc Ap. (58)

69. ' PRORLEM V.

The primitive circle, and the projettion of a finall circle, being given ; to
Jfind the pole of that fmall circle.

Let c be the center of the primitive circle, and ABD a projeéted fmall
¢ircle, the center of which is ¢, and radius ¢B.

GENERAL SorLutioN. Through ¢ the center of the fmall circle, and
¢ the center of the primitive, draw a diameter cF, and another, cE, at
right angles to it.

Find the projected diameter BS=2¢B.
" Lines drawn from E through B and &, cut the primitive circle in a, 43
then bife&t the arc ad in p.

A ruler by E and p cuts the diameter B4 in p, the pole fought.

The truth of this conftruction is evident by that of the laft Prob.

70, PR O B-



. Book IV. SPHERICS. 139

70. PROBLEM VL

To meafure any arc of a projected great circle: Or, in a given projetted
great circle, to take an arc of a given number of degrees.

GeNERAL SoLuTIoN. Find the pole of the given circle. (64)

From that pole draw lines through the ends of the propofed arc, cut-
ting the primitive circle.

hen the intercepted arc of the primitive circle applied to the fcale of
chords will give the meafure fought. '

Thus, if AB be the arc to be meafured, and p the pole of the given
circle DAF.

Then lines drawn from p through A and B, give the arc gb in the pri-
mitive circle, correfponding to AB in the proje&ted circle.

Now if an arc of a given number of degrees was
to be taken from a given point A, in the given pro-
je&ted circle par.

Draw, from the pole p, through A, the line pa
to the primitive circle.

Apply the given number of degrees from a to .

Draw »p?, and the intercepted arc AB will con-
tain the degrees propofed.

71. Any number of degrees is readily applied to
a right circle by the fcale of half-tangents. Thus

When the diftance of the point a from the cen-
ter ¢ is known, and the given quantity of the arc -
is to be laid from A towards F;

To the known diftance ca add the propofed are
AB, the degrees in the fum taken from the fcale of
half-tangents, and laid from c to B, will make the
arc ABequal to the degrees prapofed.

But when the arc AB is to be laid from A to-
wards D ;

Then the difference between the arcs aB and
Ac, taken from the fcale of half-tangents and laid
towards D from c to B, will make the arc AB equal
to the degrees propofed.

The reafon of all thefe operations is evident
from art. 57.

Note, ‘T'he half, or femi-tangents, are only the tangents of half the
arcs the fcale of tangents is made to; their conftru€tion depends on art. 48.
On the plane feale they are put under the Tangents, and marked s. T.

2% PROBLEM VIIL
To meafure any projeéied [pherical angle.

GeneErAL SoLuTioN. Find the poles of the two circles which form
the angle (64); and from the angular point draw lines through thofe
poles to cut the primitive circle.

Then the meafure of that angle, if acute, will be the intercepted are
of the primitive circle ; or the fupplement of that arc will be the meafure
of the angle when obtufe.

Let the propofed angle paB, formed by the great circles Ap, AB, the
poles of which are ¢ and p; and lines drawn from the angular point A,
through the poles'c and ®, “cut/the primitive circle i £‘and p.

xft.
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1{t. When the angle i€ formed by the primitive and oblique cnrc]cs.

Then the arc pr meafures the acute angle pas.

But the obtufe angle BAF is meafured'by the fupplement of pe.-.

2d. When the angle is forried by right and obhquc cxrc]es meetmvf in
the 'primitive’s circumference. *

Then the arc pE meafures the angle pAB. « | :

3d. When the angle is formed by right and ob]xque cnrcles mcctmg
within the primitive circle.

Then the arc pr meafures the acute analc DAB,

But the obtufe angle pAF is meafured bv the fupplement of pE.

4th. When the angle is formed by two obllque circles meeting within
the primitive circle;

Then the acute angle pAB is meafured by the arc pE.

But the fupplement of pE meafures the obtufe anOﬁe DAF.

For, as the angular point A is in both circles, and go° diftant from
their poles cand p (19). ‘Therefore a great circle defcribed about a,
as a pole, will pafs through the poles ¢ and p.

And lines drawn from A through c and p, cut off, in the circumference
of the plane of projection, an arc equal to the dxf’tancc of the poles ¢
and p.

But the meafure of the diftance of the poles ¢, p, is equal to the in-
clination of the planes of the circles Ap, AB; (33)

And confequently meafures the angle pas,

7R PROBLEM VI

Through a given point in any projecied great circle, to deferibe another
great circle at right angles to the given one.

GEeverar SorurtroN. Find the pole of the
given circle. (64)

‘Then a great circle defcribed through that pole
and the given point will be at right a nvles to the
given circle.

Let the given projected great circle be BAD ;
and a the given point.

1ft. WWhen BAD is the primitive circle, the pole
of which is p.

A diameter through A will be perpendicular to
BAD. (II. 136)

2d. When BAD is a right circle, the pa/es qf
which are p and c.

An oblique circle defcribed through the points

¢, A, ?, (II. 72) will be at right angles to BAD.
10 3d. Whex




Book IV. $PHE R 2GSz 141

3d. [Phen BAD is an oblique circle, the pole of
which is p. po
Through the.points .p and a, a great circle
PAC being defcribed (61), will be at right angles
to BAD. Sieene-
The truth of thefe operations is evident from

art. 34.

74 PROBLEM IX.

Through any affigned point in a given projeiled great circley to deferibe an-
sther great circle cutting the former in an angle of a given number of de-
grees.

Let p be a given point in any great circle aps.

it. WWhen APB is the primitive circle.!

Through the given point P draw a diameter
PE, and draw the diameter aB at right angles to
PE.

Draw pp cutting aB in D, fo that the angle
cPb be equal to the angle ‘propofed.

On p with the radius pp defcribe the great
circle PFE.

Then will the angle APF contain the given de-
grees.

For the £Fpa=angle made by the radii pc, Pp. 49)
And p being equally diftant from p and E, is the center fought.

75. Or thus. Make cp equal to the tangent of the given angle to
the radius cp.
Or, Make pp cqual to the fecant of that angle.

%6. 2d. When AP is a right circle.

Draw a diameter GH at right angles to arpe.

Then a ruler by 6 and P gives « in the primi-
tive circle.

Make Hb=24a; a ruler by G and 4 gives c in
AB.

Draw cp at right angles to an.

Draw pp cutting cp in D, fo that the 2 cPp=
complement of the degrees given, (II. 84)

On p with the radius pp defcribe a circle FpE, which will be a great
circle making with APE the angle APF as required.

For, cis the center of a great circle GpH, by the demonftration te
art. 63.

And the centers of all great circles through p, will be in ¢cp. (55)

Now £ prE = go°. (I1. 136)
Therclorc £ apr or £ 8rE (26), the compl. of ¢pD, is the angle fought.

77. 34,
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7. 3d. When APB is an obligue circle.
;’rom the given point p, draw the lines pg, pe,
through the centers of the primitive'and given ob-
lique circles, and through'c the center of ApB draw

cp at right angles to PG. (IL. 59)
. Draw pp, making the:£cPp= given degrees,
and cutting ¢D in D. (11. 84)

From p with the radius pp, a circle FPE being
defcribed, will be a great circle cutting APE in the angle propofed.

For c, the center of APD, isin a line perpendicular to pG, drawn
through p and the center of the primitive, by conftrution.

And the centers of all great circles through p will be in cb. (55)

Now the /_cpp made by the radii pc, pp, contains the given dégrees.

Therefore the angle APF is equal to the angle required. (49)

78. PROBLEM X

Through any point in the plane of projettion, or primitive circle, to de-
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